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An interference method is described for determining the density of gaseous and liquid He’. 
It is found that for He® the molar polarization A = 0.123 cm*/mole. It is shown that at tem- 
peratures and pressures below the critical values the equation of state for gaseous He® is 
described by the formula p/p = 27.35T — 2.3 x 10%p aoe dite Beas NOsoe, where p/p is expressed 
in atm cm?/g. The compressibility curves for liquid He® are determined. For the critical 
point the values T, = 3.38 + 0.03°K, pg = 930 + 20 mm Hg, and pg = 0.041 + 0.001 g/cm? 
are obtained. 


For the determination of the density of He’, in both the liquid and the gaseous phase, one can employ 
the formula for the molar polarization 


ee 
Be ay = A= const. 

In accordance with the measurements of the Cuthbertsons,! the value of the molar polarization for gas- 
eous He! under normal conditions is 0.124 cm?/mole. From the measurements of Johns and Wilhelm? 
this constant is A = 0.117 cm®/moie for liquid He‘ in the vicinity of 2°K at ) = 5461 A. It could be as- 
sumed that for He® as well the molar polarization would to within a few percent be constant and equal to_ 
the molar polarization of He’. Since for helium n differs only very slightly from 1, we obtain, by setting 
n=1+A and expanding A inaseries in A, the expression 

A=peA(I-ft-:). 
For liquid He®, A is less than 0.02; therefore to within 0.4% the density p = MA/2mnA. Using this rela- 
tion it is possible to determine the density of He? by measuring A from the number of interference 
fringes passing as an optical wedge is filled with He’®. Fig. 1 represents an apparatus constructed for 
this purpose. 

A Dewar vessel 1 filled with liquid He! served as a cryostat, within which was placed a cylindrical 
glass tube 2. At its top the tube terminated in a flange, and was sealed off, both from the Dewar vessel 
and the atmosphere, with the aid of a rubber ring and a plane glass window. At its lower end the tube had 
an internal flange ground accurately perpendicular to the axis of the tube. The cell 3, a cross-section of 
which is illustrated on a larger scale at the bottom of Fig. 1, was attached to the ground portion with 

BF-4 cement. The cell was assembled, also with BF-4 cement, from a plane-parallel glass spacer 4, two 
‘plane-parallel glass flats 5, and a platinum foil 6. The spacer was 2.9 mm thick, with an aperture 4 mm 
wide and 17 mm long. The glass flats, 4 mm thick and 17 mm wide, were cemented to the top and bottom 
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of the spacer. The upper flat was made 5 mm longer than the spacer and lower flat, in order that the in- 


terference at the very edge of the cell could be observed after it was cemented to the tube. The hottons 
face of the cell was frosted and blackened, so that reflection from the lower face would not affect the in- 


4) 


terference within. The opening at the end of the cell was closed with a bent piece of platinum foil 0.2 mm 
thick. This platinum foil insured thermal contact between the interior and the surrounding helium, at 
least in the immediate vicinity of the foil. Into the rear portion of the 
56 spacer was sealed a platinum tube 7, through which He® was admitted to 
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the cell. A German silver tube 8, 1.4 x 2 mm in diameter, was soldered 
to the platinum tube. The pressure of the He® within the cell was meas- 
ured with a mercury manometer 9. With the aid of a telescope 10 and a 
low-pressure mercury lamp 11, fringes of equal optical thickness were 
observed between the plane-parallel plates 5. Thirteen fringes were in- 
cluded within the length of the cell. The lamp produced its most intense 
illumination at a wave length A = 5461 A. The clearest interference pattern 
was obtained for a light-source distance of 4—5 m, and remained adequate- 
ly clear for a lens diaphragm opening of 1 cm. | 
A displacement of k interference fringes within the cell corresponded 
to a change in the index of refraction A = ka/2d, where d is the distance | 
between the plane-parallel plates at the point at which the fringes are ob- | 
served; the density of the helium can consequently be determined from the _ 
formula p = (MA/4mdA)k. The distance between the flats near the foil | 
was found after assembly to be d = 2.93 mm; the density of liquid He® in 
equilibrium with its vapor at T = 2°K, from the measurements of Kerr,® 
is p = 0.078 g/cm?, which corresponded to the passage of a number of 
fringes k = 216. From this we obtain A = 0.123 em?/mole, and p = 3.62 
x 104k g/cm’, Using this formula, determinations of the density were car- 


2 ried out for both the liquid and the gaseous phase of He’. 
FIG. 1. Apparatus for The experiments for the determination of the density of the gaseous 
determining the index of phase were conducted at constant temperature. The pressure of the He® 
refraction of He’. within the cell was progressively raised or lowered, and the reading of the 


manometer 9 was recorded each time a full fringe passed across a mark 
immediately adjacent to the platinum foil. As the condensation pressure was reached the motion of the 
fringes stopped, and liquid appeared within the cell. If observations on the compressibility were made in 
the vicinity of the critical point, then in addition to an increase in the rapidity of motion of the fringes 
marked fluctuations in the density were noted, the fringes behaving in an animated fashion. 
The accuracy of the counting was limited primarily by the error in determining the moment at which 
the fringes passed, and corresponded to 0.2 — 0.3 of a fringe, or to Ap 107° g/cm®, Since for He® at 


p/p, atmos-cm® /g 
100 
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Pf g/cm 
FIG. 2. Compressibility curves for gaseous 
He®, The temperature is indicated on the curves 
in °K. 


extremely low densities deviations from the ideal gas 
law are hardly to be expected, the procession of the 
fringes at the foil was observed in the most convenient 
position for counting. p/p was then plotted graphi- 
cally as a function of p, a fraction of the value of k 
being chosen such that extrapolation of the curve to 
zero density gave a value for p/p corresponding to 
that for an ideal gas. 

The compressibility curves for gaseous He® are 
presented in Fig. 2. The points indicate the experimen-- 
tal data, while the solid curves correspond to the equa- 
tion 
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in which p/p is expressed in atm-cm*/g. For com- 
parison, the crosses in the graph represent some of 
the data of Keller,* who determined the density of He® 
by the customary method of measuring volumes, pres- 
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sures and temperatures. Other data by Keller are not included, since his measurements terminated at 
densities below 0.01 g/cm? and were carried out at temperatures differing from those on the curves of 
Fig. 2, and when recomputed agree with the latter to within the accuracy of the measurements. As is ev- 
ident from Fig. 2, the state curve for gaseous He® at temperatures and pressures below the critical val- 
ues may to a sufficient degree of accuracy be described by an equation having three constant coefficients, 
the first of which corresponds to the ideal gas coefficient. 

The density curve for gaseous helium in equilibrium with the liquid phase was determined both by fix- 
ing the moment at which the procession of fringes ceased during compression at various given tempera- 
tures and by observation of the variation of the equilibrium density with temperature. In the latter case, 
the displacement of the fringes was observed in the immediate vicinity of the foil as the temperature was 
lowered, under the condition that the liquid phase be visible within the cell at some distance from the foil. 
For this purpose, the apparatus was inclined laterally through 9°. The results of the measurements are 
presented in Fig. 3 (lower curve). The points correspond to the measurements described above, the cros- 
ses are taken from the data of Kerr.? 

In order to determine the density of 
liquid He® in equilibrium with the gas- 
eous phase, an uninterrupted count of 
the fringes was maintained during the 
following operations. First, the cell 
was filled at a temperature of 3.37°K 
to a pressure above the critical value 


px10°, g/cm’. 
80 


70 


x (996 mm Hg); then the temperature 
was lowered to 2.00°K and at this tem- 
perature the pressure within the cell 

“i was reduced to the equilibrium value 
for the vapor, which was observed by 
the appearance of bubbles. In this case 

40 


12 14 16 18 20 22 24 26 28 30 32 84 36 T,*K the apparatus was tilted in such a way 
that at the foil the cell was completely 
filled with liquid, while further away 


! 
50 : the boundary between the liquid and 
/ gaseous phases was visible. During 
1 the process described above the equi- 
20 librium density of liquid He® at 2.00°K, 
Pi which, as indicated above, was taken to 
be 0.078 g/cm’, corresponded to the 
10 7 at passage of 216 fringes. All of the re- 
a* oa maining liquid He® density measure- 
ments were referred to this point. A 


0 curve showing the dependence of the 
FIG. 3. Dependence of the equilibrium densities of liquid density of liquid He® in equilibrium 
and gaseous He® upon temperature. with its vapor was obtained by slowly 


reducing the temperature (about 2 hr), 
under the condition that the boundary between the liquid and gaseous phases should always be visible with- 
in the cell. The results of these measurements are shown in Fig. 3 (points along the upper curve); the 
crosses are from the data of Kerr.® The large circles on the curve represent points measured during the 
course of the above-described continuous transition from the gaseous phase to the liquid through the crit- 
ical point. ; : 

The most careful measurements correspond to k = 216, p = 0.078 g/cm’, and T = 2.00°K; he eee 
maining two points to k = 180, p = 0.065 g/om®, and T =3.01°K, andto k= 161, p = 0.058 g/cm”, and 
T = 3.16°K. : 

For the critical point the values Te = 3.38 + 0.03°K, pe = 930 mm Hg, and pc = 0.041 + 0.001 g/cm 
are obtained. $e "es . . 

Using this same apparatus, measurements of the compressibility of liquid He* were carried out at 
various temperatures. In these experiments the temperature of the bath was held constant and the dis- 
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placement of the fringes in the immediate vicinity of the foil was observed 
as the pressure within the cell was increased. The results of these meas- 
urements are presented in Fig. 4. From these data on the compressibility 
the velocity of sound in He® should vary from 170 m/sec at 1.6°K to 80 
m/sec at 3°K. 

The state diagram for He® in the coordinates p and p is given in 
Fig. 5. The points represent data from individual measurements. The 
solid lines in the diagram show the course of the variations in the density~ 
of liquid He® as the temperature was varied from 2.1° and from 3.22°K 
at a rate of approximately 1° per hour. During this time there was no 
pumping on the helium vapor, the tube extending upwards was not cooled 
by evaporating helium, the heat input increased, and a non-equilibrium 

oO W@ Gh 86 8 12 situation was observed. With pumping and the establishment of a constant 
Ap, atmos temperature, the excess heat was gradually removed. It should be noted 

FIG. 4. Compressibility that with the cell half filled with liquid the He® vapor pressure corre- 
curves for liquid He®. Num- sponded to a temperature 0.02° higher than the bath temperature; it is pos- 
bers on the curves give T sible, therefore, that there existed during the experiments a systematic 
ink: error lowering the temperature by approximately 0.01°. 
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FIG. 5. State diagram for He® in coordinates p and p. 


The optical method thus described may, after adaptation for measurements at higher pressures, be 
used successfully for measurements of the densities of other gases and liquids. 

In conclusion, I take this opportunity to express my gratitude to N. I. Kondrat’ ev, A. I. Filimonov, and 
I. A. Uryutov, who assisted me in the performance of these experiments. 


'C, Cuthbertson and M. Cuthbertson, Proc. Roy. Soc. (London) A135, 40 (1932) 
2H. E. Johns and J. O. Wi 
pout ohns and J. O. Wilhelm, Can. J. Research A16, 131 (1938). 

E. C, Kerr, Phys. Rev. 96, 551 (1954). 
‘Ww. E. Keller, Phys. Rev. 98, 1571 (1955). 
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The magnetic viscosity of a series of nickel-zinc ferrites has been studied under conditions 
of free and of forced variation of magnetization. For the first time, the viscosity properties 
have been measured by both methods on the same specimens. An estimate is made of the 
viscous friction constant. 


Tue effect of magnetic viscosity in metallic and semiconducting ferromagnetics is ordinarily studied by 
two different methods: (1) under conditions of free variation of the magnetization (aperiodic conditions), 
and (2) under conditions of forced magnetization (periodic conditions, sinusoidal field with frequency f). 
No systematic experimental comparison of data obtained by these different methods has hitherto been 
carried out. 

1. In 1928, Arkad’ ev gave a theory of the effect of magnetic viscosity on the frequency properties of 
ferromagnetics.' If a ferromagnetic possesses magnetic viscosity, i.e., if in response to a suddenly al- 
tered field H+ AH the magnetization of the material changes according to 


Aiea, 13 (len), (1) 


then upon application of a sinusoidal alternating magnetic field, with amplitude Hy and frequency f, the 
complex permeability »’ =p — ip’ will depend on frequency in accordance with the following relaxational 
formulas: 


2 
ee intial: @) 
p=o, mf (LU ii) ls (3) 
where 
fa = 1/2ne. (4) 


Here py is the conservative or elastic permeability of the material at very high frequency, pf, is the 
“viscous” permeability due to hysteresis, m, = 47I,/AH, fy is a critical frequency at which p’ reaches 
its maximum, and 7 is the relaxation time that appears in (1). As has been shown by one of us,” the re- 
laxation time tT, which describes the magnetic viscosity of the material, is at constant temperature 
directly proportional to the differential susceptibility in the final state of the ferromagnetic (the first law 
of magnetic viscosity), 

t = Ay,(H), (5) 


where A is a constant, independent of the field H. Consequently the critical frequency according to (4) 


will be 
f., = 1/2nAy, (A). (6) 


Becker® calculated the damping effect of microscopic eddy currents for metallic ferromagnetics, In 
weak fields, where the dominant process is reversible displacement of the walls between domains, the 
frequency dependence of the initial permeability, according to Becker, is of relaxational character, since 
this author neglects the effect of wall “inertia”. The relaxation frequency in this case is inversely pro- 
portional to the friction constant ©, which is determined chiefly by the electrical conductivity of ule fer- 
romagnetic. The relaxation frequency is furthermore inversely proportional to the initial susceptibility: 
Consequently the relaxation time for magnetization of a metallic ferromagnetic in a weak field is directly 
proportional to the product Qxy,g. From Becker’s work it follows that 


q = (Q1/31,) X,° (7) 
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Frequency 
hints «oe Naa : Shatictdate Aperiodic conditions properties 
eo pe Sintering 
Secret OHE Os ZnOFe,0, | tempera- | 4, GiOe WeoreGe Vets store e, Q-cem Gioe QS, Oe sec] fo, mOe 
turens | : | 
4 15.3 34.7 1350 1700 160 70 3-105 4150 20 2,7-40-8 | 3.21078 35 
2 17.4 32.6 1275 4250 125 130 4.108 340 7 3,3-10-8 | 0.9-10-8 85 
3 17.4 32.6 1320 1900 160 85 0.2-105 880 25 4.10-8 | 1.9-10-6 60 
4 17.4 32.6 1375 2250 160 50 0.9-104 1140 40 4,3.10-8 | 2,2-40-¢ 45 
5 17,4 32.6 41400 2920 180 60 9.2-108 830 24 4,3-10-8 | 1.4-10-6 40 


Becker’ also calculated a critical frequency for irreversible jumps, likewise brought about by the pres- 
ence of magnetic friction. Let the mean jump distance of a wall, for quasi-static magnetization, be 
S(Ssh-r~ 1074cm); and let the mean value of the critical field, below which jumps are impossible, be 
ho. Then the jump speed v in average fields conforms to the known law 


Qu =H — ty. (8) 


The distance S is traversed by a wall in time 1’ =SQ/(H — ho). Therefore Becker estimates the criti- 
cal frequency for such irreversible jumps as 


@er = (H — h,)/QS. (9) 


For frequencies exceeding Wey, a wall executing a jump does not have time to traverse the full distance 
S during a half period; therefore the permeability decreases with increasing frequency. 

Numerous experiments on the study of magnetic viscosity under conditions of free magnetization, con- 
ducted in our laboratory, have shown that large magnetic viscosity is observed precisely in the range of 
irreversible jumps, that is in average fields. In weak and very strong fields, the magnetic viscosity is 
appreciably smaller. The nature of the time dependence of the magnetization in average fields has been 
insufficiently investigated theoretically. At present there are only the formal activation theory of Street — 
and Woolley (1948) and the fluctuation theory of Néel (1951) for the time dependence of magnetization in 

this range of fields. 
= t If viscosity is especially large in the 
range where hysteresis most clearly exhib- 
its itself, then probably both phenomena 
(hysteresis and magnetic viscosity) are of 
30 the same nature. Kondorskii! established 
that the shape of the hysteresis curve of a 
polycrystalline ferromagnetic is determined 
by the magnetic interaction of the crystal- 
lites or domains. Such magnetic interaction 
explains the mode of dependence of the dif- 
ferential irreversible-jump susceptibility 
upon the external field. Apparently a calcu- 
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the friction constant and the magnetic vis- 
cosity, which is proportional to the differ- 
ential jump susceptibility. 


300 


a JO 00 130° 200-250 a 90 100 190 200-250 2. We have performed experiments with 
FIG. 1. Dependence of relaxation time tT(y sec) and the object of observing the effect of the mag- 
of differential susceptibility yq on magnetic field (mOe). netic viscosity of ferrites on their frequency 
The dashed curve is the elastic component of the suscep- properties. Five toroidal specimens of 
tibility, X gjast: nickel-zinc ferrites were studied; their com-- 


ing lasted four hours), and magnetic properties are given in the table. The measurement of magnetic vis- 
cosity was carried out by a method that was developed by Telesnin and Lednev® and that uses a pulsed 
oscillograph. The measurements were made by symmetric pulsed magnetization reversal of the specimen! 
from +H) to —Hpo. Such conditions are convenient for comparison with frequency data. Just as in Ref. 5, 


lation of the magnetic interaction of the par- | 
ticles can give a definite correlation between | 
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large magnetic viscosity was observed only in the range of irreversible jumps. The emf vs time curve 
could be approximated with an exponential. 

Curves that show the dependence of the relaxation time 7, characteristic of the magnetic viscosity, 
on the magnetic field Hy are given in Fig. 1. The results of the experiments at room temperature show 
that (5) is well satisfied on all the specimens, provided Xq_ is interpreted as the irreversible component 
Xjump of the susceptibility, corresponding to magnetization not by elastic displacement, but by sudden 
jumps (“jump” in the subscript) of walls from one position to another. 

The total differential susceptibility, measured by the usual ballistic method, consists of two compo- 
nents — the elastic susceptibility Yejgst (shown in dashes in Fig. 1), and the jump susceptibility Xjump 
—so that Xq = Xelast + Xjump- Such an analysis of the susceptibility corresponds to Arkad’ev’s expres- 
sion (1), in which the change of magnetization is separated into a “rapid” and a “viscous” part. In weak 
fields (less than the critical field hg), where there are no jumps, the magnetic viscosity is negligible 
(less than 1 psec), though the initial susceptibility is very large (Xa ~ 200). 

The values of the constant T/Xjump =A for all the specimens, at room temperature, are given in the 
table. Also given are the maximum values of Xg and T. 

As can be seen from Fig. 1, the critical frequencies (4), fy ~ 1/7, should decrease rapidly upon 
change of the field Hy and should lie in the interval 1.5 to 15 kes, i.e. in the audio range. Therefore an 
investigation with sinusoidal fields was carried out in the range 400 cps to 60 kes. 

The permeabilities and p’ were determined by means of a differential transformer; one of its arms 
contained the specimen, and the other contained a standard resistance R and inductance L. To decrease 
the effect of harmonics, additional resistance was inserted in the arms, and the measurement circuit of 
the bridge contained a filter and a selective amplifier. Since skin effect is absent in ferrites, the perme- 

y abilities were determined by the formu- 
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p =L/Lo, p' = AR/2xfLo, (10) 


where Ly is the inductance of the emp- 
ty winding of the specimen, and R is 
the effective resistance due to losses 

in the core. Figs. 2 and 3 show the de- 
pendence of p and p’ on frequency for 
specimen 3, at constant amplitude of the 
magnetic field Ho. Similar dependence 
was found for all five specimens. In 

all cases with Hy > hg (jumps occur- 


0 20 IO 40. JO 60 ring), the frequency dependence of p’ 
f, kes shows a maximum at some frequency 
ors 

FIG. 2. Dependence of the real part of the magnetic perme- In Fig. 2 it is clearly evident that the 
ability of specimen no. 3 on frequency at constant amplitude permeability  ~ B/H consists of two 
Hy of the magnetic field. The values of Hp (in millioersteds) components: an elastic component that 
for the various curves are: 1, 9; 2, 22; 3, 36; 4, 56; 5, 66; 6, varies only slightly with frequency in 
72:7, 78; 8, 94; 9, 120; 10, 150. this range, and a jump permeability 


with an evident relaxational dependence 
on frequency. The circled crosses mark the permeabilities at the critical frequency. The dependence of 
the critical frequencies fey on the amplitude of the magnetic field (cf. Fig. 4) was quite different from 
(6). Instead of fy ~ 1/t we have a linear increase of fo, with field Hy. This kind of dependence can 
be explained within the framework of Becker’s theory. From the graphs it is easy to find the values of 
hy, which determine the critical field and the quantity QS determined by (9). The corresponding values 
are given in the table. 

The frequency dependence of the permeability of our specimens shows that on increase of frequency 
in the audio range, the irreversible jumps responsible for magnetic viscosity are suppressed because of 
magnetic friction, in accordance with (9), even before attainment of the frequencies (4). The calculated 
condition for observation of relaxation at frequency f, follows from a comparison of (9) and (4): 


ge ys iy Or (Tig) X jump Eto) OS) A (11) 
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FIG. 3. Dependence of the imaginary part of the magnetic 
permeability of specimen no. 3 on the frequency at constant 
amplitude of the magnetic field Hy. The notation is the same 
as in Fig. 2. 
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FIG, 4. Dependence of the critical frequencies on Hg for 
specimens nos. 1 to 5 (curves 1 to 5 respectively). 


In the case of our specimens, condition (11) is not fulfilled. Unfortunately, it is not possible to determine 
Q or S separately from our experiments. However, if we take S ~ 10-4 cm, then our data permit esti- 
mation of the friction constant 9; it was very high, ~ 3 x 107? oersted-sec/cm. This is apparently to 
be attributed to the approximate character of the relation (9). Further study of the temperature depend- 
ence of magnetic viscosity and of the frequency properties in average fields can contribute to the eluci- 
dation of the nature of magnetic friction in ferrites. 


1V. K. Arkad’ev, Jaexrpomaruutubie mpouecchl B MetTasmax (Electromagnetic Processes in Metals), 
Part 2 (Moscow-Leningrad, 1936). 


2R. V. Telesnin, Izv. Akad. Nauk SSSR, Ser. Fiz. 16, 465 (1952). 
3R. Becker, Physik. Z. 39, 856 (1938). 
4E. I. Kondorskii, article in the collection I[po61emp1 cbeppomarHeTusMa u MarHeTO_MHAaMUKU 


(Problems of Ferromagnetism and Magnetodynamics) (Moscow-Leningrad, 1946). 
5T. A. Lednev and R. V. Telesnin, Payuorexuuka u aeKTpouuka (Radio Engg. and Electronics) 1, 1186 
(1956). 
Translated by W. F. Brown Jr. 
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ION SCATTERING COEFFICIENT AS A FUNCTION OF COLLIDING-PARTICLE MASS RATIO 


U. A. ARIFOV, A. KH. AIUKHANOV and S. V. STARODUBTSEV 
Physico-Technical Institute, Academy of Sciences, Uzbek S.S.R. 
Submitted to JETP editor April 10, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 38, 845-850 (October, 1957) 


The double-modulation method has been used to study secondary ion emission in the case in 
which the mass of the bombarding ion is greater than the mass of the target atom. It is 
shown that when Ni is bombarded by Cs ions or when Mo is bombarded by Ba ions no ions 
are observed at the “reverse” angle. When Vj > secondary ion emission is not observed 
at any target temperature; when Vj < g the secondary ion emission which is observed at 
high target temperatures consists of ions which diffuse from the interior of the target and 
are evaporated at the surface. 


Ir has been shown by us’ that there is a group of secondary ions when the mass of the bombarding ions 
m, is smaller than the mass of the target atoms m,, which are characterized by high energies, the lim- 
iting value of which is determined by elastic scattering relations. It has also been shown that the de- 
pendence of the limiting energy on angle of incidence of the primary ion and emission angle of the 
secondary ion is in good agreement with the assumption of an elastic interaction between bombarding 

ion and target atom. These experiments furnish a reasonable basis for assuming that at least the limiting- 
energy ions are the result of a single elastic scattering of the primary ions on individual target atoms. 

However, these experiments also indicate that there are secondary ions which have energies lying 
between thermal energy and the limiting higher energy. The interpretation of these ions in terms of mul- 
tiple elastic collisions with target atoms is in need of additional verification. Hence it is of interest 
to study secondary ion emission in the case in which the mass of the bombarding ion is larger than that 
of the target atom. In this case, as is well known, for normal incidence of the primary ions on the plane 
of the target a single scattering of the primary ions at the reverse angle cannot occur. In practice there 
should also be no secondary ions resulting from multiple collisions since there is only a small probability 
of the required number of successive collisions in which the angle of deflection of the primary ion is 
close to the limiting value required for reversing the sign of the velocity; moreover, the velocity of 
these secondary ions is. small. Consequently, when the mass of the bombarding ion is larger than the 
mass of the target atom, the primary ion should, for the most part, penetrate the target to a substantial 
distance. Under these conditions there should be no secondary ion emission if the target is cold. 

At high temperatures the targets are penetrated and the primary ions which are absorbed in the target 
enter into the thermal motion of the target atoms, thereby diffusing to the surface and subsequently being 
evaporated in the form of ions or neutral atoms. The ratio of the number of evaporated neutral particles 
to the number of positively charged particles is found to be in agreement with the well-known Saha- 


Langmuir relation: 


n, [Mg = Aexp(— oe e). 


Thus, when m, < mp, especially when V; < 9 (V; is the ionization potential of the ion, gy is the work 
function of the target), one expects that the secondary ions will comprise two ion groups — ions which 
are evaporated directly after adsorption and ions which, having penetrated the target to some depth, are 
evaporated after diffusion to the surface. Both of these ion groups will appear only at high target tem- 
peratures and will obey the usual relation for surface ionization. 

Having these possibilities in view, we have considered two cases known to be different with respect to 
target-surface work function and ionization potential of the bombarding ion. We have studied scattering 
of positive Cs ions on Ni (Vj < 9) and Ba ions on Mo (Vj; > ~). 

The work was carried out using the experimental arrangement described in Ref. 2, under the same 
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vacuum conditions. The measurements were performed by the double-modulation ee used by us in 
studying the secondary processes at the surfaces of pure metals in the case m, > M,.’’ 


CESIUM ON NICKEL 


In Fig. 1 is shown an oscilloscope photograph of the retardation curve (volt-ampere characteristic) for 
a pure nickel target bombarded by cesium ions with energies of 400 ev. On the same figure are shown 
retardation curves for an incandescent target (1350° K, Curve 1) and a cold target (Curve 2). To obtain — 
quantitative measurements four pulses of the total ion current Ip (Curve 3) were taken on the same 
photograph. 

It is apparent from Curve 1 that ion secondary-emission coefficient for the incandescent target is 
better than 90 percent. The energies of these ions are small: the secondary ions are completely inhibited 
by a rather small retarding field. Examination of Curve 2 of the same figure indicates that in the cold- 
target case the ions secondary-emission coefficient is extremely small, being about 6 — 7 percent (these 
ions apparently originate in surface impurities). Consequently, the overwhelming majority of secondary 
ions (when m, < m, and V; < ¢g) appear as a result of evaporation of ions of the primary beam which 
have been adsorbed at the surface of the target. 

Further verification of this description can be found in Fig. 2, which shows two retardation curves 
taken with a lower modulation frequency of the primary beam and a target temperature of 1300°K 
(Curve 1) and a temperature of 1100° K (Curve 2). At 1300°K the “lifetime” of the ions adsorbed at the 
target surface is so small that 
the desorption process is com- 
pleted almost immediately after 
the primary ions are cut off. 
Hence the variation of the sec- 
ondary current follows the pulses 
of the primary ion beam. A dif- 
ferent pattern is observed at the — 
lower target temperature: in this 
case the “lifetime” of the ad- 
sorbed ions is considerable and 
the desorption process requires 
a certain period of time after 
ions from the primary beam no 
FIG..1 FIG. 2 longer enter the target. Hence, 
Curve 2 of this photograph does 
not reproduce exactly the 7- 
shaped pattern of the applied 
pulses, but rises and falls ina 
way which suggests an exponen- 
tial relation. 

The oscilloscope photographs 
in Fig. 1 and Fig. 2 also indicate 
the presence of secondary ions 
characterized by considerable 
delay, indicating fairly deep 
penetration of the primary ions 
into the target. The ions which 
penetrate the target to greater 
depths participate in the thermal 
motion, diffuse to the surface, 
and are then evaporated. Because 


of this effect a certain component 
of ion current from the iarget does not follow the modulation of the primary ion current. This phenomenon, 
is clearly shown in the displacement of the base line of the oscillogram. 


FIG, 3 
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The experimental data which have been presented and calculations which have been performed indicate 
that the secondary ion emission from a pure nickel target at 1350° K bombarded by positive cesium ions 
consists mainly of evaporation (86 percent) and diffusion (14 percent) secondary ion currents. It should 
be emphasized that when a nickel target at high temperature is bombarded by cesium ions there is virtu- 
ally no scattering or evaporation of cesium atoms. 

Thus, it follows from the photographs shown in Fig. 1 and Fig. 2 that the secondary ion emission in the 
case my; < my and V; < 9, for example with Cs on Ni, does not take place at the expense of the energy of 
the primary ion beam. There is no change in the sign of the primary-ion velocity after interaction; con- 
sequently no ions are observed at the reverse angles. The secondary ions which are observed are ions 


which have penetrated into the target and then been evaporated from the surface because of the thermal 
motion due to the high temperature. 


BARIUM ON MOLYBDENUM 


It is also of interest to investigate the interaction between ions and target atoms in the case in which 
m, < m, but Vj > gy, i.e., when the surface ionization currents are vanishingly small. 

In this work barium ions were used as bombarding particles. This element was chosen because its 
high ionization potential inhibits ion evaporation at elevated temperatures. Molybdenum was used as a 
target because it has a low work function as compared with nickel. In this case the difference between 
the work function and the ionization potential is known beforehand to be negative and the evaporation 
should consist mainly of neutral atoms. 

In Fig. 3 is shown a photograph of the volt-ampere characteristic for a pure molybdenum surface at a 
temperature of 300° K bombarded by positive Ba ions with energies of 560 ev. It is apparent from the 
oscilloscope photograph that with a pure cold surface the secondary ion emission is negligibly small. 

A comparison of the secondary ion emission with the pulses of total primary ion current Is (shown in the 
same photograph) gives a secondary ion emission coefficient k < 1%. 

A similar situation obtains at high target temperatures. In Fig. 4 is shown an oscilloscope photograph 
of the volt-ampere characteristic for the secondary currents when a molybdenum target at a temperature 
of 1300° K is bombarded by Ba ions with energies of 560 ev. In contrast to the case of Cs on Ni, in this 
case, as is apparent from the figure, there are no evaporated Ba ions at high target temperatures. Thus 
when a molybdenum surface is bombarded by Ba ions (Vj; > y, m; < mpg) the secondary ion emission is 
relatively small at any temperature of the bombarded target. 


MECHANISM FOR SECONDARY ION EMISSION 


On the basis of the foregoing sections and Refs. 1—4 we propose that when ions collide with a target 
the incident particles do not interact with the target as a whole, but rather with individual atoms of the 
crystal lattice. Under these conditions there is a strong analogy to the scattering of heavy particles in 
gases. 

Thus a metal target can be considered as a system of gas atoms compressed into a very small volume. 
When m, > mp, a large number of the observed scattered particles result from single collisions on sur- 
face atoms of the target. These particles have maximum energies, determined by the elastic-scattering 
relation 


ss (m1 — me)? 
i Ee me (cos 34 V (my; / mz)? — sin?p]?’ (1) 


where E is the maximum energy of the secondary ions, E» is the energy of the primary ions, fis the 
angle between the incident direction and scattering direction of the ion, and m, and my, are the masses 
of the target atoms and the ions. 

We have investigated the validity of this relation for a number of angles, in each case defining E as 
the limiting energy of the scattered particles at a given angle.* When the target-atom mass is smaller 
than the mass of the bombarding ion, the angle defining the maximum possible deflection of the bom- 
barding particle is given by the expression: 


1 


B =sin™ (m /m:). (2) 
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For example, in the experiments in which the nickel target was bombarded by cesium atoms, after the 
first collision, having been driven into the target, the cesium ion cannot be deflected from its original 
direction by an angle greater than 26°. In the present experiments an extremely important conclusion can 
be derived from these relations: when m, < m, there will be no scattered primary ions. The experimen- 
tal verification of this conclusion is a strong argument for the individual-interaction hypothesis proposed 
above. 

On the other hand, when light ions bombard heavy targets, scattering at any angle can occur. This - 
fact is also understandable from the point of view of single collisions. It follows from Eq. (2) that when — 
m,; > m, there is no limiting angle and ion scattering in any direction is possible. Complete experimen- 
tal verification has also been obtained for this case. 

A further indication that the primary ions penetrate into the target is given by the absence of “scat- 
tered” ions in the case in which nickel is bombarded by cesium. Both for the case m; < mg as well as 
mM, > Mm, (Ref. 4) there is always penetration of the bombarding particle deep into the target. However, 
there is a difference in these two cases. When m, < my, all the bombarding particles penetrate to a 
certain depth and apparently have a definite range. In the second case there is strong scattering and only 
a small fraction of the primary particles reach the inside of the target. Whence it follows directly that 
the target atoms which are bombarded by ions with energies of several hundreds of volts are capable of 
being highly deformed, as a consequence of which there occur mainly individual collisions. These con- 
siderations are in agreement with existing interpretations. For example, using simple calculations 
Seitz® has shown that two protons with a relative energy of approximately 600 ev should approach to a 
distance of 2.4 x 1071! em, i.e., a distance equal to 1/100 of an atomic radius. Strong atomic deformation 
also occurs at lower energies: at an energy of approximately 20 ev, two atoms can collide so that the 
nucleus of one is found at the outermost radius of the other. At energies of the order of a hundred elec- 
tron volts the atoms can approach to a distance of the order of 1/10 of a radius. Hence, in oblique col- 
lisions the incoming ion may penetrate into the metal just as a fast atom or ion penetrates a gas. 

From this point of view the relatively slow secondary ions which reproduce the shape of the primary 
currents without “inertia” effects in the present experiments may be explained as follows. These slow 
inertialess ions are multiply-scattered primary particles which have experienced several collisions with 
deep-lying atoms of the target. The presence of slow ions with energies of approximately 0 —10 ev can be 
explained only by collisions with atoms at a reasonable depth since the reduction of the particle energy 
by a factor of 10 or 100 requires at least 5—10 collisions. If these collisions were to take place at the 
surface, the particle, having an energy many times greater than the heat of evaporation, would have an 
extremely high probability for escaping from the target. Since the scattered ions with energies corre- 
sponding to a single elastic collision never total more than several percent, it may be assumed that the 
main fraction of the bombarding ions which experience oblique collisions penetrate into the target. These 
ions continue to move about in the target until they are no longer hindered by oblique collisions with 
target atoms or until they experience a head-on collision resulting in a loss of velocity which prevents 
escape. 

In addition to those secondary ions which emerge without “inertia” effects, there are ions with very 
small (thermal) energies, the behavior of which is marked by extreme inertia effects. These ions are 
characterized by a definite delay with respect to the original ions and are observed only at rather high 
target temperatures. These ions are usually referred to as secondary ions. However, the presence of 
these ions is not directly related to the bombardment of the target by ions. This group of particles can - 
be seen clearly only when V; < g and appears as a result of thermal diffusion of the absorbed atoms and 
the subsequent surface ionization of these particles, which are converted into “adatoms.” 

The existence of an adsorbed layer of “adatoms,” produced by virtue of the peculiar absorption of 
primary ions described above and diffusion, explains the time effects which have been observed both with 
galvanometers and oscilloscopes. 

It should be noted that the appearance of a large number of “adatoms” associated with bombarding ions 
means that the target is covered by atoms with masses equal to the mass of the bombarding ions. In this 
case the parameters of the colliding particles are changed and instead of the condition m; > my, we have 
m; =m). As a result high-velocity ions are removed from the secondary-emission distribution. The ion 
velocity is completely lost in a head-on collision while in an oblique collision the ion enters into the tar- 
get and may reappear only after several collisions, having lost a considerable part of its initial energy 
in the process. 
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On the basis of the experimental investigations reported here we propose the following: 

1. From the example of positive Cs ions with Ni atoms for the case Vi; < @, my < m, it has been 
shown that (a) there is virtually no secondary ion-electron emission from a pure cold (300° K) nickel 
surface or a heated (1350° K) nickel surface; (b) within the accuracy of these experiments the secondary 
ion emission contains no scattered Cs ions. At high temperatures the secondary ion emission from a pure 
nickel target consists only of evaporated ions which appear at the surface after diffusion. 

2. From the example of positive Ba ions with Mo atoms for the case V; >g and m, < mz, it has been 
shown that (a) within an accuracy of about 1 percent there is no secondary ion-electron emission from a 
pure cold (300° K) molybdenum surface or a heated (1300° K) molybdenum surface; (b) within the accuracy 
of the experiments there is no secondary ion emission of any kind. 

3. A qualitative examination of the results leads to the conclusion that secondary ion emission results 
from multiple individual scattering of ions which penetrate deep into the target and interact with target 
atoms. 
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FORMATION OF NEGATIVE H- IONS IN COLLISIONS OF ELECTRONS WITH HYDROGEN 
MOLECULES 


V. I. KHVOSTENKO and V. M. DUKEL’SKII 
Leningrad Physico-Technical Institute, Academy of Sciences, U.S.S.R. 
Submitted to JETP editor April 23, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 851-855 (November, 1957) 


The formation of H~ ions has been observed when electrons collide with H, molecules. In the 
curve of H~ ion yield as a function of electron energy there is a sharp maximum at 14.5 ev, 
attributed to the resonance capture of electrons by the H, molecules. The formation of H™ 
ions at higher electron energies apparently results from the dissociation of H, molecules 
into positive and negative ions. 


WwW HILE studying the ionization of hydrogen molecules by electron bombardment, Lozier! found negative 
ions present in his apparatus; these were formed in a narrow range of electron energy, with maxima 
occurring at 6.6 and 8.8 ev. Mass-spectrometric analyses carried out by Bleakney showed that they were 


atomic ions, H’. 
The number of ions so formed was extremely small, and Lozier suspected that they came, not from 


H, molecules, but from molecules of H,O which might have entered the apparatus as an impurity in the 
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hydrogen. And, in fact, when water vapor was added to the hydrogen these same negative ions were 
formed in much larger numbers. This established the fact that interactions between electrons and water 
vapor could give rise to H™ ions; but the possibility that these ions could also be formed by electrons 
colliding with H, atoms remained unexplored. 

The aim of the present work was to study this second possibility under conditions where the masking 
effect of water vapor was removed as completely as possible, using a highly sensitive method of detecting 
the negative ions. ; 

The experiments were conducted in glass apparatus (a mass spectrometer) with no stopcocks or mas- 
sive metal parts. The ions were obtained by electron bombardment in an ion source of the usual type. 
The cathode was made of thoriated tungsten, and was kept below temperatures at which hydrogen could 
dissociate on its surface. The electron beam entered the ionization chamber through a 1 x 6 mm slit, and 
was kept from spreading by a magnetic field of about 150 gauss. 

In order to make full use of the ions produced in the source, the ionization chamber slit and the en- 
trance slit to the mass analyzer were both made 3 mm wide. The slit in front of the collector had a width 
of 3.5 mm. With this arrangement, the resolving power of the mass spectrometer was still sufficient to 
distinguish between ions of mass 16 and mass 18. 

To measure ion currents at the exit of the mass spectrometer, an electron multiplier was used, with 
a multiplication factor of approximately 1000 for H™ ions with energies of 1000 ev. The output of the 
electron multiplier was connected to an electrometer amplifier with a sensitivity of 107 amp/mm. With 
this arrangement it was therefore possible to measure ion currents as low as 10717 amp. 

Special attention was paid to the purification of the hydrogen introduced into the ion source. Gaseous 
hydrogen was obtained from the liquid phase, filtered through a heated palladium tube, and then passed 
through a glass helix cooled with liquid nitrogen before entering the apparatus. 

Mercury pumps were used to evacuate the apparatus, the mercury vapor being condensed in traps 
cooled with liquid nitrogen. Before the measurements, the entire apparatus was baked out at a tempera- 
ture of 400°C for several hours. 

A series of preliminary experiments was carried out in order to explain the presence of a “back- 
ground” of H™ ions in the apparatus. After being pumped down to the limiting vacuum (but with no baking- 
out) the apparatus produced H™ ions when the electron accelerating potential in the ion source was be- 
tween 6 and 13 volts. Upon baking out the apparatus, the number of H’ ions (arising, apparently, from 
the presence of traces of water in the apparatus) decreased to an unobservable value. 

After removal of the residual H™ ions by prolonged baking of the apparatus, hydrogen was admitted 
into the ionization chamber. Its pressure could not be measured within the chamber itself; but a 
thermionic gauge sealed into the hydrogen inlet tube indicated a hydrogen pressure of a few times 
1074 mm Hg. 

When hydrogen was admitted into the ionization chamber, H~ ions appeared in the apparatus in larger 
numbers and over a wider range of electron energies than in the case of the preliminary “background” 
experiments. 

At a constant value of hydrogen pressure (on the order of 1074 mm Hg) we measured the negative 
H”™ ion currents at the mass spectrometer collector for electron accelerating voltages in the ion source 
of 2 to 40 volts. Simultaneously, for each value of accelerating voltage we measured the electron current 
in the ionization chamber. We calibrated the zero of the electron energy scale by measuring the yield curve 
for negative O” ions from the collision of electrons with O, molecules. Using Thorburn’s data? for the 
appearance potential of negative O” ions from Oy, we determined the correction to be applied to the 
accelerating potential difference. This correction was found to be — 0.5 volts. We used the same value of 
the correction over the entire interval of electron energies studied. 

The figure shows the curve of H™ ion yield obtained from our studies on hydrogen. Electron energy is 
plotted along the horizontal axis, in electron volts, including the zero-point correction. The ordinate is 
the ratio of H™ ion current i(H7), at the mass spectrometer collector, to the electron current i, in the 
ion source. 

In the region of electron energy investigated, the yield curve for H~ ions shows three maxima, 
marked I, II, and III on the figure, and a steadily rising portion on the right-hand side, labelled IV. In 
all these regions of the curve we have measured the dependence of the ion current i(H~) on the hydrogen 
pressure. At maximum ITI, and for a series of points in region IV, the H~ ion current varies linearly 
with the hydrogen pressure between 1 x 10> and 2 x 1074 mm Hg. The height of maximum I was not 
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proportional to the pressure. When the hydrogen was pumped out of the apparatus, maximum III and 
region IV completely disappeared at once. Maximum I (and, to a lesser extent, maximum IJ) could be 
observed for some time, even after the hydrogen had been removed from the apparatus. 

Tests were made of the dependence of H™ ion current on the electron current density j, in the ioniza- 
tion chamber. When je was between 0.15 and 3 pa/mm?, this dependence was linear. 

On the basis of the above observations, the curve in the accompanying figure can be explained in the 
following way. Maximum I is apparently not connected with the ionization of hydrogen molecules. The 
location of this maximum on the electron energy scale (7.2 ev) coincides with the location of the maximum 
in the curve for the formation of H~ ions by the interaction of electrons and H,O molecules .? Appar- 
ently maximum I owes its existence to traces of water which we were unable to remove completely 
from the apparatus. This assumption is supported by the fact that when hydrogen is introduced into a 
previously baked-out apparatus, H,O* ions appear in the spectrum of positive ions. For a conclusive 
test, an experiment was made with water vapor in the apparatus. An intense group of H™ ions appeared, 
whose maximum coincided in shape and location with the one found in hydrogen. The yield curve of the 
H™ ions obtained from water vapor in the apparatus is shown as a dashed line in the figure. 

All the facts enumerated above force 
one to conclude that maximum I of the 
hydrogen curve is to be attributed to H™ 
ions formed from H,O molecules. The 
appearance of these ions when using 
hydrogen which has been subjected to 
elaborate purification could be ex- 
plained by the formation of water mol- 
ecules within the apparatus itself, asa 
result of the hydrogen reacting with 
oxide films on the metal parts of the 
ion source. 

Maximum III and the portion IV of 
the curve in the figure are therfore to 
be attributed to H~ ions formed by the 
collision of electrons with H, molecules. 
Evidence for this conclusion is provided 
by the direct proportionality between the 
number of ions and the hydrogen pres- 
sure, their disappearance when hydrogen 
is removed from the apparatus, and also 
the absence of H™ ions when water vapor 
is bombarded with electrons in this en- 
ergy range. It seems very unlikely that 
these ions could be formed from some 
other impurity in the hydrogen. 

Maximum III is similar in shape to 
the maxima obtained when other nega- 
tive atomic ions are formed by reso- 
nance capture of electrons by diatomic 
molecules. It is therefore natural to assume that maximum III is due to the process 
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Yield curve for H™ ions obtained by introducing hydro- 
gen into the ion source of a mass spectrometer. Hydrogen 
pressure less than 2 X 10-4 mm Hg; electron current den- 
sity 1.5 107° amp/ mm, The absolute values of the current 
i(H~) are only approximate. The dashed line is the yield 
curve for H” ions obtained with water vapor. The ordinates 
of this curve are reduced by an arbitrary factor; the scale 
on the ordinate axis does not refer to it. 


The difference in energy between the system H, + e and the system H™ + H can be found from the 
difference between the dissociation energy of a hydrogen molecule into atoms (4.4 ev) and the electron 
affinity of a hydrogen atom (0.75 ev), and is equal to 3.7 ev. The fact that maximum ITI lies at a consid- 
erably higher electron energy than this (14.5 ev) points to one of two possibilities: (1) either the H™ ion 
and the H atom carry away some kinetic energy (about 5 ev at the most) or (2) the H atom is formed in an 


excited state. i 
In a paper by Eyring, Hirschfelder and Taylor* the potential curve is calculated for the system H + H 
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(i.e., the Hy ion). The minimum in this curve lies at a considerably higher internuclear distance (about 
1.8 A) than the minimum in the potential curve for the H, molecule (0.76 A). The internuclear separation 
corresponding to the fundamental vibrational level of the H, molecule must correspond to the steeply ris- 
ing portion of the potential curve for the Hz ion. But if this is so, then the process of resonance capture 
of electrons by a hydrogen molecule requires the expenditure of a considerably greater amount of energy 
than the dissociation energy of the Hg ion, and leads to the appearance of an H” ion with considerable 
kinetic energy. ne 

The right-hand portion of the curve in the figure, denoted by the number IV, has a shape reminiscent 
of the yield curves of negative ions in the dissociation of a diatomic molecule into positive and negative 
ions. Hence we may assume that, for electron energies corresponding to region IV, the process which 
takes place is 


ag erie eae ee arate Sei (2) 


The H, molecule in its ground state appears to be an atomic molecule, and dissociates into atoms upon 
electron bombardment. However, a series of excited states exists, as well as the ionized state.° If the 
transition to such a state is accompanied by the transfer of sufficient energy to dissociate the molecule, 
process (2) would be able to take place. 

The dissociation energy of an H, molecule into H’ and H™ ions is equal to 17.2 ev. Therefore proc- 
ess (2) cannot go for electron energies less than this value. In the curve shown in the figure, maximum 
III and the slope region IV apparently overlap. The location of the minimum between them (17 ev) is not 
in contradiction with this value for the energy threshold of process (2). 

The curve shows still another maximum, labelled II, less pronounced than maxima I and III. Not 
enough data is available for us to be able to interpret this. 

The apparatus used in this work did not permit the determination of an effective cross-section for the 
process of ion formation by the collision of electrons with gas molecules. However, comparing the yield 
of H~ ions with the yield of H* ions, and using the data of Tate and Smith® for the effective cross-sec- 
tion for ionization of H, molecules by electron impact, we can estimate in a very crude way the effective 
gece eocton for process (1). At the 14.5 ev maximum, the cross-section comes out to be of the order 
OrelLUass Cm, 
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PARAMAGNETIC RELAXATION IN SINGLE CRYSTALS OF CERTAIN SALTS OF THE 
ELEMENTS OF THE IRON GROUP 


T. M. VOLOKHOVA 
Kazan State University 
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J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 856-860 (October, 1957) 


Measurements have been made of the constant b/c (b = constant of magnetic thermal capa- 
city, c = Curie constant) and the spin-lattice relaxation time p in single crystals of certain 
paramagnetic salts. The dependence of b/c and p on the direction of the static magnetic 
field H relative to the crystallographic axes has been found in the copper sulfates CuSO, : 5H,O, 
Cu(NHy4)2(SO4)2*6H,0 and CuK,(SQ,).°6H,O. The anisotropy of b/c and p has not been de- 
tected, within experimental error, in single crystals of MnSO,4°4H,O, Mn(NHy,)2(SO4), ° 6H,O, 
Fe(NH,4)(SO,4).° 12H,O, CrK(SO,4), °12H,O. 


1. INTRODUCTION 


Up to the present time, investigations on paramagnetic absorption in parallel fields at room tempera- 
ture have been carried out only on powders of paramagnetic salts. However, one can expect that a de- 
pendence ought to exist of the constant b/c and the spin-lattice relaxation time on the orientation of the 
external magnetic field H relative to the crystallographic axes.! The presence of such a dependence for 
the quantity b/c follows from the anisotropy of the static magnetic susceptibility,” and consequently of 
the transition probability Ap, between the energy levels of the spin system under the action of the vibra- 
tions of the lattice.? The transition probability Ap, at room temperature is determined by processes of 
Raman scattering of phonons. 

In consequence of the fact that the energy of the phonons is on the average extremely large in compar- 
ison with the intervals between adjacent energy levels of the spin-system, the dependence of Ahk on the 
orientation of the field H should be weak. For isotropic paramagnets, the dependence of p on the field 
‘H is determined by the Van Vleck-Brons formula: 


0 =o mee , (1) 
where p < 1, and for single crystals it will probably be the same. From all of the above, it follows that 
the anisotropy of the relaxation time at room temperature ought not to be large, but of the order of sever- 
al per cent. However, experimental investigations that we have carried out show that the anisotropy of p 
in single crystals of CuSO,°5H,O is much larger. 

We have carried out measurements of the absorption coefficient y” in single crystals of CuSQ,-5H,O, 
Cu(NHy)2(SO4)9* 6H,O, CuK,(SO4)2°6H,O, MnSO,-4H,O, Mn(NHy)2(SOq)2 * 6H20, Fe(NHy,)(SO4)2°12H,O and 
CrK(SO,),°12H,O as a function of the magnitude and direction of the static magnetic field relative to the 
crystallographic axes. The constant b/c was determined by a measurement of yx” ata frequency of 
6 x 108 cps. Measurements of the paramagnetic absorption, which is due to the spin-lattice interaction, 
were carried out at a frequency of 10.5 megacycles. For measurement, we made use of the grid current 
method of Zavoiskii.*»> The single crystals were prepared fresh from the mother solution. 


2. RESULTS OF MEASUREMENT 


1. For measurement of the constant b/c, we used an Esau circuit as an oscillator with a frequency of 
6 x 108 cps. The directions of the magnetic axes in the single crystals were determined in correspond- 
ence with published works.2 The single crystal investigated was in the form of a sphere of diameter 
8 mm. af 
According to Ref. 7, an individual cell in the single crystal CuSO,:5H,O contains two ions of Cu’. 
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Each ion is located in a field of tetragonal symmetry, where the tetragonal axes form angles of 82° with 
each other. The bisectrix of the acute angle between them will be denoted by a, that of the obtuse angle 


4 


by 8, the normal to the (af) plane by y. These three directions represent the three fundamental mag- | 


a ead | 
netic axes.® In Refs. 2 and 8 it was established that the magnetic static susceptibility Xo and the g-factor 


are also isotropic for directions lying in the (af) plane; these quantities differ markedly from their 
values in the (af) plane only in the y direction. The Tutton salts Cu(NHy)9(SO4)2°6H20, CuK 2(SO,)> ° 


6H,O have a structure similar to the structure of CuSQ,° 5H,0.5% be 
Measurements of the paramagnetic ab- 


sorption y” were carried out in their de- 
pendence of the magnitude and direction of 
H relative to the single crystal.* The val- 


x" 


123 


a and f£ by not more than 5—10%. The 
values of y” along the y axis are signifi- 
cantly less than the first two. We exhibit 
the results of measurement for the two di- 
rections: qa and y. 

Results of measurement have been plot- 
50 and Cu(NH,)(SO,4),°6H,O, respectively (the 
curves for CuK»,(SO4).*6H,O have not been 


A FIG. 2. Absorption curves in a single 
crystal of Cu(NHy,)9(SO4)2°6H,O at a fre- 
quency of 6 x 10° cps as a function of the 

th direction of the magnetic axes a and y 

FIG. 1. Absorption curves 0200 Wo 600 B00 ag relative to H. 
in a single crystal of CuSQO,: 


5H,O at a frequency of 6 x 108 plotted). In each figure, curve 1 corresponds to the direction a@, curve 


= H 
DQ 300 C00 900 1200 1300 1800 210 


cps as a function of the direc- 2 to the direction y. It is evident from the drawings that the zero field 
tion of the magnetic axes a absorption along the y axis is less than along the q@ axis; the half 


and y in relation to H. width 6 along the y axis is greater in comparison with the half width 
SS ee along the qa axis. These curves are well described 
by Shaposhnikov’s formula:?® 


TABLE I MT = el eae F )*a5y, (2) 
Powder ping le Crate’ where F = H*/((b/c) + H*), pg is the isothermal 
a axis y axis A e . : * 
Material spin-spin relaxation time, which does not depend on 
blc-10-*| X%9+108 |b/c-10~*| %4-10° |b/c-10-*| xX»-108 H, and v is the frequency of the variable field. 

The experimental points lie along the theoretical 
piete eH 0.47 | 64 | 0.40 | 6.60 | 0.60 | 5,50 curve. If we assume that pg does not depend on the 
Cu (XHld2 (S00: 6H20 ats one oe ae one field, then we obtain a relation for b/c from Eq, (2): 

blo = (1+ V2 )p?. (3) 


The resultant values of the quantity b/c, expressed in oersteds, are given in Table I. It is seen from 
this table that the value of b/c for each salt is, with some approximation, inversely proportional to the 
magnetic static susceptibility x9.f Along the axis of magnetic symmetry y, the quantity b/c is signifi- 
cantly larger than in the direction perpendicular to this axis. This direction lies in the (a@B) plane. The 
results obtained for powders agree with Refs. 3 and 11. The values of b/c computed from x”, and ob- 
tained for different oscillators frequencies of the same order, agree with each other to within 5%. 


*y” is expressed in relative units, H in oersteds. 


} The static susceptibility y 9 for powders was measured by the authors by the method of Gouy. The 
values of Xo for single crystals have been obtained on the basis of these results.?:8 


ues of xy” for each salt differ along the axes 


| 
| 
| 


ted in Figs. 1 and 2 for the salts CuSO,°5H,O > 


PARAMAGNETIC RELAXATION IN SINGLE CRYSTALS OF SALTS 663 


Investigations of the paramagnetic relaxation in the single crystals Mn(SO,), -4H,O, Mn(NH,4)2(SO4)o ° 
| 6H2O, Fe(NHy)(SO4).-12H,O and CrK(SO,).- 12H,O give values for b/c of 6.3 x 10°, 0.64 x 10°, 0.28 x 
10°, and 0.65 x 108, respectively. These agree with the data of Gorter.® Here, within the limits of exper- 
imental error (5%) no dependence of b/c on the orientation of the single crystal in a magnetic field was 
observed. 

2. The results of the measurement of the absorption coefficient in its dependence on the magnitude and 
direction of the external magnetic field H relative to the crystallographic axes, carried out at a frequen- 
cy of 10.5 megacycles in single crystals of CuSO,4°5H,O, Cu(NHy)2(SO4)2:6H,O have been plotted in Fig. 3. 
Curves 1 and 2 correspond to the directions a and y for CuSO4°5H,O, curve 3, to powders of this 
same salt; curves 5 and 6 correspond to the directions a@ and y for Cu(NHy,)9(SO4)2°6H,O; curve 4, 

as a standard. 

If as seen from the drawings that the val- 
ues of x” along the axis are much smaller 
than in the y direction, for Cu(NHy,)2(SO4)o° 
6H,O and CuK,(SO,).°-6H,O, these values 
differ by 1.4—1.5 times, while in the case 
of CuSO,°5H,O, they differ by 1.6 —1.7 
times (in strong fields). 

Measurements were carried out by a com- 
parison method!!! with a single crystal of 


x 


75 


CE Mn(NH,4)2(SO4).°6H,O as a standard. Further- 
i | A x dat more, a check was made on the results by 
a £00 1600 2400 3200 4000 4800 5600 comparison with the effect on a single crystal 
FIG. 3. Ab 2 é ; of MnSQ, ¢ H,O. 
. 3. sorption curves in single crystals of CuSO, Méasurementsrat y nasemunctionh (mr 
*SH,O and Cu(NHy).(SO4)2°6H,O at a frequency of 10.5 for the salts MnSO,+4H,O, Mn(NH,)9(SO,)9° 
megacycles as a function of the direction of the magnetic ar OER cO ow ou a 4 as re a6 oe 
axes a and y relative to the field H. Decay ise Meiet: 2 icc ihe Seaae 


12H,O show that the absorption does not de- 
pend on the orientation of the single crystal 
in the static field H. The experimental er- 
ee rors in all cases did not exceed 4%. 
On the basis of the results of measure- 


Material | CuSQ,-5H.0 Cu(NH,)2(SO,)2:6H20 | CuKa($O,)2-6H20 mentors wr lat a*tredione yor 10k meen enciees 
ts i . y ts x 2 by iz c and of the values of b/c obtained in Sec. 1, 
= ot ‘ge He lae |¥ = |ee lee |es | ee He we determined the spin-lattice relaxation 
PS a ico PSN ig es WOME Hee ha © link times in the copper sulfates. The calculation 
of p was carried out by the formula of Cas- 
800 | 1.0 | 1.0 | 1.0 | 0.8 | 0.8 ne ie re es ie imir and Du Pre,’ which coincides at the given 
soo | 2:0 | a8 | 223 | 47 | 12 | 43 | 41 | 20 | 20 | 0:9 frequency with the formula of Shaposhnikov:° 
Poel on las.0 Wis7 HO Ni deSrlad 4]! 1.2.) 4.0 ib on ] 
fo | 30 | 33 | 3:2 | 2:3 | 44 | 13 | 03 | 10 | 100 | 08s Xf = 1oFm aoe. (4) 
5600 | 3.14 3.6 Bete laa aint et Neca) fees 4) SO) Yh LAO! |) OUD 


The results of the calculation for p are 
shown in Table II.* For CuSO,°5H,O, 
where a small anisotropy was observed, the results are given for the three axes a, B, y. The data of 
Table II show that in the copper sulfates, the relaxation time p is a function of the anisotropy. The de- 
pendence of p on the direction of the external magnetic field H is most clearly demonstrated in the 
crystals of CuSQ,-5H,0. It is also of interest that where there is a large anisotropy of the relaxation 
time, the dependence of it on the magnitude of the applied external field H is also plement 

The results obtained for powders are described approximately by the relation p = 73 (2Pq + Pry)- 

A theoretical account of these results has been given by Bashkirov.” 


* The previously published preliminary communication contained inaccuracies connected with the 
determination of the magnetic axes. 
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CONCLUSIONS 


1. The constant b/c was measured as a function of the orientation of the magnetic field relative to 
the crystal, and is approximately inversely proportional to the static susceptibility. 

2. In copper sulfates, an anisotropy was discovered in the spin-lattice relaxation time. In this case, 
the relaxation time is shortest when the magnetic field is directed parallel to the y axis. 

3. The anisotropy of p in crystals of CuSO,-5H,O is much greater than in the two copper sulfates 
Cu(NHy)2(SO4)9*6H,O and CuK,(SO4)2 + 6H,O. ‘ 

4, In single crystals of MnSO,-4H,O, Mn(NHy)2(SO4)2 °6H,O, Fe(NHy)(SOq4)2° 12H,O, CrK(SO,4), - 12H,O, 
no dependence of the values b/c and p on the orientation of the external magnetic field was observed. 

The author expresses his deep gratitude to S. A. Al’tshuler for suggestion and direction of the work, 
and also to B. M. Kozyrev and K. P. Sitnikov for their interest in the work. 
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A GROUP-THEORETICAL CONSIDERATION OF THE BASIS OF RELATIVISTIC QUANTUM 
MECHANICS. I. 
THE GENERAL PROPERTIES OF THE INHOMOGENEOUS LORENTZ GROUP 


IU. M. SHIROKOV 
Moscow State University 
Submitted to JETP editor May 17, 1956 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 861-872 (October, 1957) 
This paper is the first of a series in which the possibilities of relativistic quantum mechanics 
are investigated on the basis of group theory, without the use of any specific form of the equa- 


tions of motion. In the present paper we discuss some of the general properties of group rep- 


resentations as well as some of the specific properties of the representations of the inhomoge- 
neous Lorentz group. 


1. INTRODUCTION 


Tue requirements of invariance of quantum mechanics with respect to some group of transformations 
of space-time impose quite rigid restrictions on possible wave functions (state vectors): The wave func- 
tion must transform according to one of the linear representations of the particular group. The most 
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general group that has been treated is the inhomogeneous Lorentz group, consisting of all four-dimensional 
translations and rotations. A large number of unitary irreducible representations of this group were clas- 
sified by Wigner.! However, the mathematical apparatus used by Wigner is very complicated and difficult 
for understanding or practical use, so that the results of this important paper have not, with rare excep- 
tions, been used up to the present in physical investigations. In a series, of which the present paper is 

the first, we shall not only classify all the irreducible representations of the inhomogeneous Lorentz 
group, both unitary and non-unitary, but will also get them explicitly; for each of these representations 

we shall give the specific form of the operators for infinitesimal displacements and 4-rotations. We shall 
use a much simpler mathematical method than that of Wigner. 

We shall also find the representations of the improper group, which includes the inversion. 

The non-trivial question of time reflection will be subjected to a particular examination. The essential 
new feature compared to existing treatments of this problem will be the consistent use, on the one hand, 
of the theory of the representations of the inhomogeneous Lorentz group, and on the other, the use of the 
concept of a universal covering group with respect to which the spinor representations as well as the vec- 
tor representations are single valued.2 Asa consequence of this procedure, we are able to obtain various 
new results. Thus, for example, it turns out that space-time reflections can be introduced into the uni- 
versal covering group in eight non-equivalent ways. In other words, there are eight non-equivalent groups 
containing translations, rotations and reflections. The number of mathematically admissible non-equiva- 
lent laws of transformation under reflections for, say, the Dirac equation, turns out to be much greater 
than has been assumed up to now. 

At present, the most detailed study available is on the homogeneous Lorentz group, which does not in- 
clude displacements. The transition from the homogeneous to the inhomogeneous group is not trivial, 
since rotations and translations do not commute with one another. The importance of treating the inhomo- 
geneous group is clear simply from the fact that its invariants are such fundamental quantities as mass 
and spin, whereas the invariants of the homogeneous group have no clear physical meaning. The fact that 
the representations of the homogeneous group (e.g., tensors) have wide use in physics is related to the 
fact that the homogeneous Lorentz group is homomorphic to the inhomogeneous group. Thus the repre- 
sentations of the homogeneous group are one of the classes of representations of the inhomogeneous group. 

Later, by using the technique of representations developed here, we shall give the expansions of the 
most frequently used wave functions in irreducible components. Unlike Bargmann and Wigner,® we shall 
carry out the expansion not only for the set of solutions but for the whole domain of definition of the wave 
function. It turns out that contemporary theory does not use all of the unitary representations of the in- 
homogeneous Lorentz group, but does use a whole series of non-unitary representations. The use of the 
theory of representations of the inhomogeneous Lorentz group enables us to pose anew the question of 
possible equations for elementary particles. The unsatisfactory nature of the present scheme (cf., for 
example, Ref. 4), is obvious simply from the fact that it gives not a single equation which can be used for 
a completely correct configuration description of a single particle and which leads to positive definite 
normalization and energy. 

The infinitesimal operators of the inhomogeneous Lorentz group are integral quantities — the total 4- 
momentum and total four-dimensional angular momentum, which characterize the free motion of the sys- 
tem as a whole. Thus, covariance with respect to this group is sufficient only for the description of free 
motion, and is not sufficient (though, of course, necessary) for the description of interaction. In the pres- 
ence of interaction, the important quantities include, in addition to the integral quantities, densities, i.e., 
quantities defined at a point. In order to introduce these quantities in a covariant fashion and to establish 
their commutation relations, it is necessary to consider more general groups which include not only 
transformations of the whole space but also transformations in the neighborhood of a particular point. 
Questions of this sort? will also be treated. 

The purpose of general investigations of the type presented here is to ascertain which of the specific 
features of contemporary theory follow by necessity from one or another of the general assumptions, 
which features are based on arbitrary assumptions and can be changed, and what are the limitations on 
these changes. In a period when the causes of the principal difficulties of the theory are not known, such 
investigations may prove to have more than mere academic interest. 


2. DEFINITION OF THE INHOMOGENEOUS LORENTZ GROUP 


A relativistic quantum equation must be invariant with respect to the transformations of the inhomo- 
geneous Lorentz group, which includes all possible 4-rotations and 4-translations 
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Oa g (Xp) oid + bp, (1) 


where 2) 


5 
Ay yan, = Oy},+ 


Throughout the papers, we set c=h=1; yp, v, ra. 


lglg 2,0s8e9od Sabre transformations (1) include | 


space and time reflections in addition to rotations and translations. In treating the proper inhomogeneous | 


Lorentz group, which does not contain space and time reflections, we must impose on the coefficients 


ayy the conditions 
det) as taaal ; (3) 


Q4, > 0. (4) 
We shall use the symbol G to designate the proper inhomogeneous Lorentz group. If we include space 
reflections among the admissible transformations, but do not include time reflections (giving us the im- 
proper inhomogeneous Lorentz group, which we shall designate as Gg), then only condition (4) should be 
imposed on the coefficients a,,. Finally, if we consider the full inhomogeneous Lorentz group, including 
reflections in both space and time, we must drop both conditions (3) and (4). We shall first treat the 


proper group and then generalize the results to the improper group. The question of the invariance of the 
equations of quantum mechanics with respect to time reflection requires special treatment. 


3. IRREDUCIBLE REPRESENTATIONS OF GROUPS 


Under a coordinate transformation (1), any wave function (state vector) Q of a relativistic quantum 
theory must be subjected to a non-degenerate linear transformation U(a, b): 


Q =U (a, 6)’, (5) 


which depends on the coefficients ayy» b ue: The set of such transformations must form a representation 
of the group G. This means that if the successive application of two transformations g», g; of type (1) 


gives the transformation 
8281 = 83, (6) 


then the corresponding matrices must satisfy the relation 
UU, = Ghee (7) 
The set of wave functions { can be subjected to an arbitrary linear non-degenerate transformation V 
Q = va". (8) 
When this is done, the matrix U is transformed into 
Ul (a, by =V AU (a2 byV.. (9) 


If the set of matrices U(a,b) forms a representation of the group, then the set U”’(a, b) also gives a 
representation of the same group. The representations which are obtained with the matrices U, U” are 
physically equivalent, and will not be considered as distinct. 

It may happen that for some choice of V all the matrices U” take on the “block” form 


Ut LOO ot 
0 U® 0 ie 
U" = 0 0 U®) > 7 
where U() , u@)... are square matrices. Then the matrices U1) (and also U@), uQ@),...) also 
form representations of the group G, since 
U™ (a, 6) U (a’, 6’) Onttead! 
U" (a, 6) U" (a’, 6’) = 
) 0 UOTE ae OE (11) 


| 
| 
| 
| 
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If it is impossible to find a transformation V which simultaneously brings all the matrices U(a, b) to 
“block” form, then the representation is said to be irreducible. Representations which can be brought to 
the form (11), where u(t) , ue) , all belong to irreducible representations are said to be reducible. 
(For simplicity, we shall not consider representations which are not fully reducible.) It was shown by 
Wigner! that any unitary representation of the group G (i.e., a representation consisting of unitary matri- 
ces) can be expanded in irreducible representations. Therefore, at least for the unitary representations, 
we need only find all the irreducible representations; from them we can find all the representations of the 


inhomogeneous Lorentz group, i.e., all possible wave functions satisfying the requirements of relativistic 
invariance. 


4. THE REPRESENTATIONS U~!T, U*T, y*-! 


The wave function Q is, in general, complex and changes under a transformation of coordinates. It 
is essential for physical applications that there should exist real bilinear forms in Q* and Q which are 
invariant with respect to coordinate transformations. In order to prove the existence of such real bilinear 


invariants, we first note that if the matrices U(a,b) form a representation of the group G, then it fol- 
lows from (7) that 


Car peo. (I) uy Uy =Uu,y, (II) CLR VS Cea (AT) (12) 


Here ue is the Hermitian conjugate of U, and U! is the transpose of U. Thus the sets of matrices 
ut yt, U*-1 also form representations of the group G and are irreducible if the original repre- 
sentation U was irreducible. 


In general all four representations U, ui, [oe U*-1 are non-equivalent. We shall show that if 


: eS ; ie , : 
the representations U and U ~! are equivalent, we can construct a real bilinear invariant from Q and 
Q*. 


5. THE METRIC MATRIX 
If the representations U, u*-1 are equivalent, then by definition there exists a non-degenerate matrix 


h* such that 
U (Gabe OU (13) 


for all yp» by. From the Hermitian conjugate of (13), 


U* = AU, (14) 


it follows that the quantity < Q*hQ > is invariant: 


LO*HQY = <Q/U*AUO’) = COlHU-1hAUQ’Y = CQNO'Y = inv. (15) 
The quantity 
LO*A*QD), (16) 
which is the complex conjugate of (15), will also be invariant. Adding and subtracting (15), (16), we find 
that the two quantities 


h-h* h—h* 


are real invariants, and at least one of them is not identically equal to zero. It is not difficult to prove 
that the converse theorem is also true: if a non-degenerate matrix h exists, ehcn ae the quantity 
<Q*hQ> is invariant, then the representations U, yr (and also u“1T and U T) are equivalent. 

We can construct no more than one invariant bilinear in 2, 2* from functions which transform ac- 
cording to an irreducible representation. In fact, if we assume that in addition to the invariant (15) there 
exists an invariant 


J! = CO" OY = LA*haQY, 
where a =h~‘'h,, then the relations 
U*hU => h, U*haU Oe (18) 
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must be satisfied. Subtracting a times the first equation in (18) from the second, we get U*h(Ua-aU) 
=0, or, since U*h is non-degenerate, 


U«x—al = 0. (19) 


According to Schur’s Lemma, a matrix a which commutes with all the matrices of an irreducible repre- 

sentation can only be the unit matrix, which proves the uniqueness of the invariant for an irreducible rep- | 
resentation. In particular, the invariants <Q*hQ> and <Q*h*Q> must coincide, i-e., for an irreduc- | 
ible representation the operator h, which we shall call the “metric matrix,” is Hermitian and uniquely | 


determined to within a numerical factor. 


| 
| 
6. REAL AND COMPLEX, UNITARY AND NON-UNITARY REPRESENTATIONS | 
Representations in which U and U >! sare equivalent are said to be real representations. For these | 
representations there exists a non-degenerate Hermitian matrix h such that the quantity <Q*hQ> isa | 
real invariant. Real representations whose metric matrix has both positive and negative eigenvalues | 
(indefinite metric) are said to be real non-unitary. 
Real representations for which all the eigenvalues of the metric matrix are positive (definite metric) 
will be called real unitary, or simply unitary. For unitary representations, the invariant < Q*hQ> is 
not only real but also positive definite. In this case which is very important for quantum mechanics, the 
bilinear invariant possesses all the properties of the scalar product which is defined in linear algebra. 
By means of a suitable linear transformation, the metric matrix h can be diagonalized, i.e., brought to 


the form 
(VAV ) ag = hadap; (20) 


where hq are the eigenvalues of the matrix hqg. For a unitary representation all the hq are positive, - 
and the transformation 
Q= O1/V he 
reduces the diagonalized metric matrix hgédqg to the unit matrix. The invariant then acquires the sim- 
ple form 
J= OO", (21) 


Representations in which U(a,b) is not equivalent to u*-1 will be called complex non-unitary, or 
simply complex. For such representations there exist no real (or complex) invariants bilinear in Q* 
and 2. From (7) and (12) it follows that the product of a function 2 transforming according to (5) and 
a function Q] transforming according to U~iT 


QO; = UT QO; =0; U4, 


is invariant 
<O(O> inv = J. (22) 


The quantity 
J =O Ooi. (23) 


is also invariant. From (22), (23) it follows that the quantities 


A=J4/, B=i(J—J*) (24) 
are real invariants. 
We now introduce a new wave function wy, w* having twice as many components as 2: 


Q 
ie (a) , b= (0°0)) (25) 


and two Hermitian matrices p; and pz, which act on yw, y* 


=(; 4 ie 
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It is obvious that the real invariants A and B are bilinear in y* and w: 


A= "p>, B= <v"pad, . (27) 
i.e. the function W transforms according to a real non-unitary representation. Either one of the matri- 
CeS pi, P2 may serve as the metric matrix, as is easily verified directly. 
In fact, wy is transformed by means of the matrix 


U0 
Oia 


which satisfies condition (14) if h is chosen to be either Pp, OY py. For example, 


UnOe \et u* 0 Dey 
C1 " y) Px ee & <a ea (C iS) (28) 
Thus if the irreducible representation U(a, b) is complex, the direct sum of the representations U 
and U*-! isa representation which is real but reducible. For convenience in writing we shall denote 
representations and their matrices by the same letters. 
In conclusion we remark that the results of Secs. 3—5 are applicable to any group, since no use was 
made of the specific properties of the inhomogeneous Lorentz group. 


7. AN EXAMPLE 


As an example of a complex non-unitary representation, we may mention the two-dimensional spinor 
representation of the homogeneous proper Lorentz group, which consists of the set of all two-by-two uni- 
modular matrices. The wave function (basis) of this representation is the two-dimensional relativistic 
spinor YW ,- Then the spinor yr with upper index transforms according to u-'!T_, The spinor y with 
dotted upper index transforms according to U*-1, and the spinor W} with dotted lower index transforms 
according to u*T. The spinors Wj and yr transform according to non-equivalent representations, 
which also shows that the representation is complex. The four-component function 


3) 

vies oO 

transforms according to a real non-unitary representation which is reducible with respect to 4-rotations, 
but is irreducible with respect to the improper Lorentz group which includes the inversion. The function 
yw is equivalent to a Dirac wave function, and its two real invariants <y*p;W> and <wW*p,y> are 
respectively a scalar and a pseudoscalar constructed from the Dirac matrices. 

We note that the relativistic spinor representation U(a) is equivalent to the representation u7iT (a), 
which permits us to lower and raise spinor indices. This equivalence does not hold for many representa- 
tions of the inhomogeneous Lorentz group, as we shall discuss when we consider the closely related ques- 
tion of the invariance of quantum theory with respect to time reflection. 


8. THE CONDITIONS FOR RELATIVISTIC INVARIANCE OF QUANTUM THEORY 


The proper group G (excluding reflections) is continuous, so that we may consider the infinitesimal 
4-rotations and translations, thus considerably simplifying our investigation. Under an infinitesimal 
transformation (1) ‘ 

Xp = Xp + Spy%y + En» Euy = — vp» (29) 
where Eup? é, are first order infinitesimals, the wave function undergoes the transformation 
Oye ( 1+ itp. t+ > eM) Q’. (30) 


Here py and M,p are operators which are independent of the coefficients €,), & of the transforma- 


tion. 

If we demand that the transformations (30) form a representation of the group in an arbitrary infinites- 
imal neighborhood of the identity, we obtain the well-known commutation relations for the operators of the 
4-momentum py and the 4-angular momentum Myy (cf. for example, Ref. 6), which are the conditions 


of relativistic invariance of a quantum theory: 
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[Myvs Mayol. = é (8p0May + byaMyo + 8v6 Mpa + Bay Mon), (Mavs Pal = i (Pv8pa — Pudv,), [Pps Pv] = 9. (31) 
Or, in three-dimensional form: ‘ 
Py = (p, iH). Mij =2inMn, Mis = 1Ni, (32) 
[Pis Pj\ = 0, [Pis A) = 0, (Mi, M,\_ a oe a [Ni, FS = ie; jrMx, 
[M;, Nj) = ieijrNe, (Mi, HW] =9, (Mi, pil = fesjnPrs (33) 
[Ni, pjl_ == 181; H, [Ni, A = tpi. it 


The square brackets with the minus sign (plus sign) denote the commutator (anticommutator). Latin in- 
dices take on the values 1, 2, 3; €ijk is the three-dimensional unit pseudotensor. 


9. CONDITIONS FOR INVARIANCE WITH RESPECT TO SPACE AND TIME REFLECTIONS 


The operator Ig for inversion of the space axes must commute with spatial scalars and pseudovectors, 

and anticommute with pseudoscalars and vectors, so that the relations 
Us; Pily =, Usifl=0, Us Nd, = 0, UoMi =O. in 
must be satisfied. 

For time reflection (without the nonlinear transformation involving a change from Q to *), the en- 
ergy H andthe vector Nj change sign, while the quantities pj and Mj remain unchanged, which leads 
to the relations: 

Ui, pjJ_=0, Ut, Mi]. =0, Ue, Al, =0, Ue, Nil, = 9. (35) 


From (34) and (35) it follows that the invariant operator for reflection of all four axes, I,;=I,) sat- 
isfies the invariant commutation relations 


(Ist ? PJ, = 0, [st ) Mos => 0. (36) ‘ 


10. THE OPERATORS OF INTRINSIC ANGULAR MOMENTUM AND CENTER OF INERTIA 


In place of the tensor Myp it is convenient to consider the vector Sy" 


8, = Mave, (37) 
and the pseudovector Ig: 


E 38 
| es — (1/27) Eguva MyvP,> ( ) 


which satisfy the identities 
SP =0, Top, =0. (39) 


In (38), €g,,,, is the completely antisymmetric unit pseudotensor. Geometrically, the pseudovector Ig 
gives the 4-rotations in the plane perpendicular to Py» while the vector g, gives the remaining 4-rota- 
tions. In Ref. 7 it was shown that g, is the operator of the center of inertia, while Ig is the intrinsic 
angular momentum of the isolated quantum mechanical system. 

From (37), (38) we find that 


Muy = (8,Py — 8 Py, + bonvn Top,) (pz), ie 


: BEA Myy and the Mes of quantities Sy) Ig, determine one another uniquely. Expression (40) becomes 
meaningless for Pie 0, so the case of zero rest mass will be treated separately. 
From (31), (37), (38), we can get the commutation relations 


[Pi> Wie == 0, [Ts Pe)_ = PV ueuoer ’ [P,> ple = 0, | 


[Sie Polos it Oe 1 SienP Le at (Dep) On Pe) (41) 
[g,8,]- = — # (6, P, — 8,0, + iecpvl'op,) =— iMyyp? 
is Pile = 0, ee Pale — 0, [ies Yds i 0, WE Pal. = 0, ie Bile = 0, les ols — 0, (42) 


Uses Pyle = Uses Tol, = 0, Uses 8,1, = 0. (43) 
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11. THE INFINITESIMAL GROUP AND THE GROUP IN THE LARGE 


Every irreducible representation of a continuous group will also be a representation in the neighbor- 
hood of the identity. The converse statement is not true in general. Thus, if we find all the irreducible 
representations of the group G in the neighborhood of the identity, i.e., if we find operators M py? Pr 
Satisfying (31), then we have not overlooked any of the irreducible representations of the whole group. 
However, representations may occur which are continuous only in the neighborhood of the identity, but 
not over the whole group. Such representations must be found and discarded. 

When the improper rotations are included in the group, we must include the commutation relations of 
the operators Muy» Py» or the set Py Sp» Tg with the reflection operators. 


12. INVARIANTS OF A GROUP AND THEIR CONNECTION WITH IRREDUCIBLE REPRESENTATIONS 


From the well-known Schur lemma? in the theory of group representations, it follows that the neces- 
sary and sufficient condition for a representation to be irreducible is that the only operator which com- 
mutes with all the matrices of the representation is the unit operator. From this it follows that if the 
group contains an operator which commutes with all the elements of the group,* then the representation 
can be irreducible only if all the functions which appear in it belong to the same eigenvalue of this opera- 
tor. In fact, if this is not the case, the representation will be reducible, since it will contain an operator 
different from the unit operator and commuting with all the elements of the group. 

On the other hand, if we find all the independent invariants of a group and form a representation all of 
whose functions are eigenfunctions belonging to the same eigenvalue of each of the invariants of the group, 
the representation will be irreducible, since each of the invariants is the unit operator in this representa- 
tion and, by definition, there are no other operators which commute with all the elements of the group. In 
other words, to each complete set of eigenfvalues of all the invariants of the group there corresponds one 
and only one irreducible representation. Thus the problem of classifying the irreducible representations 
of a group reduces to finding the eigenvalue spectra of the invariants of the group. 

In seeking the invariants of the group, we note first that only a scalar can commute with the operator 
M,, p> (Here a scalar is a quantity which is invariant under the transformations of the homogeneous 
Lorentz group.) For example, for any vector operator A, 


[MyyAa]_ =i (Abu, aa Ayo )e (44) 


As a consequence of (39), (40), there are four independent scalars in the proper inhomogeneous 
Lorentz group: 


Pree She Subs (45) 


All others scalars, for example, Me MyyMyraMyp> MypyMy, MaogP yPo etc. can be expressed in terms 
of the quantities (45) by using (40) and (41). 

Of the four scalars in (45), only two, Pi and re, commute not only with M,,, but also with p), ice., 
are invariants of the group G. The scalars Si and g ul w and any combination of them, do not commute 
with p,, and are not invariants of the group G. 

We emphasize that the quantities Miyy and MyyM)o&yvao» which are the invariants of the homoge- 
neous Lorentz group (not including translations), do not commute with p, and are therefore not suitable 
for classification of the states of relativistic quantum mechanical systems. Other invariants in addition 
Pu and re are possible for particular classes of representations. Thus, relation (41) is not contradicted 
by the equality 


To = Ups, (46) 

where 2 is a number. We then get from (39), 
Bene: (47) 
*In mathematics, such operators are said to be central. The use of the term invariant is more appro- 


priate for physics, since any central operator which has a physical meaning always refers to an invariant 
physical quantity. 
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Thus if the first invariant (the square of the mass) is zero, we can have proportionality between the vec- 
tors Ig and pg, and the proportionality factor is an invariant. (We remind the reader that we have not j 
yet considered reflections, so that we do not distinguish between scalars and pseudoscalars.) For time- 
like (c-number) 4-vectors, the sign of the fourth component is an invariant. For certain representations 
of the group G, the signs of the fourth components of p, and also of Ig turn out to be invariant oper- 
ators. Finally, the relations (31) are not contradicted by the equality 


P= 0. (48) 


For these representations the invariants are the quantities Miyy and MyyM)o fy ro? which are the 
invariants of the homogeneous Lorentz group. 


13, THE CONDITION FOR REALITY OF THE EIGENVALUES OF THE INVARIANTS 


The purpose of the present section is to prove the following theorem: 

An irreducible representation of the group G is real in the sense of Sec. 6 if and only if the eigen- 
values of all the invariants of the group are real for this representation. For real irreducible represen- 
tations, the eigenvalues of all the components of the operators M pv)Py» I, are also real. 

By definition, the condition for reality of a representation is the equivalence of the representations 


U (a, 6) and ’U~* (a, 6). 


The infinitesimal transformation of type (30) for function Qy;, which transforms according to the repre- 
sentation U*!, has the form 


Qui = (1 af Ey D. + + cay Mus) Quy. (49) 


We mention that by the vector p, we mean the vector with components (p*, ipo), and by the tensor Muy 
we mean the tensor with components (M*, iN*). This point has no basic significance. The use of cova- 
riant and contravariant components with the usual definition of the adjoint will give the same results. 
From (39) and (40) it follows that the representations U, u*"! are equivalent if the operators M uv» Pa are 
equivalent to the operators Myp, py. By taking the Hermitian conjugate of (31), we find that the operators 
Muy, Pa always form a representation of the group G, since they satisfy the same commutation relations 
as the original operators Myy, pr. The invariants of this new representation are the complex conjugates 
of the invariants of the original representation. Thus if any of the eigenvalues of the invariants are com- 
plex for the irreducible representation U, the representations U and u*-! are equivalent. But if all the 
eigenvalues of the invariants are real for the irreducible representation U, then U is equivalent Ure 

If any one of the components M pv» Pr is equivalent to its adjoint, the two must coincide when brought 
to diagonal form, i.e., they must be real. This completes the proof of the theorem. We note that the 
proof makes essential use of the irreducibility of the representation U. Thus, real irreducible represen- 
tations are characterized by real eigenvalues of the invariants and the operators of infinitesimal 
transformations. 

According to Sec. 5, for irreducible representations there exists a Hermitian metric matrix h such 
that <Q2*hQ> =inv. From the invariance of this quantity with respect to infinitesimal transformations, 
it follows that 


hMyy — Myyh =0, hp, — pth = 0. (50) 
From (50), we easily find that 
ARS hes (51) 


i.e., the operators hMyyp » hp,, and hI'g are Hermitian. For unitary representations, h=1 and the 
operators Myp, P,, and Ig are Hermitian. In the general case, the transformation matrices are non- 
unitary and the operators M pv» Px and Tg are, in general, non-Hermitian even if their eigenvalues are 
real. 

For a real irreducible representation which is chosen in the form where all the operators of some 
complete set are diagonal (for example, p,, Py, P3, Po; Ly T3), the relations (50) and (51) become 
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[P,> Ay_ > 0, tee Al_ — 0, [T's Al_ a Oy (52) 


Then the metric matrix h, which commutes with all the operators of the complete set, must also be 
diagonal. 
It may appear strange that, for example, the operators p, and h commute in one but not in another of 


two equivalent representations. This occurs because the transformation for h is different from that for 
all the other operators: 


OVO" Oa Ory", <Q*hp, 2) =QUV"*AVVp VO") = COMH pO, hh =V"AV; pi =V pV. (58) 
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A ferrite is considered as a lattice of classical magnetic dipoles submerged in a dielectric 
continuum. An analysis of the electron conductivity of such a model shows that the line In 

7 ~ T! (A is the electrical conductivity) must have a break at the Curie point, in agreement 
with experiment, as the activation energy in the ferromagnetic region decreases. 


Komar and Kliushin! detected a break in the line In A = f(T-!) (A is electrical conductivity) for ferrites 
in the transition through the Curie point, where the activation energy in the ferromagnetic region is less 
than in the paramagnetic region. The fact that the break is observed at precisely the Curie point indicates 
a connection between this phenomenon and the presence of spontaneous magnetization. We show that the 
existence of this break finds a simple explanation on the basis of a theory that takes into account the in- 
teraction of the conduction electrons and the electrons of the unoccupied shells of the magnetic ions x 
Ferrites have an electron conductivity due to the stoichiometric excess of metal? or to the presence of 
impurities.! The problem of electron motion in a lattice of nonmagnetic ionic crystals has already been 
solved under the assumption that the ion lattice can be replaced by a dielectric continuum (polaron theory, 
Refs. 5 and 6). It is natural to use this method for ferrites, which essentially are also ionic crystals. 
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In order to take their magnetic properties into account, let us assume that spins, located in : cortait 
spatial lattice so that they can be separated into two magnetic sublattices, are “impregnated” in the con- 
tinuum. The sublattice magnetizations are anti-parallel and cancel each other incompletely. As in the 
Néel! theory, let us assume that there is only one kind of magnetic ion, i.e., one kind of spin. 

The Hamiltonian of a ferrite containing one “excess” conduction electron is 


H=p?/2m+ Ait Hi, (1) 


a 


where Hy is the lattice Hamiltonian and Hj the Hamiltonian of electron interaction with the lattice. 

To the accuracy of terms of the same order as the anharmonic terms, Hg is composed additively of 
the Hamiltonian of the optical vibrations H, and of the mutual spin energy of the lattice Hg. Acoustic 
vibrations cannot be taken into account since it is known that the electrons in ionic crystals are scattered 
principally by optical vibrations. In nonmagnetic ionic crystals, Hj will be composed of the periodic po- 
tential Vo(r) and of the interaction with the inertial polarization Hj, (Refs. 5 and 6) (r is the electron 
coordinate). Interaction of the electron with the spin of the system is added thereto in ferrites. 

Choosing the separated magnetic axis as the z axis, let us assume as the periodic part of this inter- | 
action | 

U (tr) =2sVy, Vi= mW (r)— mW (tr —h), (2) | 


where s, is the z component of the electron spin operator, n,; and 7 are the absolute values of the 
relative magnetizations of the first and second sublattices; W(r) is a periodic function. 
The Hamiltonian (1) becomes 


H =p? /2m +Vo(r) + 2sV; (r) + Hu + Hix. (3) 


H, can be discarded as a constant. The explicit forms of Hy and Hj, are not required. The expression 
(3) differs from the Hamiltonian of the polaron problem only in the addition of 2s,V, (r) to the electron 
periodic potential. 

Let us be limited to the case of weak electron coupling to the polarization vibrations and, consequently, 
let us consider H;, as a perturbation. Separating the optical variables, we arrive at the problem of an 
electron in a periodic field with the Hamiltonian 


e = p?/ 2m + Vo(r) + 20Vj. (4) 


The spin variable is evidently separated out, which would lead to the replacement of sz, by the electron 
spin quantum number o(o = 4+ 1/2). Let us consider the electron energy spectrum. In order for the 
crystal to have ferrite properties, i.e., for it to have non-equivalent magnetic sublattices, it must be 
assumed that the sites R and R+h of the first and second sublattices are crystallographically non- 
equivalent. (For example, this is attained in the spinel lattice because of the dissimilar coordinations of 
these sites by the oxygen ions). The non-equivalence is retained even if the added term 20 V, is neglected., 
Consequently, Vy) and V; have the same periodicity. Therefore, the energy spectrum will always have a 
band structure. The presence of the added term only introduces a small quantitative increment.* Actually, | 
the estimate assumed for V, in Ref. 2 for metals can be retained: V, ~ 0.2 —0.5 ev. The width of the | 
permitted band AE is of the order of several ev. Consequently, the increments will be of the order of 
V,/AE. Let us expand the electron energy in this quantity: 


E,(K) = E® (K) + 26E® (K) +... (5) 


(K is the quasi-wave vector). Using also the effective-mass method, we finally obtain 


Eq(K) = 20¢ + WK? / 2p, pp = h? / (PEO) /dK*)o, (6) 


*The sublattice sites in antiferromagnetics must be crystallographically equivalent so that their mag- 
netizations cancel, The magnetic ions located therein will create identical force fields for an electron if 
Hig is not taken into account. The force fields of the magnetic ions of different sublattices are dif- 
ferent when Hjg is taken into account. Consequently, Vy + 20 V; will have “twice” the period of Vo. This 
leads to the splitting of each of the permitted bands into two with a transition from the paramagnetic 
region into a region below the Curie point, as Slater® already has remarked. 
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where y is the effective mass; ¢ = E()) (0). For simplicity, it is assumed that K = 0 corresponds to 
the minimum energy in the conduction band and that the effective mass is isotropic; the energy is meas- 
ured from the position of the bottom of the conduction band in the paramagnetic region (V,=0), in this 
connection, the constant E( (0) is discarded; the term proportional to d°E()/dk? will be of higher 
order since h?K?2/ 2uQE is also small. Without loss of generality, it can be considered that ¢€ > 0. In the 
opposite case, the parts of the “right” and “left” conduction electrons must be interchanged. 

As is seen from (6), the bottom of the “right” electron band is raised by € ~ 0.2 ev and the “left” is 
lowered by the same quantity when the transition is made from the paramagnetic into the ferromagnetic 
region. 


It should be noted that we at once obtain the energy spectrum (6) in the Sommerfeld approximation, 
where 


Vo O57 \ Vode, Vi O° Vide, © = (mm — 1) O5*| War, 
and yp is replaced by the actual mass m (the integrals are taken over the volume Q 9 of the elementary 
cell). 


In order to determine the chemical potential of the electron gas ¢, let us assume that the conductivity 
is caused by a univalent metal impurity. We will have the donor level at a distance AE’ below the bottom 
of the conduction band. The intrinsic conductivity can be considered insignificant. The potential £ is 
determined according to Ref. 9 from the equation (ng is donor concentration) 


Ny = No [exp sa es uF ui ef spi \exP (— war) KedK Dsexp (>) 


NS 


from which we obtain 
4 ‘le °Io ‘le 2oe\—"!2 AE’ 
Expy = ng? (2h)! (nar ) (> exp i) exp (— or) i 


For the ferromagnetic region € > kT and, consequently, exp(—e¢/kT) can be neglected in comparison 
with exp(¢/kT). We then obtain for the electron concentration n=ny + ng (the subscripts r and 2@ re- 
fer to “right” and “left” electrons, respectively): 

n= np + ny = V Ing? (2h)? (QukT |=) * exp (—AE’/2kT) (7) 


in the paramagnetic region (€ = 0), 


4 Af DPIC INFO 
n= ny = neo (2k) se) exp (- es 


ORT i ee (8) 


below the Curie point. The electron mobilities above and below the Curie point will be approximately 
identical since we do not take the scattering caused by the term (Hje — U) into account. 

We see from (7) and (8) that the transition from the paramagnetic into the ferromagnetic region will be 
accompanied by a break* in the line InA ~ T-1, where the slope in the second case will be smaller (inde- 
pendently of the sign of <«). Hence, the reason for the break is the lowering of the bottom of the band for 
conduction electrons of one of the two spin orientations. Experimental values of the activation energy 
usually do not exceed 0.5 ev. The slope is halved, roughly, for ¢€ ~ 0.2 ev, in fuil agreement with experi- 
ment. 

The theory leads to a curious consequence. We obtain for the ratio of the concentrations ny and ng 


(n, / M1) = exp (— 2¢/RT), 


i.e., electrons of just one spin orientation will exist almost exclusively in the conduction band below the 
Curie point. ; 

For antiferromagnetics (n,=12) € =0, i.e., if the reason cited for the break is unique, the break 
should be absent in this case, at least, for the model chosen. ve 

In conclusion, I take this opportunity to express my thanks to Prof. E. I. Kondorskii for reviewing the 
work and for discussions. 


* The mobilities in ionic crystals depend exponentially on hw /KT, where w is the limiting fre- 
quency. This factor can be considered included in exp(—AE’/2kT). 
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The propagation of a cascade consisting of several types of particles in a medium composed 

of homogeneous layers R’ is considered. The layer boundaries may be mobile. The cascade 
particles collide with the particles of the medium and in the process are absorbed, scattered, 
and produce new particles. The functions wa describing the distribution of particles of each 
type according to position and velocity are found under the assumption that the particle distri- 
bution functions V4 in the layer R’ when the layer occupies the whole space are known. The 
functions WA are represented as infinite series of integrals which, in general, show a good 
convergence. The integrands are certain products of the functions V%. 


In the present article we shall make use of the notation and results of Ref. 1, in which a method of cal- 
culating the functions Vjj(s, q, u, t, r, v) was given. The functions Vjj determine the probabilities | 
V,;drdv that a particle of a given type Aj will be found at the time t to possess radius vector between 
r and r+dr and velocity between v and v+ dv if the cascade is initiated by a single particle appear-_ 
ing with the velocity u at the time s and the point q. It has been assumed that the medium is filling 
the whole space and that its properties are independent of time and place. In Ref. 1 it has been assumed 
that all new particles of the cascade are produced at the moment of collision. In Ref. 2, an analogous 
function V describing a neutron cascade — a cascade consisting of particles of a single type which may 
be produced with a delay — was found by means of the same method. It is easy to combine the two cases 
and to consider a cascade consisting of n types of particles which may be produced with a delay. In that | 
case, too, we shall assume the functions Vij to be known for the case of an infinite homogeneous medium) 
In the present, a method of solution of this problem will be given for the case of a multi-layer medium, | 
i.e., a medium consisting of different homogeneous layers occupying adjoining regions RA(A = 1,2)... i 
Let E be the space of variables t, r, v, j. It consists of n 7-dimensional spaces Bi (= 12 eee 
We shall assume that the boundaries are varying with time t. Furthermore, for the sake of symmetry, 
we shall assume that they may depend also on j and vy, i.e, that the R’ are arbitrary regions in E. 
The solution of this problem is important, for example, for the study of transient cosmic ray effects,>"* 
in the theory of nuclear reactors,° in calculations of radiation shielding,® etc. The problem amounts to 
solving the Boltzmann linear integral equation of the type (1.15) or (1.16)* in a multi-layer medium and 
represents a generalization of an analogous problem in the theory of parabolic differential equations. "8 


* Here and in the following (1.15) denotes the formula (15) of Ref. 1, etc. 
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If we put P=(s,q,u,i) and Q=(t, xr, v, j) then the functions Vij(s, q, u, t, r, v) can be written 
in an abbreviated form as V(P,Q). We shall denote the function V (P,Q) by VA(P, Q) if the whole 
space is filled by the medium filling the region R*. We shall assume the latter functions to be given. We 
‘Shall denote by W(P,Q) the required function describing the cascade particle distribution in a multi- 
layer medium, and by WA(P, Q) the expression of this function in the region RA. We shall also intro- 
duce the auxiliary functions UA(P, Q). The function UA gives the particle distribution in the region R* 
if all other regions are filled with an ideally absorbing medium, so that any particle leaving R* disap- 
pears immediately. Evidently, UA(P, Q)=0 if P lies within the region RA, 

Before calculating the function WA we shall solve an auxilliary problem. The functions V(P, Q) 
give the particle distribution at the time t according to particle type A, position r and velocity v. It 
may be, however, required to solve an inverse problem of the particle distribution for a given value of a 
certain component of r or v according to the type Aj, time t, and the remaining components of r 
and v. In general, we can make the following substitution for the variables t, r, v, j in E: 


t+=t;(c, Ss), r==1;(t,.¢), V = v;(c,.0), (1) 


where o is a 6-component variable, so that + and o are seven new variables and putting P* =(T, go, j) 
we find the probability V*(P, P*)do of finding a particle of the type Aj with o in the interval between 
o and o+do for given values of j and +. Taking into account that the variable j varies in a discrete 
way we can see that, without any loss of generality, we have preserved its value carrying out the trans- 
formation (1). 

Let Ky be the original particle of the cascade and K one of the cascade particles existing at the time 
t. It has been shown! that corresponding to the latter particle is a chain C of particles connecting Ky 
and K. All points Q in E which correspond to the particles of the chain C at the time intervals be- 
tween the corresponding collisions, form a certain curve C which will be called the cascade development 
curve. The points in E corresponding to collisions divide this line into a finite number of arcs B, the 
velocity v varying continuously and j remaining constant along each arc. Every arc lies completely in 
one of the spaces Ej. By virtue of (1.1): 

dr dv 
OE in rey 

clearly, a single development curve of a completely determined direction passes through every point of 
the spaces E and Ej Let Nj be a unit vector in Ej determining this direction. Let nj and vj be 
unit vectors normal to the surfaces t= const and t= const in Ej. Itis evident that 


Ni=(,v, PF) /Vi+e+ Fi, nj = (1,0, 0) 


and that the components of the vector vj are given by the sixth-order determinants obtained from the 
matrix 

Ot. Ota OWE: 

ied maed 

Woo Sita)! | ; 


(which has 6 rows and 7 columns), divided by the square root Aj of the sum of their squares. Taking it 
into account that the mean length of the arcs B is always finite in Ej and that at least in the vicinity of 
the points of intersection of the surfaces t = const and T= const every development line passes through 
both surfaces, we obtain V/Njnj = V/Njpj4j or, substituting for Nj; nj, Vj their values given above, we 
obtain the following expression for the required probability: 


lV F(t, ¥) | 
VP, PVP OQ) oe, Or a | (2) 
Os de 00 oe 


where all the variables t, r, v on the right-hand side of the equation should be expressed by 7 and go 
according to (1) (i and j donot change). If, for example, we want to find the probability that one pate 
ticle of the type Aj traverses the area between x, y, and x + dx, y + dy onthe surface z = const with 
a velocity between v and v+ dv within the time interval between t and t+ dt then, according to Eq. 


2) we have: ; 
Ne Vij(s,q, u, t,r, v) dtdxdydv =Vij;(s, q, u, t,t, v) vzdt dx dy dv. (3) 
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Since the derivatives of the functions (1) with respect to tT do not enter into Eq. (2), it is clear that in 
order to find the value of the function V* ona given surface 7 = const it is necessary to know the func- 
tions (1) for that value of 7 only. 

Let RH and R” be two adjoining regions in E and let SH” be their common boundary surface, de- 
composing into surfaces SH’ in the spaces Ej. Let P*=(T, p, v, k) bea point on the surface SHY, 
and FH(P) and G’(P) be two functions of P definedin RH and RY respectively. We shall introduce 
the following notation: & 
lr Fa ere,-v) 
F*G’ = >) \ F*(P*) G” (P*) dor, (4) 


R 


Sk 


where the integration is to be carried out over only those parts of the surfaces SHY where the vectors 

N;, determining the direction of the development curves in E;, are oriented from RY into RY. If the 

function FH (P) gives the distribution of cascade particles in the region RH and G’(P) = Ur( P, Q) 

then, according to Eq. (2) and to the definition of the function UA, it is evident that the product FHU’[in | 

the sense of (4)] gives the distribution of cascade particles in the region R’, which are those of the par- 

ticles from R which passed into R’ and the development curves of which lie totally in R”. | 
In the case when the surface S4” is the plane z =z, we can put simply o=(t, x, y, v), andfrom 

Eq. (4) we obtain 


t fos} 
F*UY (t, r,v) = >) \ \(\\ FE (x, p, 9) % Uk; (t pr ¥ tyr, 0) dedédndy,dyydy, for p=(&, 7, 2): (5) 
ees 3 


We shall now pass to the solution of the main problem. Let a cascade originate in the point P of the 
region RX, We shall say that a cascade particle, present at the time t and represented in E by a point 
Q, is of the m-th order when its development curve, going from P to Q, passes through m regions 
RA. If the curve traverses a certain region several times, the region contributes a corresponding num- 
ber of times to the order of the particle. Let wa, (P,Q) denote the required function WA(P, Q) under 
the complementary condition that only particles of the m-th order are considered. We have then 


foo} 


W(P, Q) = D>) Wh (Px Q). (6) 


But it is evident that 


, _ fU* (P,Q) for =x, 
We =| 0 for hx, (7) 
and taking (4) into account, we obtain 
Wr AP, QD =D) We (P,P) Ur (PA Pin =e ee (8) 
p. 


Equations (6), (7), and (8) make it possible to calculate W* when U is known. The functions Ww’ are 
therefore obtained in the form of an infinite series of products of the type (4), i.e., integrals, the inte- 
grands of which are certain products of the functions U’. It should be noted that the sum (8) is to be ex- 
tended only over those values of » to which correspond regions R adjoining to RA, 

If there are, for example, only two regions R® and R’ in the whole space and if the point P lies 
within R°, we have 


, 0 ‘ 0 ’ 
Wi =a ey (PB; Q), Wy = 0, Vnii= fie for odd m 


Wee. Wnt = 0 for even m 
and, consequently, we obtain the following infinite series for W® and W’: 
We =U UU + PUP oa Wo = OPUS Ur eu +... 
These yield immediately the integral equations for W® and W’: 
W= U4 DUW, W' = UU’ + UUW’, (9) 


In order to find the functions U* we shall denote by R* the region containing the whole space E 
outside R. We shall assume that this region is filled with the same medium that fills R* and we shall 
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denote by U* and W% the functions U and W corresponding to that space for the given medium. In 
that case, however, the whole space is filled by a single homogeneous medium and the functions W and 


W” coincide with the functions v’* and V4 representing v’ in RA and RA, In this way we obtain 
for R°?=R*’ and R’ =R* from Eq. (9) 


Wel. wy, Pawo .eeve 
Putting UAUX=FA we find 


Ute VEY, Gk eV ie Vy 
But from the second equation we obtain directly by integration 
Ee 3) eV eV Se ¢ 
and substituting into the former equation, we obtain finally 
U* a yr ayy a yy — y*y* ate ae (10) 
The functions UA, therefore, have been found. 

If we substitute (10) into (7) and (8), and the result into (6), we obtain the functions W in the form of a 
convergent infinite series, the terms of which are products of the various powers of the known functions 
vA and V». All the products and powers should of course be understood in the sense of definition (4). 

If we consider, for example, the particles of a cosmic ray shower, penetrating a number of plates RA 
none of the particles being scattered backwards, then Eqs. (8) and (10) are reduced to: 


a 
ur») V° for =x y+l __ yy 7 AH 
te for hx’ Bee ee 


Assuming « = 0 and taking into account Eqs. (6) and (7), we obtain the simple relation 
WrHeaVVVaasV 

We have assumed that the layers are homogeneous because in that case the functions V can be found. 
These have been assumed to be known. The above considerations are, however, valid when the layers are 
not homogeneous. 

Bearing in mind first, that integration in Eq. (4) is carried out only over those values of o for which 
the development curves are directed from RF into R” and, second, that a sharp return of the develop- 
ment curves is unlikely in practice and, third, that the cascade particles are often rapidly absorbed, it 
can be shown that, in general, the found infinite series converge well. 

It should be noted that the products (4) are difficult to calculate since the integrands are complicated 
functions and the integrals sixtuple. In a number of important cases they can, nevertheless, be markedly 
simplified, namely: 

1. If the medium R’ is a layer of a thickness on the order of the particle mean free path then, instead 
of UA we can simply take the expression (1.23) for m =1 and v® =A. Calculation of the product (4) is 
then reduced to a double integration (owing to the presence of §-electrons). 

2. If the layers are thick, then it is possible to use expressions of the type (1.59) instead of VE and 
v’ in calculating V4YV". Taking it into account that a quadratic function of r stands in the exponent of 
the latter expression it becomes immediately clear that if the surface SH” is cylindrical, one integration 
is reduced to the Poisson integral, and if the surface is a plane two integrations are reduced to that type. 

3. As a further approximation in the calculation of the products VEV where V and V” are given 
by (1.59) we can substitute for ¢, e€’, «” and 6’, 6”... in V” their values averaged in some sense 
over u. We can, for instance, take the average values over the surface sr calculating by means of 
VH the probability of various values of u on this surface. The both factors in VP and V” will then 
become exponential functions of quadratic functions of v, so that if the surface SH’ is independent of 
u, as it is practically always the case, then the integration over u is reduced to the Poisson integral or 
to the Gauss function, and the product will be represented by a double integral. 

Uniting cases (2) and (3) we obtain that in a multi-layer medium with plane boundaries the products 
viv” are expressed by single integrals which are easy to calculate with the help of computing machines. 

The author regards it as a pleasant duty to express his deep gratitude to Academician N. N. Bogoliubov 
for a valuable discussion of the results, and to Prof. D. D. Ivanenko for his interest in the work. 
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A cascade is considered to consist of several types of particles moving in a generally inhomo- 
geneous medium varying with time. The particles collide with the particles of the medium and 
in this process are absorbed, scattered, and produce new cascade particles. The functions, 
determining the distribution of the particles of each type in cascades initiated by a single par- 
ticle of a given type appearing at a given time with known initial position and velocity, are as- 
sumed to be known. By means of these functions, the probability of the joint presence of a 
given number of cascade particles at a given instant in a given cell of the particle type-posi- 
tion-velocity space is found. The detecting probability is calculated for detectors having a 
sensitivity dependent upon the type and velocity of particles as well as upon their place and 
time of incidence. 


Ler Aj (j=1,2,...n) represent n various types of particles forming a cascade initiated by a single | 
particle of a given type Aj; with a given velocity u, which has appeared at the instant s ata given 
point q. Let 

V(P,Q)dQ (P =(s,q,u, i), Q = (t,r, v, j), dQ = drdv) (1) 


be the probability that at the time t one particle of this cascade, of the type A; has the radius vector 
between r and r+dr and velocity between vy and v+ dv. This probability was found for the case of 
a homogeneous! and of a multi-layer? medium. In the following we shall assume that the functions V are | 
known for any inhomogeneous and time-varying: medium without referring to their actual expressions. 
Using the notation and results of Refs. 1 and 2 we shall solve several generalized problems concerning 
the correlations in particle distribution. 

1. Let L bea natural number. We shall find the probability 


V (P, Qu, Qs, -.- Qr) dQidQ....dQz or, in short V (P, Q;) dQ, (2) 


that there are Kg particles of the type Ajg and with velocity between vy and vy + dvp having at the in- 
stants t) radius vector between ry and ry + dr, respectively. 
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We shall consider a cascade for which probability (2) is fulfilled, i.e., in which L particles of the 
type Aj») with velocities between vg and vy + dvy have radius vectors between rg and ry + dry at the 
instants tp. A certain number of cascade development lines C Q originating in the point P and passing 
through or terminating in the points Q g correspond to those particles. All the lines form a tree-like 
system R inthe space E of the variables t, r, v, j, beginning with a single branch D, emerging from 
the point P at the time s, which then splits at the time tT, into two or more branches D2, D3, ... These, 
in turn, branch out at the moments To, 73... etc. until all branches terminate in the end points Q,;. We 
shall denote. the branching-out points of the lines Dy by Be . These points will be said to be of multi- 
plicity M(M = 2, 3,...) when M new branches start from a point. 

The system R is not continuous since the types and velocities of particles change abruptly in colli- 
sions. The projection of R in the t-r space is, however, a continuous branching curve. We shall refer 

to the set of all systems R corresponding to a given posi- 
‘\ % Ve tion of the points P and Qo the projections of which in the 
/, ‘ G, t-r space are topologically equivalent, as to the graph S. A 
¥ 


@, graph corresponding tothe points, P, Q,Q.,...Qyy, Pj... Pi 
a G ah is shown in Fig. 1. The points P}, P$, and Pf are double, 
te oa) and Ps is quadruple. The number Ny, of all possible graphs 
G, 4, corresponding to a given L is, obviously, finite. For ex- 
A ample, N; = 1, Np = 2, Nz = 3, etc. All graphs corresponding 
\e to the cases L = 1,2,3, are shown in Fig. 2. We shall call 
FIG. 1 a graph S elementary, and denote it by T, if its branches 
; Dy do not pass beyond the points Py but terminate in them. 
Every graph S can be decomposed into elementary graphs 
T, chosing as dividing points those of the points Py traversed by S. It is obvious that the number of 
elementary graphs into which every S graph can be divided is also finite—always less than L. The graph 
represented in Fig. 1 is divided into four elementary graphs by the points Q;, Q2, and Qg. 

We shall denote Vg(P, Q;) drdv the probability (2) with the additional condition that cascade develop 
according to a given graph S. From elementary theorems on sum and product of probabilities it is evi- 
dent that the function V is equal to the sum of the functions Vg corrsponding to all graphs S for a 
given choice of the points P and Q L and the function Vg is equal to the product of functions corre- 
sponding to all elementatry graphs T into which S may be decomposed. 


1S 
V= > I] vv. (3) 
Se Hi 


Consequently, the solution is reduced to a calculation of the functions Vy corresponding to the elemen- 
tary graphs. 

It is easy to see from the rules for the sum and product of probabilities that V, represents a sum of 
multiple integrals, the integrands of which the products of the following factors: a factor 


VCP P?) dP" (2: = (eo es yi fea)’ [BY = (x, Ge y”, k’)), 


corresponds to every branch D with the origin in Q’ and end in Q”, and a factor 


Q™ (P*, Pm) drdwm  (P” =(t,p,¥,%), Pm (% P) Wms Lm), 


corresponds to every branching point P* of multiplicity M. £, and w,, denote the types and velocities of 

secondary particles (m = 1, 2...M). This factor represents the probability that the incident particle will 

collide with the time dr and that among secondary particles there will be M particles of the type £, 

with velocity between w, and w,, + dwy, respectively. Integration and summation is carried out over 

T, p, v, k characterizing all the branching points and over the types and velocities of all secondary particles. 
Assuming without loss of generality that t, < t,, we find, for instance, for L = 2: 


V (P, Qu» Qs) =V (Ps Qs) V (Qu Qa) + DY \(V (P,P) GCP", Pi, Pa) V (Pi, G1) V (Pa, Q2) dodwo. 
Pils 


where = denotes integration over T, p, v, and summation over k. 
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2. In solving the above problem we did not impose any limitation upon either the type of the develop- 
ment graph or the number of collisions in each of its branches. We can modify the problem assuming 
that the cascade develops according to a given graph and that the 
number of collisions in some of its branches is pre-determined. 


a] 1-2 
G, j Y, "e It is easy to see that instead of relation (3) we shall have now 
GY, Ges S 
a v= Il Vr. (4) 


2 p . 
Ese. The factor in Eq. (4) corresponding to each branch with a fixed 


p 
Gage 5 
& 2 i q f number of collisions will now be, instead of V(P’, P”), 
= s , ” , ” , r ” 
G, Yea >) wr Py) I[@ (Pg, Pg) W (Pg, Pg+1) dWeg 
A, g 
p Pp 
ne, 
g, 
Na 1 
p 


Dp 


G 4 & Pi; (Pg = (Tg, Pgr Yer Rg)» Pg = (g; Pes Wes lg), g=1,2,...G@—1), 
Byes, Ve Y. where Q’ and W are given by Eqs. (5) and (6) of Ref. 1 respectively. 
p 


‘2B G, { a If we want to calculate, for example, Vp(P, Q;, Qe, Q3) where T 
3 : is the last graph of Fig. 2, under the condition that the number of 
Gg M5 % g & collisions along the first branch is arbitrary and along all other four 
‘ % / & ue branches limited to one per branch, we obtain 
G, #0 Ay ox : 
OE per te Vr(P,Q1Q2Q)= >) \\\Jvw. Pi) 
fi P , Pata 12/1 “99 
FIG. 2 x Q (Pi, Pi, Piz) W (Pix, Pa) Q? (Pas Pats Pas) 


x W (Pa, Q,) W (Poo, Q.) W (Piss Qs) dW, dW 2d WodWo. 


3. In deducing the expressions (3) and (4) we assumed that the regions in which the particles Py, are . 
found are infinitesimally small. We shall generalize the problem for the case when the regions are finite. Let 
to(2 =1, 2,..., L) be L moments of time, let SY) be L regions in the r — v —j space, and let No be L 
positive integers. We shall denote by 


W (P, ti, Ri, Ni) (5) 


the required probability of finding Ng particles at the moments tg and in the regions Rg respectively. 
Let My be L positive integers and let Yom? Vom? gm (™ in pea enetes M)) represent the coordinates of 
My points in the region Rg. Let 


Vi(P; Qin) AQ i (OS 2s IL a | 
be the probability of the type (2) for L = My and ty, = ty. 
We shall denote by 


V(Pitrh Ri Mp) = 


4 
Tare \V(P, Qin) dQim (6) 
1 
the probability that there will be at least My particles in the regions Ry at the moments ty respec- 
tively. [In Eq. (6) and in the following dQ tn =dr mV mw? and the integration is carried out over the 
part of the rpmVpy, Plane contained in Ry }. 

In order to find the relation between (5) and (6) we shall solve first an auxiliary problem. Let there 
be given I cells C;(i=1, 2,...,I) such that there can be at most one particle in each of them. Let the 
appearance of particles in the different cells be uncorrelated. Let P and Q be positive integers not 
greater than I, Let i,(p=1, 2,..., P) and j_(q=1, 2,...,Q) be two sequences of different natural 
numbers <I, We shall denote by V(ip) the probability that the cells C; are occupied regardless of 
whether the other cells are occupied or not, and by W (ig) the probability that the cells C;. are occupied 
while all other cells are free. Both these functions are symmetric with respect to all arguments. It is 
evident that 

Vo= pp DV (ip) and Wo = YW (jy) (7) 
D 


ig 
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represent, respectively, the probability that not less than P or exactly Q cells are occupied. We shall 
show that the following relation holds: 


q>P 


VG) = B, Com Py ~ Wig) (ig =ig for q<P), (8) 


where the summation is carried out over all jg for q < P. Eq. (8) expresses the elementary fact that 
the probability that the cells Ci) are peetipiad: regardless whether other cells are occupied equals the 
sum of the occupation prébabilities for all combinations of the cells C; containing the cells C;. The 
factor 1/(Q—P) is due to indeterminate grouping of the numbers j.. Sammi over all ip and taking 
into account Eq. (7), the relation (8) leads to Z 


ve= 3 Wor pr Wo (P=0,1,...). 


This equation represents an infinite system of equations for We which can be solved easily, yielding 


_ ¥ HPP 
ZB aerarl? =...) (9) 


The values (5) and (6) are analogous to those of Eq. (9). In consequence they are connected by a relation 
similar to (9) 


W(P.t.R,N)= 3 Too (10 
(P, ti, Ri, = 2 Ul wren swar V (Pet REM): (10) 
Equation (10) is more complicated than Eq. (9) since we are dealing now with L regions Ry instead of one. 

In calculating the probability (5) we did not require the Ny particles found in Ry to be of a certain 
type. The solution, however, is more general — it is sufficient to divide the ae R into n regions 
Ro; in order to find the probability that given numbers of particles Ny; j (j =1, 2,...n) of each type Aj 
are present in Rg. 

4, We can generalize the obtained solution further if we replace the regions Ry by detecting devices, 
acting at fg moments ty respectively, each of which detects the traversing particles with a certain prob- 
ability U LQ) depending on the device Ry, on the time t, onthe type A, of the particle, on its velocity 
v, and on its position r. The probability (5) is in this case expressed again by Eq. (9), V being given now, 
however, not by Eq. (6) but by a more general formula 


d Vi(P Qin) AO On eOun. 
ite > | ( so) h (Qim) dQ1 (11) 


L 


Vie, bie Ri, M1) ==, 


5. The various types of counters used for the detection of cosmic rays do not fall exactly into the 
category of devices of Sec. 4. The actual detectors function continuously or during a certain time inter- 
val, while above it was assumed that the particles were detected at certain instants. We shall consider 
therefore another type of devices Rg (2=1, 2,... L) which can time the arrival of particles. Each device 
is characterized by a certain working volume Rp ee for the sake of symmetry, we shall consider as 
a volume in the space E, and by a certain function U LQ) defined on a surface S¥ of the region Ry or, 
which is equivalent, on surfaces S: in E, since uLav yields the detection probability of a particle of 
the type A, entering Ry through an element do of the surface S: corresponding to the values 0 
and g + do. of the six-dimensional variable o. Evidently, this assumption represents an approximation 
since in view of the finite resolving power of the detectors, the detection probability u® can also depend 
on the sequence of arrival of various particles at Ry. In this approximation the probability V is again 
given by Eq. (11), it is necessary, however, to write according to Eq. (4) of Ref. 2, instead of V(P, Q),,,); 


the following function: ' Ras tee 


VCP On = VA RyetO pirat! Leorg OV im 


Jo} (ole) os 


684 Ky LU. KARIS TOW 


and the integration and summation should be carried out over the surfaces s! ; ¥ 

V being known, we can find the required probability (5) by means of relation (9) which remains vali ‘ 

All the probabilities found above may be useful, for example, in investigations of the cosmic radiation 
by means of coincidence counters or cloud chambers.° 

It should be noted that the probabilities found are analogous to the probabilities of certain configura- 
tions of molecules in a gaseous medium. In the case studied above, however, the problem is greatly sim- 
plified since all the probabilities can be expressed by means of the distribution function (1), while there _ 
are no similar expressions for the correlation function in gasses.4 

The author wishes to express his gratitude to Academician I, N. Bogoliubov for a constructive discus- 
sion of the results and to Prof. D. D. Ivanenko for his constant interest in the work. 
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The average values of the spin operators for a system of particles having spin 1 and !/2 are | 
calculated. The transition matrix M is given explicitely. Consideriation is given to the case 
of small energies, when one can restrict oneself to S- and P-waves. Expressions are ob- | 
tained for the cross-section, polarization, and correlation function. Relationships are estab- 
lished between the parameters of the transition matrix and the experimentally observed values. 
A group of experiments is suggested which could enable one to determine, through triple- 
scattering, the amplitude of the scattered wave and to carry out a phase-shift analysis. 


Tue theory of reactions involving polarized nucleons has been recently developed in a series of arti- 
cles.! The polarization arising in nucleon-nucleon collision is due to spin-orbit interaction, and its 
measurement provides additional information about the coefficients of the amplitude for nucleon-nucleon 
scattering. A group of experiments is indicated which would allow one to determine the nucleon-nucleon 
scattering amplitude and to carry out a phase-shift analysis. 

The present article is concerned with the elastic scattering of nucleons against a target made up of 
spin 1 particles. 

The state of the system is described as usual through the Neuman density matrix p in the combined 
spin space of the system of two particles, or through the density matrix for two independent beams of free 
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particles with spin o’ and s’. Since the density matrix is a six-rowed Hermitian matrix, it is defined 
through a linear combination of 36 real quantities for which one may take the average values of a com- 
plete set of independent Hermitian operators in spin space (their number equals the square of the dimen- 
Sionality of the spin space). The complete set of operators satisfies the equations 


Sp S#SY = (2sqg + 1) (2s, + 1) 8,,. (1) 
The average value of any operator is defined as 
<S> inc = SP (Pines) (2) 
with the condition that 
Pine a 


An arbitrary matrix may be linearly expressed in terms of the operators S?. Expressing the density 
matrix in terms of the average values of the spin operators, we obtain 


Pinc= [(28a + 1) (2sy + Deere: is 


In this way, the average value of the matrix SH determines p, and, at the same time, the spin state 
of the system. 


If we know the transition matrix M which transforms each pure state of a mixture described by some 


matrix Pjncg, into some corresponding state of the mixture described by Pscat» we then have for the 
scattering of a beam 


Pscat = Mp;, .M*. (4) 


The average value of any operator S, in the spin space of particles is given, after collision, by the 
expression 


<a Sy scat Sp Pscat>1) SPP scat’ (5) 


The following expressions are then found for the differential reaction cross section and the average 
value of the operator S;: 


Q = [(2sa + 1) (25) + 1]? N<S# Sino Sp (MS"M*), (6) 


pe 


<S1 >sear= S'<S" > ine Sp (MS*M*S,) 31<S’>ineSp (MS*M*). (7) 


eo v 


THE AVERAGE VALUES OF THE SPIN OPERATORS 


Applying the well-known Clebsch-Gordan formulas, the spin-quartet wave function may be written in 
the form 


x Cles 2/o) = xClo Yax(l 1), x for Ye) =V7/sx (Cle Me) x (1,0) +V 47s x Cle — Ye) x (1, 1), 
% 2/o, — Yo) = Vex Clas Me) x, — 1) + V/s x Cle» — Ye) x (1,0), X C/e 8/2) = X Clas — */2) x1, — 1), (8) 
and the doublet function becomes 


eos eV alan 3a) £1 0) — V%/sx Clo ey Aten (9) 
ler a) = Vex Cl tex — D— Vs x Cle — Ye) x (0). 
Operating on these functions with the operators Oy» oy Ov» S. Sy and S,, and applying the ortho- 
normality of the functions y (Ss, mg), one obtains 
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Oa Sh Araneae On sre Vara ) 
V Ye. tae O.eiry: Alpin anon | 
ee oy) 
in ae 0 Vis 0 0 Vf’ 
| YT, 6 lo tl aa | 
lois =V2)8° 0) 2/4 ae 


| 
| eae Ron ia 7 oe A peg — V 313 | 
ae | 0 */'3 0 Vs V 2/3 ‘on Gy =— 
SFL esi sm ery an en ga 
| A/a ayo ge Seay, | 
[es ceahess ioreeirnea , ipeesem 


(Oona a0 0, AA eae (1 yoga 0 0 0 Oy oni) | 
Ve? ey 93. . °0 0 1/, | | On Fis 0 33 0 
4 052728 0 s) 0 vin 0 0 tie 0 _ 3/3 
Ss= 75} 0 0 Vs 0 0 yat 0 oe 0) = || 0 0) | 
| Vi Ojos Sti pre' 20 0 22/3 0 —V 2/3 0 0 | | 
EO eis Caer aay Dee a0 [OP 80 = 2/8810 0 Le) | 


By means of a suitable transformation, one may go from this representation to a 2-particle represen- 
tation which may be more easily obtained directly as a direct product of the matrices o’ and S’ in the 
spin-spaces corresponding to a nucleon and a deuteron. 

We shall denote unit vectors in the direction of motion of the incident and scattered beams in the 
center-of-mass system respectively by k; and ks, and for convenience in future expansions, we shall 
introduce as usual the orthogonal vectors 


N = [kixkg]/|[kixkyl], P= (ki + ky) /| ki + ky}, K = (ki — ky) /| ki — ky]. (10) 


Transforming into this system by means of Euler’s formulas,® we obtain formulas for One Fy» Aes S25; 
Sp» Sx expressed in terms of the angles 3 and ; we shall not list them here, as they are rather 
cumbersome. 


THE TRANSITION MATRIX 


The most general form of the matrix M, which determines the amplitude of a scattered wave of given 
spin and momentum as a function of the spin and momentum of the incident wave, may be obtained by 
imposing upon it the conditions of invariance with respect to space rotation and time reversal. This 
matrix must be a scalar which is obtained from a combination of 36 linearly independent matrices in spin 
space and functions of the momenta K, N, P. The effect of time reversal leads to the transformation 


o = — Gg; ki =—k; k= —k,;, Ko=K; N= N; Po =P. 


The expressions [0 X S]N and (oK) (SP) + (oP) (SK) change sign with time reversal and therefore 
must be excluded from consideration. In writing out the matrix M, one may limit oneself to terms of 


second order in S, as higher order terms in the spin operator S may be given as functions of these. 
Thus, for example 


; . 
SeSjSe = ~Z [B17Su + BjeSi] + [Sixy, w+ Sixri— Sexi] + | eins 


al a 4 1 & 
SijSk1= x [bik + 8n1Si; + > Sindy r 5 85nd: : 8:51 | 
dele i i ; ; 
aw [Bin( Si aaa Sixt) + 8 (Sin = Sixt] + din (Si — 5 Sixt) + 3; (Si — > Sixx) - 
where 
Sj xk = eigpSi, Sy x nt = eippSit. 


In this fashion one obtains the most general form of the scattering matrix for particles of spin 1/2 
against particles of spin 1: 
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M =A + BSy + C [(SpSp —?/38;;) + (SeSx —*/g8;;)] 
+ {AL +BiSy +i [(SpSp—*/s8,)) + (SS —4/58,,)1} ey + D (2 pS p+ %4S,) 
+ E (9pSp_ — 9,S,) + 4/2 F (o,SyS, + FS Sx) + 2G (5pSpS y + 5,S,Sy) 
aE Taf (CA — oS Sx) = at pO pong — Cee yrey aE ee) 


where the coefficients A, B, C etc. appear as functions of ki and k;kp, i.e., as functions of the energy 
and the cosine of the scattering angle in the center-of-mass system. 


In order to obtain the matrix in explicit form, we apply the method of Blatt and Bienderharn.’ The 
amplitude of the scattered wave is given as the sum of two terms: 


i (>) = i (9) ar fe (9). 
The first of these 


fi (8) = (— An/ 20?) exp[— iin? (12) 


depends on Coulomb scattering, while the second 


its)= HOw >; xX (S’, Ms) > jb Uae (QU +. Ins, Oslin s ety ate) 


Mgr BRD 


pide ; 13 
x (L Mo lisaae ls Msy| i Sis Je Ms) (8s7s812:7— Soy. st)Y v,m,—mgr (3, o)= > ie (s Ms) Mingm,4m, ( ) 


Mer 
gives the difference between the amplitude of a wave scattered against a charged sphere and f,(3). In the 
above expression we have used certain quantities defined as follows: 7 = e*/hv; € =sin (3/2); ®o, is the 
product of the wave functions of the final nucleus and the scattered particle; the quantities amg obey the 
condition 


Om Im, = 8(mMs— Mg) (28+ 1). Sh, v¢5, 0 = Ss, sv, exp [2é (Er — 4 In Dkr) 
are the elements of the scattering matrix, r is the radius of the screened Coulomb field in a given 
channel and 
b= 4, + 9, +o, 
where Wy» = Og—Oy is the Coulomb phase shift: 
exp (2i,) = (J+ in)... (1 + in) / (in)... (1 — im), 


Oy is the S-wave phase shift; d) = €» — Oy describes a further phase shift occurring during scattering 
against a charged sphere of radius R as compared with the shift which occurs in point charge scattering. 
In order to carry out a phase-shift analysis, it is necessary to determine the dependence of M upon 
the scattering angle and the phase shift. The dependence of the elements of the matrix M upon ¢ is 

evident from Eq. (13), and comparing them with those matrices of which it consists, we obtain 


{ 4a CO “Gestes Bie een |) oon >) 
beiv d fe-i@ = ge-2!? 0) 0 | 
geri? —feiPr d —bei? 0 ) 
= ; 14 
ees hesie = gertp cei? a 0 0 (1?) 
0 0 0 ines cari 
tele 0 0 0 vere Tee | 


the matrix elements a, b, c represent series of Legendre polynomials ee (cos 3), and the coefficients in 
these series depend on the phase shifts. 

The elements of this matrix obey the additional condition 
(15) 
2 Di 4 
cos 28 (a cn ays g) eGo eae 
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which appears as a result ot the invariance of M with respect to time reversal, As mentioned above, the 
matrix oK-SP + oP-SK is one of the matrices belonging to the complete set in terms of which M may 
be expanded; thus it can only enter in the expansion when Sp M (09K :SP + oP -SK) is identically zero. 

In the particular can when the energy is sufficiently small to permit the use of S- and P-waves only, 
the scattering amplitude may be written in the form: 


ikr 
b(s, s’) = Er SY Sl4e QL + YH (L, s, 0, ms] L, 8, J, Ms) rs 
mMsMg L, J 
se (16) 
x (L, S, Ms — Mgr, Meg | Z, Si a Ms) [1 — exp (27é1)] DA Ms—IMgr (d, 9). 
For doublet transitions we obtain 
Mins, = Mp t c0e te oY ants Qt, )}, M_y, 4, = hsind exp [i (ge — 20)) Ge, 
M,, — |, = h sin 3 exp = i (2 oie 2)] (= itr = cera M_,, 4, = IN Aes ae cos 3 exp (— 2iv) (ea 5 2)» (17) 
where vp, g = exp (— af, g) Sin op 5? 
and for quartets 
3 . 9 3 6 5 33 V3 . . 3/0 5 2 
M,, »,=— ‘tele + cos dexp (— 2ip) (s iy, oS itty, » My = eh exp lt (o— 2p)| sin 3 (7, — 11%)» 
: ; Vitae: Vise; SVS 
M_+),,%, — 0, M_»), 5), = Q; M,, 1), wt sin 3 exp [— Ll (9 =e 2h)] (-- = ao = ae a Lad 1tl,) 
1 oP or 
= Cl * 2 — — it 1f, — si 2 —_ VY le 
M4, — Mt 3lo + cos 3 exp ( 2it) (vhs, ata 5 ig 3] + 5 rh) ? (18) 


. - 1 a 2 3 9 5 a 
Magy, =2sin8 exp i (@ — 20) (Eithy, +2 tt, — 2 th) Monon 05 Moy, = 0, 
ies oan 9 ns Ti 
ia nia Meee dkms ve ie Tits, FH ta, To a 1 Ma ones = hile, cee ren” 
if 1 1 ayalg 9 Slo ° a V3 1 V3 3 3V3 5) ~ is 
x (ily tothe to ln): Mos,, 4 = hexpli(e—2oyisina (HF ye, PF ym, boa |; 
SUES ea 2b)] (7! “l 
Ms), , a eae 0, My,,, —|, = 0, M_1),, = A oe Pay land (¢ ae $)] (112), <a Ty),)> 
ue Rees ails 


3) i 6 5 \ 
M_s,,, —Jo =~ iN {itty a cos Su ( hy Une : 5 thy,)f co 
DETERMINATION OF THE PARAMETERS OF THE TRANSITION 
MATRIX FROM EXPERIMENTAL DATA 


Expressions (6) and (7) apply to particles of arbitrary spin and beams of arbitrary polarization; we 
Shall apply them to the concrete case of scattering of particles having spin !/2 against an unpolarized 
target of particles with spin 1. 

In this case, the only non-zero matrice’ before collision are 1 x 1 and o X 1, and these formulas 
become 
Sp (M*oM) + Sp (¢MoP ine M*) (19) 

Sp (MM") + Sp (M¢M*) Ping 
We write here o for o X 1, and denote <o x 1>inc by Pine. When scattering an unpolarized beam of 
nucleons, the expressions for the differential cross-section and the polarization simplify to 


| 2 
QP = | {Sp(MM") + Sp(Mo M*) Pinc}, PP = (eX lscar= 


{ ; 1 ; 
QN = | Sp.MM", Q'PN= — Sp MM’ay (20) 


Substituting Eq. (14) for the transition matrix M, and expressing On in terms of the Eulerian angles, 
we obtain explicit forms for the cross-section and the polarization: 


QN= shah +jOP + [cP +ldP +f +2122 +I AP + ee bP, 


GPR — Fat m (Y/ 3 (bat + de® + fat + gh) + Z (Og + dp) + wr) (21) 
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In the particular case of small energies, limiting ourselves to S- and P-waves, we obtain for the scatter- 
' ing of a proton against a deuteron: 


iN n 1 2, 7 1 , 1), . Sb 2 om 3] 1 
Q =r {(2 ay +5 (5 gs) [a (6, @y'y,) + Qu (6, Oy4),)] + = 5 008 9 [u (C, Dis, )+2u(6, Di,) +4 (6, Dis, )-+2u(C, Or, ) 
+ 3u(C, OF, ))J+-sin® Oye, 4-5 sin? Oj, +-cos 9 {sin ®", (u (Dis, O45, 


"e we : we Sle Fy ly Slo * Slo, Fle 7 “Ia +2 Qa 
+ 2u (Mo7)., Dy}y,)] + sin Do%, [u (Ops),, Dy), + Qu (Dy), Dy!s),) + 3u (Oss, , OYs,,)] + cos? [(sin? Oly, + sin? Oy)) 
+ 2(sin? O/", + sin? @1%),) + 3sin? O/%,, —2W] + sin? dW}, 
where u («i,s; Bir) = sin Bl. cos (af, — 2/’» — Bh.) and 


1 le 1 ‘la 2 Slo 24 Fla \s 
W = -ysin? (M1), — 1%), ) + 39 Sin? (@,,, — O13,) + = sin’ (OF, — O4,).-- 5g sin? (DR 203: (22) 


QNPN = “> yea sin 9 {52 (Dy, Dy, 0) + 42 (Oy, Dis, 0) + 22 Wisi, OF), )}+ X sin 9 ([52 (0,4, Oy, OF, 
+42 (Dj, Dy, Do%,)] sin Of, + 22 (D;,, Dis, Oes,,) sin Of" +s sin 9 cos $ sin (@;",, — Oy's,) sin (Oy, — O;%,) 


x sin (Oy4, — O15,) — 2 sin 9 cos 9 [5Y (Dy,, O74,,) + 4Y (Dy, Oy,,) + 2Y (Oys,.075,,)], 


where Y («, 8)=sin(«—§) sin«-sin a, and.z(«, 8, y)=sin (« — 8)sin (2b+a+8—y). 


In addition to the cross-section and polarization, one may also obtain an experimental value for the 
correlation function C(p, q) =<op-Sq> seatt? bY measuring simultaneously the polarization of the 
scattered beam of particles (ks) along a direction p and that of the beam of recoiling particle (—k¢) 


along the direction q. 
If the incident beam is unpolarized, one finds 


QNCN(N,N) = {Sp MM’ (BN) (SN) = $2 {5 (0? +142 +/FP+1gP —le Ply 2] + Re le’ + oth a'g—d'gh}, 
(23) 
QNCN (m,P) = Sp MM* (om) (SP) = 4 {sin (9 + 8) cos [la + jc}? -+ JAP — + (OP 4/42 +1FP)1 


— sin? cos (9 + 8) [= nee PE] + — sin 3 cos (9 + §£) Re (bh* + cf* — ag* — dg*) 
a = cos (29 + B) Re (ab* + cd* + fg* + gh*)}, 


B is the angle between m and K, and equals 7/2 when m coincides with P. By carrying out triple 
scattering experiments, one may obtain additional data, for example how the direction and magnitude of 
polarization changes after a second scattering. In order to describe the geometry of these experiments, 
we introduce a unit vector n in the direction [N x k;], lying in the plane of the second scattering. It may 
be seen from Eq. (19) that the cross section and polarization for second scattering may be written in the 
form 


QP== QN(1 = Ss ee) Fy QN(1 ae A), P= PN+ tPinc/(1 SPP Tey (24) 


where A = PY PA e represents the scattering asymmetry, and T is a second rank tensor having components 
tin = Sp (o;MspM")/Sp (MM"). (25) 


Straightforward triple smeres. re at sad gl yield 


QNN,<,N)=-5 Sp MayM*on = Os Re [a (d — 2») + Rea ee oc Ws Re [g* (—d + p)] 


ae 


+o or § — i QN(m,z,n) =~ sin 29 sin $cosB {la |? —| 4 P + pi (oP +icP—laP+ifP)— Zieh 


ro 2 ae Citas 1 * * 4 *y * 
— 2 32 sin 29 cos 9 cos 8 {Re IVs (a*b + a’c) ag Gece) eae COU) gO + )]| 
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=e sin 29 sin 9 cos p {Re [(ad + b'c + fh) + 2(a°p —ap + fy + hy) + bf +0 cpio) 


aa 
A * * 3 i Bec * 4 * * eS . sy 
ce ze Ce—e')] 4 G0 sin(@ +8) {Re | 5 (a’e + gh) + are (o"d + gf) Ve (op + g°y) 


(26) 
ae Peer 2 tat *\ ine 
th (2g + tap t+ fav +4 pa—Fer]} + 3H cos —8) Re[ zed + oe+ PA + 3 (tH +h) tars 


2 4 1 Seer | EMiloe 
x (by — Of —cf ey) +e (ee) + 5 5 (du — Fy]! + Pecos (9 — o) (2|e +3 dP IFPI Fy Ce ae) 
Making use of the recoil beam instead of the scattered beam, we obtain two new expressions 
QN(N,<’,N) = £SpMSyM'on =2*{/g +4 [dP +/F 2-H —lyP + Rela (d—p) —O (+h +») 
i ria) 1 \ * * ml ween : - { 12 
See ae a ae 1") — f (nts) +hv—d'y}} ; QN(m, *',n) = % sin 29 sin (9 + B)[2| a) 
2 2 5 v 2 ee ee Ke. 
Cpa aan 8 Ae 

4 2 


pane eee ay a = eee ta oe ae 
oo pea asaya" arate aval 8 3v5 8” Vise gf / 


(27) 
lal 


it . a 
See V/ Fatet speed t out Fccg|+ rae ce ae (a°d — a’ 


9 a s Ne 3 4 
Beh ky 4. 68) 4. a (Ci — Of 4 ea) a (ctv — by + 2d*g) patie * sin 29 sin (9 +8) > 
Re [fy —d'e]-+ > [sin (9 — 8) — } sin 29 cos (9 $+ )] 2Re| V4 (ac +h) + eS gO dt ett 2b yp + 2g) cg 


SANG letras —d'y)|+" 5 [cos 19 Ee ae ig? —<(ue—| »P)]. 


Simultaneous measurements of the polarizations of the scattered beam and the “recoil” beam after 
triple scattering, yield three further relations. 


The correlation function for the polarized beam has the form 


CP (p,q) = [CN(p, q) + Z(p, q) Pincl/(1 + P® Ping), (28) 
where 


CX(p,q) + Z (p,q) Pine = Sp M (1 + o,Pinc) M,Sq /Sp MM", 
and one can find 


QNZ(m, P) N = +Sp MoyM*om Sp = 22 Im {sin( + B)cos8|y/F (ac ih") "a bat 4 gy) oie 
) 6 N. mop ay a g ) 3V3 t ig 3 ig 


ee ot) a (bd" + fg") + cos (9 + 8) sin las Wi (bu" + cn") += (cg* + af —av* —bg*—dh*—hp*) 
1 4 * * * * * * ® 
++ (dv'—fu"—4af") WF Se eae )|+ cos (9 + 8)cos9|— (a — hy" + ad* + bct + fh’) toelo — gn") 


— ss (cf* +g" )]+sin(® + 8)sind[ 5 (— gp" + ad" + be" + fh — du" — fo" + bc*) + re (ot + ae") —V eo] 


2 
+ cos§|— = (a pe” — hy*) + Ee ge")] 5 “sin gh, ayy Z(N,P)n= = 2 Im | t sin29 YF (ba + bp* + gy* 
— gh* — ag*)+ _ (— af” + av" + bg* + cg* — dh* — dv" — fp* — hp* — Zap" + bc* + 2dp* +- fh* — 2fv* —. Qhy*) 
1 . . en anes : 2: 4 gee - : a ; iy 
+ yz (oh — ed" — fa" — ev" — of + de’) + = (ce — gr to eee ea 


* * 1 * = * = * * * * 
— bp" — gy") + = (af* — av* — bg* — cg* + dh" + dv* + fu* + Apt) + + (ef — dg" — cp" + gv’) + 


= x (or + gp* 


* * 2 * * 1 * * * * 
— od! — fa") + (de — f)| + cost 9 | (ad"—be"— pit) + 3 (ap* + fo) + 2 (oft — ov — dg" — gy 
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—y 1 (a 4 + gh) — se (od + Fa) + re (co — ev], QNZ (m, N) = 7 sin 29sin (® +8) Im{ 
ey pacaay ae! 
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n= 
ee 


2S D6 S2by" Nay) ae 


2 r * 
vx (e + gh’) 
at au” — bc* — 


= Sin 28 cos (9+ 8) Im aces (2ag* 
* 2 sia 
fh) — fv’ + du \— 22 [cos (9 — 8) — 4 sin 29 sin ++9)| 
x Im[>(— af + av" + bg" + cg* — dh* + dv* + fu* — hy*) + V3 (cp* + 2cd* + 2fg* — 4ev 


ho as 
+ 2[ 3 sin (9 — B) — J sin 29-cos (9 + 8)]Im[ 4 (— ad" + ap + bc* + dp 


(29) 
+ fh® — fv -+ hy) — —— (ov — 2dg* + Qcf* + 4gu*) + We | 
one finds, for example, 


These same results can be obtained by using the expression for M given by Eq. (11). In this case, 
Ou 


A+l B44 ALIBI ID YIP LEP +e Ot eR + eR 


QN PN=2Re {AA; + = BB; + =CC}\ 

QNNGN)=|AP +3 /BP+GICP +I AP +3 /B P+ ZG P 
(DP +/EP)— FCF P+IGR+|HP+/KP) 

The coefficients A, B, C j 

one finds 


(30) 
, are easily obtained from Eq. (11), substituting in it the explicit form 
of M given in (14) and the average values of the spin operator expressed interms of Eulerian angles; 
4 4 
A= fSpM=3(a+d+y), A,= % SpMoN = 
4 ne i a 2 1 
B =~, Sp MSN = =5(VFe—o+dr4 4], 
Xx —_ 
=FilV S¢—5 + 2-9), By = 4(d—u) —V3e1, 
f 3 
C= 3 SpM (SpSp+SxSx—F4sj)= C= 5SpMaN(SpSp+SxSx—s0in ) = 
en a 2 
= [3 (a4) + ee] 


D = %SpM (opSp + oxSx) =>( 
E= = Sp M (opSp — sxSx) = 


san 


A 
a—d >= JOOS 28 Pr 


=7 apg) git a oy], 


(a+ gi tyee— ZH) 


Ay a 
Pea Se ea (31) 
hi a la 
/E = > Sp M (seSpSw + oKSKSN) = 7 a ={V te b) — wi }, 
: ni ae i 6 wha PR ee al | 
G = 4 sp M (o5SySp + oxSwSa)= AV $e 8) — gl + VT al 
lal = + SpM (spS,Sy — oxSkSu))= Fe {sin 29(VW ta yo 


Vf Fe-V $a) cooto|-V $5—-V Fe—V Fa +0) 
K= Sp M (pSnSp— oxSySK)= J {sin 29{ — V ta+V 2¢+V 44)+ cos 29| / $c+ V+ / n fk ny) 


sae a Maat 
With these expressions for the Heneaticints, one can use Eq. (30) to obtain the previous results for the 
cross section, polarization and Q Nin, TN) 
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Thus, for given values of energy and angle, the results of double and triple scattering experiments can 
yield 11 independent relations among the parameters of the transition matrix in the Case: OF elastic scat- 
tering of neutrons against deuterons. One additional relation can be obtained from experiments on the 
scattering of protons against deuterons, since due to charge invariance, all the above results also apply 
to this case (if one only includes the electromagnetic interaction). 

As shown in the work of Smorodinskii and others,° the transition matrix is determined by as many real 
functions as there are variables in its most general formulation. Thus, if one carries out triple scattering 
experiments and obtains the above mentioned experimental data, it should be possible to carry out a phase 


shift analysis. 
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The interaction of two fixed nucleons in pseudoscalar meson theory with pseudovector coupling 
is considered. The principal part of the functional of the two-nucleon state is represented in 
the form of a product of single-nucleon functionals. Consideration is given only to the states 
without real mesons and with one real meson. A procedure is developed for reducing two-nu- 
cleon renormalized matrix elements to single nucleon elements, which are then calculated by 
the method of Chew, Low, and Wick. The potential of order e~2R is calculated. It consists 

of two parts: one part is proportional to f* (f is the interaction constant), and the other is a 
function of the phases of 7 meson scattering on nucleons. 


Recentty, Chew and Low! and Wick? considered the one-nucleon problem from a new point of view. 
Characteristic of their approach is the attempt to solve the problem without perturbation theory, and thus 
to deal only with renormalized quantities. 

In considering the two-nucleon problem in the region of nonrelativistic energies, it may be assumed 
that the meson clouds of the interacting nucleons conserve their individuality. 

Therefore, we may feel confident that in this energy region, quantities referring to two interacting 
nucleons will be expressed by single-nucleon quantities, so that the method of Chew, Low, and Wick may 
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also be used in the two-nucleon problem. In the present work, we will approach the theory of nucleon 
interaction from this point of view.* 


1. STATEMENT OF THE PROBLEM 


We consider a field of mesons, which interacts with two nucleons, fixed at the points r, and rp. 


_ The energy operator for such a system is 


H=H,+U,+U,, (1) 
where Hy is the energy operator of the meson field 


My = D: Goat aa, (2) 
q 


and Uy, is the interaction operator of nucleon A with the meson field in symmetrical theory 
OT gS, {Vingage' 4 + Water 3 , (3) 
q 


Vig = fo [(taq) / V 2G0] tag? (Q) (4) 


Here, gp = (1 + q?y!/2, the spin operator aN and the isotopic spin operator Ta vefer to nucleon A; ag 
and a, are the annihilation and creation operators of a meson in the state q; for simplicity, one symbol 
q is used to denote all the quantum numbers of the meson — the momentum and the third projection of 
the isotopic spin. We use a system of units in which h=c =p =1(yp is the meson mass), fy is the non- 
renormalized coupling constant (in a rationalized system), and v(q) is the source function. 

The eigenfunctions ¥" of the Hamiltonian H refer to states with two nucleons and different numbers 
of real mesons: without mesons (n = 0), with one meson (n= 1), etc. We are interested in w° — the 
state with two nucleons, fixed at a distance R = lr, —r,\, and surrounded by a cloud of virtual 
mesons. In the representation in which the creation operator at is a multiplicative operator on an aux- 
iliary function ag) the Schroedinger equation for v° is written in the form 


HY3 (1,2, @) = {2Ey + E,(R)} ¥9 (1, 2, @). (5) 


The energy eigenvalue consists of two parts — the self-energy of both nucleons 2E, and the static in- 
teraction energy of the nucleons E,(R); R=r,—r,. The index o =(S’, I’, S3, I3) characterizes the eigen- 
values of the total spin, total isotopic spin, and their third projections. The state vector w(1, 25. BASS 
function of the parameters rj, ry, and the spin-charge variables of nucleons 1 and 2. Moreover, 
ee (1, 2 a) is a function of the variables of the virtual mesons, and vw is a functional of ag It is some- 
times convenient to use the representation 


Alas @ cee a (le Ns (6) 


where Ay is the vacuum state of the meson field. 

Our problem is the calculation of vi and Eg(R). We will attempt to reduce the two-nucleon problem 
to a one-nucleon problem. For this purpose it is necessary to study products of one-nucleon state vec- 
tors F,(1, a) and Fg (2, a) (a is the spin-charge index, taking four values). The quantity F (1, a) isia 
solution of the Schrodinger equation 


H,F (1, @) = (Ao + Uy) F (1, 4) = E,F (1, @). (7) 
Similar to ¥°(1, 2, a), the one-nucleon state F(1, a) is also a function of the variables of the meson 
field. We will use the formula 
nia hla)... (8) 
Different spin-charge states are orthogonal 


(F.(1,@), Fe (1, @)) = 8a. (9) 


*A brief communication of part of the results was published in J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 


1262 (1957) [Soviet Phys. JETP 5, 1030 (1957)). 
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The dependence of F(1, a) on the coordinate r,; has the form | 
F (1,4) = e-™F0(1, a) = F (1, @e-), (10) « 


where u is the momentum operator of the meson field, and F°(1, a) is independent of ry. 

We will consider the asymptotic behavior of w°(1, 2, a) at great distances R, at which the nucleons 
do not interact. In this case the meson cloud in each nucleon will have the same character as in the ab- 
sence of the other nucleon. Therefore, as R— ©, the functional of the two-nucleon state wv (1, AEN eas 
must be a linear combination of products of the one-nucleon functionals F (1, a)F (2,4): as R- © 


3(1, 2, @) > O° (1, 2, a) = SycapFa(1, a) Fo (2, 4), (11) 


i.e., the functional ®° (1, 2, a) must be a solution of the Schrodinger equation 
(H — 2E,) ®°(1,2,@)=0, Ro. (12) 


This was shown by Ekstein? in a nonstationary treatment. For the stationary treatment adopted by us, 
the asymptotic behavior of w° and the state vector with one real meson ¥4% are considered in the 
Appendix. 

The description of noninteracting nucleons by the use of the state vector (11) differs from the usual 
description in that the meson clouds of both nucleons are taken into account from the very beginning. | 
The products $q@ (1, 2, 2) = Fag (1, a)Fg(2, a) are orthogonal only as R— © 


(Dag (1, 2, @), Par (1, 2, @)) = Sx0/5ge7, ROO, (13) 


For finite R, a term depending on R and not containing dy, 5g," is added to the right hand side of 
Eq.(13). The nonorthogonality of ® arp (1, 2, a) is a result of the fact that the kinematic interaction, which 
is associated with the identity and statistics of the mesons and is similar to the interaction by means of | 
Pauli’s principle for a Fermi field, is already taken into account in ®q,. The region of nonorthogonality 
may be identified with the region in which the meson clouds overlap, and one and the same meson may 
belong to both clouds. 

We will seek a solution of the Schrodinger equation (5) for finite R in the form: 


Wo (1,2, 4) = O° (1, 2, 2) + xe (1, 2, 4), (14) 


where ©° (1, 2, a), defined by Eq.(11), coincides with wv (1,2, a) as R— ©, Only the states Uy and vy 
(with one real meson) are considered in the expansion of yg in eigenfunctions of the operator H. We are 
interested only in distances at which potentials of the order e7R and e~2F are of fundamental impor- 
tance. As we will see below, in Sec. 3, the first term of ®% in Eq. (14) already yields the potential 

e7® and the major part of the potential e—2R_ We therefore consider Xo tobe asmall quantity. The terms 
neglected here yield terms in the potential of the order e~?8 and higher. We then obtain 


¥9(1, 2,4) = —— {a — 3 (o", 07) 0 — ¥ 4 (0, HO) Oo! - 
(0°,0 1 oe 4 ( ei (15) 
Eo (R) = agg {(O HO) — B (@", ©) (0, HO") 


B#o 
— Dig (O™, HO 0", HO™)\ (16) 
pg 7° 
Here and in the future, we will assume Ey = 0, since the self-energy enters everywhere only as a dif- 
ference. We replaced we by ®° in the denominators of Eqs. (15) and (16), which corresponds to taking 


account of terms of the order e~R, Let us note that the smallness of Xo is not associated with the 
smallness of the coupling constant. 644 is defined by Eq. (A.6). 


2. INTRODUCTION OF SEPARATE COORDINATES FOR MESON CLOUDS 


The matrix elements in Eqs. (15) and (16) have the form 


(oB}L |o'8"\ ea(Fa (lye) Pada) La, G*) Foil, a) Fa: (2,6), (17) 
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| where L contains the normal product of the creation and annihilation operators, and is a function of the 
operators Oo, and T,. Such expressions may be calculated if the one-nucleon functionals F(1, a) and 
F(2, a) (which may be found, for example, by the use of the intermediate coupling method) are known. 
However, the use of an explicit form of the one-nucleon functionals is undesirable because it would lead 
to the consideration of virtual mesons belonging to the clouds, and the effect of the self-energy would be 
mixed with the effects of the interaction. Therefore, we will attempt to calculate matrix elements of the 
type (17) by expressing them through matrix elements between states of the physical nucleon. This will 
allow us to use only the general properties of the functionals F(1, a) and F(2, a), and not their concrete 
form. With this approach, all the matrix elements encountered will be renormalized. 
In the coordinate representation, the roles of annihilation and creation operators are fulfilled by 
g(*) (r) and g(-) (r) — the annihilating and creating parts of the meson operator g(r). If g(-) (r) is a 
multiplicative operator, then the operator g(t) (r) has the form: 


8 ees Nahr 
3 Fy" AH (r —r’) = [ep (r), eo (r’)]. (18) 


Let Ba be the region occupied by the meson cloud of nucleon A. Then F (A, at) depends only on 


ot) (r) = \ AH (r—r’) dr’ 


those variables of go) (r) for which r lies in the region Ba: F(A, at) = F(A, gbp). 

We will introduce separate variables for the meson clouds of nucleons 1 and 2. We will denote the 
field variables in the functional F(1, eS) by oe) (r), and the field variables in the functional 
ze 2, 05) by gf) (r). We will introduce the annihilation operators gf") (r) and of) (r) and with the 


commutators 
[ot (r), oO = [9 (r), 9 (P')] = AM (F = 6), [9H (1), 9 (F)I= 0. (19) 


(+) 


The operator gy, (r) has the meaning of an annihilation operator of a meson of the cloud of nucleon 
A. With regard to the product F(1, gf)) F(2, of ), the operator o(+) (r) will be equivalent to the 
operator 


we : — ae rf 8 8 
Ue telOh na Clr a ene ers creruars ea7a) (20) 


For L =1, the matrix element (17) is now written in the form: 
(Ao, F* (1, o) F°(2, oP) F (1,9) F (2, 9) Ao). (21) 


[No assumptions are made in going from Eq, (17) to Eq. (21)]. It is clear from Eqs. (20) and (21) that the 
introduction of separate variables for the meson clouds will be convenient in the case in which F*(A, g)) 
= F*(A, 0) + ght)) may be expressed by F* (A, OA. | 

We will assume that the commutator [9 (r.), F (1, g{-))] is considerably smaller than the commutator 
Io) (Yq), F (2, of) )]. This corresponds to the assumption that in the common meson cloud of two inter- 
acting nucleons, the meson clouds of the individual mesons may be distinguished. Then in the calculation 
of (21), we may consider the operator g{*) in F* (1, 9 (+)) to be small compared with 0), and the 
operator oh) in F*(2, g) + gf) to be small compared with oh), For small o) 


SF* (1, 9+?) a. 
a eA er eae 
Set) (r) Sey) (r’) 


FP (1, 99 + 9) ~ F*(1, 0) 4 | ea (22) 


and similarly for F*(2, go) + go) ). Making the transition to the creation and annihilation operators 
and aAg of a meson in the Ath cloud in momentum space, we cbtain 


(of | «’B’) = (Fa (1, dx) Fp (2, de), (1+ M) Far (1, &) For (2, @e)), (23) 


a 
Ag 


as 7 cin (24) 
N= > [ay,229 + A2¢04q)- 
g 
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In the general case, in the calculation of (17), we must first apply all the operators ag and ag to the 


functionals F (1,4), F (2, a), and then use expansions of the type (22). } 


The first term in (22) is the functional of nucleon 1, not interacting with nucleon 2. The second term 
in (22), which decreases with the distance R as e , is associated with the exchange of mesons between 
clouds 1 and 2. The following term in expansion (22) decreases as e—2R, Retaining only the first term 
in expansions of the type (22), we obtain a potential of the order of eR. If we also include the second 
term, we find a potential of the order of e~ R, fi ee 

As a result, we arrive at matrix elements of products of the operators aAq and a Aq between states 


of the noninteracting physical nucleons F (1, a,) F (2, a). These matrix elements in turn reduce to products 


of one-nucleon matrix elements. 

From the products @,,(1, 2; aj, a) =Faq(1, a ,) F (2, a) we may already construct in the usual way 
the eigenfunctions 6% (1, 2; a, a,), 7 = (S’, I’, 8%, 1). The spin and isotopic spin operators of two non- 
interacting nucleons are defined as S = S; (ay) + S_(ag); 1=1, (ay) + Ip (ag), where Sa and I, refer to an 
isolated nucleon with a meson cloud, 


3. CALCULATION OF THE TWO-NUCLEON POTENTIAL 


In the future we will write | w@B > instead of the state Fg (1, a4) Fg (2, @,) and | a > instead of the one- 
nucleon state Fy (1, a;). In the calculations we will frequently use the following formulas from the works 


of Chew and Low! and of Wick: 
(25) 
(26) 


1 A 
Qh a> = Hye as Vigei"4| a>, 
<a |VG a> = (UV ua’), 


where H; = Hy(a;,) + Uy(ay); Ug is the spin-charge function of the bare nucleon, and Vg contains the 


renormalized charge f. 
We find from Eqs. (23) and (24) and the normalization condition (9), 


(a | «’B") = <a] 1 + NM] aR) = 8auBeqr + Dd) {<0 | aiy|a”> <B| dag |B’> + <x. | arg |x’) <8] ax | B’D} 
q 


(27) 
= bxo/8g er + (Ua (1) Ug (2), Nita (1) Wer (2)), 
where N depends only on the spin and charge operators: 
2 Bg . 
Nes ar \ * e!AR (41q) (52q) (tit) VU? (q). (28) 
It follows from the form of the operator N that the functionals 6° (1, 2, a) are orthogonal: 
(D195 25,4), e DY (A 25a) es Oaeal e-ee Nel ee ae Sees oy (29) 


where Ng is the mean value of N in the state o. 

The potential W (R) between the nucleons is defined as an operator whose mean value in the state a 
(in a phenomenological treatment) is equal to the interaction energy Eg, calculated by Eq. (16). It fol- 
lows from Eq, (29) that the second term in Eq. (16) is zero. We will consider the principal term in the 
interaction energy (26), which is equal to 


(O°, H®*)/(1 + No). (30) 
The numerator in Eq. (30) is a linear combination of matrix elements (a8 |H| a’B’), which by the use 
of Eqs (A.3) and (22) may be reduced to the form 
(28 | H |a’p’) = <aB | (1 + N) [UF (ay) + UF (a)! 2B’. Se 


Here, Uj (ag) is the annihilating part of the operator U, with annihilation operators agg. If we neglect 
the weighting operator N in Eq. (31), i.e., we neglect the distortion of the meson clouds, then by using 
(25) and (26) we obtain the usual pseudovector interaction in the lowest approximation of perturbation 
theory (with renormalized charge f): 
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<oeB | Us! (aa) + UF (ay) |a’B"> = (wa (4) 1p (2), Wott (1) tp (2)), (32) 


where Wp) is a pseudovector potential 


Wo (R) = — cays \TE e'0® (21g) (exg) (6122) 2 (2. (33) 


0 


The second part (ag| H| a’8’), which depends on the operator N, leads to an interaction energy of the 
order e~2R, This part contains products of matrix elements of the first nucleon 


<a | Oa et Wee SO CrcOte lao, << ol CAGE re | a’ 
times analogous matrix elements of the second nucleon. Each of these matrix elements may be calculated 
by the methods of Chew and Low! and of Wick.2 For example 


$e Via > <u IVRy La (s4) 
y Ey -+ qo : 


Ny 


<a | OV oc cy a 


where [n, > is a complete set of eigenfunctionals of the one-nucleon energy operator H,. In the product 
of the sum (34) times the analogous sum for nucleon 2 (with summation index Ny), we must leave only the 
terms nj =n, = 0 (no mesons; functional | y> and |v>), and also ny = 1, ny = 0 and n; = 0, ny = 1 (one 
meson; functionals | q u> and |qv>), because we are considering only states without mesons and with one 
real meson. 

We will first single out the term n = ny = 0 from <af|N [U} (ay) + Us (a,)]| a”8’ >. After some trans- 
formations, it has the form: 


I+% 


= Bet F08 (a (1) ts (2), VagVigVaV ag op rg” tar (1) tp (2)) + (Ua (1) ta (2), Wa (R) ta (1) (2). >) 
qq 070 


In the calculation of (@%, H&%), the first term in (35) gives NgWog, where Wog is the mean value of 
the potential (33) in the state o. The second term in (35) contributes W4,/(1+Ng) & Wjg to the energy 
(30), if the interaction of order e~3F is neglected. Thus, the without-mesons part of the matrix element 
(ag| H| 8’) leads to the potential Wy + Wy, where 


(295 + %) 2° (9) 0" (q 
FI6° (Iq + %) 


{2 (1%) (qq’)” + 3 (91 [4q’}) (92 [qq'})}. (36) 


W1 (R) = — qe | Bgdtg’et ata9R 


Let us consider the one-meson part of (a8| H| a’B’). The expression 


oN ve <uq|V9,,| a> ' / 
al By pi(ktk)R eal ih | H9> <q | ‘ik | a Bi (ale Verulevae eo 
boa Rey by (Iq + Bq) (Fo + Ro) (Ro + Ro) (37) 


TOV Vise RoGg tha doe Re Rob Roko)] Ug (2))- 
corresponds to the case ny = 1, ng = 0. 
‘The quantity < pal Vix a> may be expressed through the phases 6j; of the scattering of a meson on a 
nucleon.” Since according to experiment the phase 633; is dominant over a broad energy region, we will 
neglect all phases except 533. Then, 


a k i . > 
dug Via) = — Gee Segy On” Sim Bs (4) ns Pas (9H) He) (38) 
0470. 


where P.33 is the projection operator onto state 33: P33 (qk) = (8.4 1, Tq) (3(qk) —(oq) (ok)). After 


substituting (38) into (37) we see the cases nj = 0, n, = 1 and n, = 1, n, = 0 give the same results. If we 
neglect terms in eR in the interaction energy, the one-meson part of (ag| H| @’8’) leads to the potential 


; A i YR ; 
b= — ea | ated! 08 (6) o8 (e) sin? Bas(a) TS __ | 113. 4 (xyeg)] [2 (kek’)® (Aqoo + Skok -+ 2h?) 
Va = — Ton \4 Se aa (Go + ho) (Go + Ro) (Ro + ho) 2 (9) G40 oko {3 Rept tte (Re) (ado ons 0 


+ (9, [kk’]) (6p [kk’]) Bo (o — 2o)] —[(txt2) — 1 £2 (kk’)?— (21 [kK’]) (62 [KK']) (2Rogo + 2ho + hoka)I fe (39) 
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, 
Thus, the principal term (30) in the energy Eg is connected with the potential Wo + Wi + Wo. ‘ 
We will now consider the last term in the energy Eg [Eq. (16)]. In order to calculate it, we mus ‘ 
find the matrix element | 
(Diy, H@are’), (40) 


where #4 is given by Eq. (A.6). The calculation of (40) is made easier by the fact that we are only in- 
terested in potentials of the order e-2R, Therefore, we need retain in (40) only those terms decreasing 


no more rapidly than eR, We have 
(H — qo — ie) VigF (1,0) F (2,4) = F (2,a) (Ho + U1 — 90 — ie) *VigF (1,4) +. -- 5 (41) 
where the unwritten terms lead to potentials of higher order. For the same reason, the first term is 
sufficient in an expansion of the type (22). As a result of the calculations, 
(D4, HDayg) © (Fy (1d) F4 (2,9) + FE (1, @) Fo (2,9), [UF (ae) + UF (ay)] Fer (1, 21) Fer (2, 2), ee 
where F4 (1, a,) is the one-nucleon functional of a state with one meson. Using Eqs. (25), (26), (38), and 
(42), we find that the last term in (16) is 


2 har (®%,, HD’) | = Wp, (43) 


gpy 


where Wg is the mean value of the potential Wy: 


KPO ge ge eee) R (20+ 90) (ky + Go) 0° (k) 0° (2) sin? Bas (4) 
W2=— 3 Grp \4 es R28 q2q?0" (q) (Ig + Bq) (Io + Fo) 
X [3 + (<yt,)] {2 (kk’)? + (0; [kkk’]) (09 [kk’]) — 7/9 (o1k’) (ok) (kk’) (44) 


+ 4/y R? (a1k’) (onk”) + 7/5 R®R? — */y (Kk ’)? (1 + (0302))}- 


The total potential W is the sum of expressions (33), (36), (39), and (44): 


W=WotW, + Wit We. (45) 


The following assumptions were made in the derivation of Eq. (45): (a) states with two or more (real) 
mesons were neglected, (b) it was implied that the various terms in the potential could be characterized 
by the way in which they decrease with distance (the potential of 2n-th order decreases as eR), the 
computed potential W contains all terms of the second and fourth orders, (c) the phase 633 is considered 
to be dominant and the remaining phases are neglected. It is not difficult, however, to take account of the 
remaining phases, Moreover, the two-nucleon potential was defined by us as a potential between nucleons 
with meson clouds, which led to the appearance of the denominator 1+ Ng in the expression for the en- 
ergy [Eqs. (16) and 30]. 

The basic difference between potential (45) and other known potentials!~§ is contained in the terms We 
and W,, which depend on the phase of the scattering of mesons on nucleons. These terms have not 
been previously obtained. We differs from zero in the triplet charge state. The magnitude of Wy, is con- 
siderably greater in the triplet charge state than in the singlet state. It may therefore be expected that 
the terms W, and Wy will be imprtant in the triplet states. 

The potential of Taketani et al.! represents the without-meson part of the term (30), i.e., Woo 
+ Wig /(1 + Ng). In the transition to Eq. (36), we discarded the term Ng inthe denominator. The de- 
nominator in the potential of Taketani et al.* contains in addition the renormalized term 3A, which should | 
not be there according to the point of view of the present work. 

The potential of fourth order V, of Brueckner and Watson® and of Gartenhaus® corresponds rather to 
the potential between nucleons without clouds. This potential may be obtained from the without-meson 
part of (30) by discarding Ng in the denominator. In our notation V4 = Wy + NW. 

In conclusion, I thank Academician V. A. Fock for valuable discussions. 
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APPENDIX 


THE FUNCTIONALS ¥° AND ¥4 AS R > © 
The operator aq is an operator of differentiation with respect to ag: Since F(1, a) commutes with 
oF (2, a)/dag, we have 
HoF (1,4) F (2,4) = F(1,a) oF (2, a) + F (2, a) HoF (1, a); (A.1) 
U}F (1, a) F (2, a) = F (2, a) Uy F (1, a) + F (1, a) USF (2, a), (A.2) 


where uf is the annihilating part of the operator U,. Hence, in view of Eq. (7), 


(H — 2E,) F (1, a) F (2, a) = F(1,a) Uy F (2,4) + F (2, a) Uj F (1,4). (A.3) 
The dependence of the right hand side of (A.3) on R may be evaluated. Using Eq. (25), we have 


= —iqR 
UFPA,a) =— dv ae 
q 


0+ a 
nar Uy Pager, ee ao ae 


On the right hand side of Eq. (A.4), we have the integral 


° ‘ 


which decreases exponentially as R ~ ~, Hence, Eq. (12) follows. For large R, the one-meson state 
w1 is 

A572 1a) > (192> Gd) sex (a (Hig = DE g ck te) Vie eae) Oks 2a); (A.6) 
which can be verified also by using Eq. (A.3). 

Note added in proof (September 16, 1957). After this work had been sent to the publisher, the author 
obtained Phys. Rev. 104, No. 6, 1956, with articles by Miyazawa and by Klein and McCormick, in which the 
two-nucleon problem is also considered. The approach to the problem and the method of our article is 
completely different from that developed in the articles of Miyazawa and of Klein and McCormick. 


TG, Chew and F. Low, Phys. Rev. 101, 1570 (1955). 

2G. Wick, Revs. Mod. Phys. 27, 339 (1955). 

3H. Ekstein, Nuovo cimento 4, 1017 (1956). 

4tnoue, Machida, Taketani, and Toyoda, Progr. Theor. Phys. 15, 122 (1956). 
5, A. Brueckner and K. M. Watson, Phys. Rev. 92, 1023 (1953). 

8S. Gartenhaus, Phys. Rev. 100, 900 (1955). 


Translated by D. Lieberman 
183 


SOVIET PHYSiGs BEaeP VOLUME 6 (33), NUMBER 3 APRIL, 1958 


A NEW POSSIBILITY IN NEUTRINO THEORY 


A. M. BRODSKII and D. D. IVANENKO 
Moscow State University | 
Submitted to JETP editor April 1, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 910-912 (1957) 


In addition to the usual description of electrons and other fermions by means of spinors of 
the second kind, it is suggested that for the neutrino, use can be made of Cartan spinors of 
the first kind with other transformation laws under reflection. Despite the conservation of 
parity, a number of conclusions of such a theory are analogous to the Yang-Lee theory. | 


In connection with the recent discovery of a number of phenomena! which are interpreted most naturally | 
as a violation of the law of conservation of parity (decay of tT and @ mesons, 7— p» mesons and the B- | 
decay of oriented nuclei), it is necessary to investigate one more possible description of the neutrino, 
which may possibly permit the explanation of part of the abovementioned phenomena, and at the same time: 
preserve all the conservation laws. 

Let us assume that the transformation laws of the neutrino wave functions under reflection differ in a 
definite way from those of the usual spinors, such as electrons, for example. We will call spinors with 
special transformation properties pseudospinors. Cartan? pointed out the possibility of the existence in a 
world with an even number of dimensions, of pseudospinors, forming a special representation of the com-= 
plete Lorentz group (“spinors of the first kind”*). 

We will use the following notation: 


aD = Ayby, = a:b; — Ado Yuta + Yet. = — 26 46 (990 = 1, 011 = Opp O55 1). 
a ae A 
O10 = to =" 


(the symbols next to the matrices represent successively the transpose, the complex conjugate and the 
Hermite conjugate); 


all the remaining matrices are real; 
hes ea S aE oararay Meee : 
(5 = — oi = Tolle ler eisumaels 


the charge conjugated spinor is y° = yoy* . Let the usual spinors corresponding to the electron-positron 
field (Cartan’s spinors of the second kind) transform under reflection with respect to a hyperplane per- 
pendicular to the unit vector a mM (ai, = + 1), as 


bou’=+L(a,) CLG Asus ae on 


This choice is unique to within i with the requirement that the relation connecting w and W® be in- 
variant.’ Here, pseudospinors will be transformed by the matrix 


L' (ay) = Qn. 


The properties of the usual spinors and the pseudospinors are identical under rotations. If a vector 
and pseudovector are constructed of pseudospinors (with respect to spatial reflections} the structure 


*The properties of pseudospinors in connection with B-decay were investigated in detail by Brodskii 
at one of the lectures at the Moscow State University (1951). 

} We recall that with regard to reflections with a change in the sign of time, the known invariant com- 
binations behave as reciprocal pseudoquantities, for example W*yoW as a pseudoscalar and W* vos 


as a scalar, because of the condition —1 = a for a timelike a,,. 
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will be the same as in the usual case), it is easy to verify that the matrix ys is added to the scalar, pseu- 
_doscalar and tensor constructed of pseudospinors. In particular, the Dirac equation for a free pseudo- 
_Spinor field is replaced by the modified equation 
(— itp 0 / Ox” + irs (imy)) » = 0, (1) 


where the factor i is placed in front of the real m to conserve the correct relation between the energy- 
momentum and the mass (when the Hermitian nature of the Lagrangian is violated). For m=0, Eq. (1) 
is outwardly indistinguishable from the corresponding Dirac equation. Now let the neutrino field W, be 
a pseudospinor. The $-decay interaction is described, as is well known, in the form of products of a 
scalar, vector, etc., constructed from nucleon functions multiplying respectively a scalar, vector, etc., 
constructed from the functions Ye and W,. 

Let us define the latter quantities in our case, limiting ourselves for the time being to invariance under 
spatial reflections (a® = 1). As follows from elementary calculations, the mixed scalar will be WEv0 (1+ 
Y5) Wp, the pseudoscalar Wervo ( 1—yY5)Wp, the vector Wevoru (1+ 75) Wp, the pseudovector Wevoru (Gl 
Y5) Wp, and the tensor WevorYv (1+ 75) Wp. Indeed, for example, 


(Ld) to (1. + Ys) (L’2,) = Quad wie to (lbs) te = — An Aye yo (1 4 5) Ywto'by = ORF Yo (1 + vs) Ov = VE Yo (1 + 5) W- 


In all of these expressions, We and wy may be replaced simultaneously by anti-particle (charge conju- 
gated) quantities.* 

Let us now investigate the invariance with respect to time inversion and anti-particle (charge) con- 
jugation. Just as in the case of the usual invariants, invariants composed of pseudospinors, or spinors 
and pseudospinors, will behave as reciprocal pseudoquantities under time inversion (i.e., a scalar will 
become a pseudoscalar, etc.). In distinction from other types of interaction, this circumstance does not 
impose any kind of compulsory supplementary conditions on the coefficients of the various terms in the 
B-decay interaction Lagrangian Lint, because all the quantities in Lint composed of y, and We enter 
in the form of a product multiplying the corresponding nucleon combination, which also change their char- 
acter in the transition from space to time inversions. As regards symmetry with respect to anti-particle 
conjugation, in all the usual interactions, with the exception of B-decay, it is a necessary consequence of 
the invariance with respect to time and space reflections and therefore need not necessarily be considered 
a compulsory condition (see the Luders-Pauli theorem). If, nevertheless, conservation of symmetry with 
respect to anti-particle (charge) conjugation is demanded, then in the scalar case, for example, we must 
take the half-sumft 


Ye (YN'To ON: be Yo (he ¥6)-) Oi yon: YE Yo (1 + 45) 95). (2) 


The investigation may be carried further as in the work of Lee and Yang.! However, since in the pres- 
ent approach we assume conservation of parity, the coefficient of asymmetry in B-decay will be deter- 
mined only by the Coulomb correction, proportional to Ze’. This also results in the present case from 
the relations between the coefficients Cg =iCg, Cp=—iCp, etc. If experiment confirms the presence 
in the B-decay of oriented nuclei of an asymmetry due to nonconservation of parity, i.e., to a non-Coulomb 
term, the possibility suggested herein of using pseudospinors must be rejected, but it will be desirable to 
base this circumstance on general arguments. 

On the other hand, the asymmetry observed by Lederman and co-workers in the successive decay of 
pions and muons with the emission of a neutrino, is also preserved with the use of pseudospinors. 


* A special situation arises if we choose L? = +1 instead of L? = —1 as is done above. In this case, 
as is well known, the antineutrino may be identified with the neutrino Wy = VY =yovp (Majorana variant) 
with corresponding consequences for the invariants. 


+ In the case in which Ljpt is symmetrized only with respect to electron-positrons and nucleon-anti- 
nucleons, instead of Eq. (2) we obtain 
Yo (Piro Pe Yo (t+ Ys) by + Yin YoRNY EY (1 — 5) ¥y) 
which is outwardly equivalent to invariance with respect to the simultaneous transformations of space in- 


version and charge conjugation, with violation of each of them separately, if the special character of the 
transformations of the pseudospinors yy is not taken into account. 
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We also note that the pseudospinor treatment of the neutrino leads to the Salam condition? of invariance 
with respect to the transformation Wy — Ys, introduced by him as a postulate. Also, the possibility of ‘ 
applying pseudospinors to other fermions is not excluded. ye 

Note added in proof (Sept. 18, 1957). We should mention the interesting possibility of mixed spinors of 
the first kind with respect to space (time) reflections and of the second kind with respect to time (space) 
reflections. We also note that in the case of nonconservation of parity with invariance with respect to the | 
Salam transformation,® a new law of conservation of “neutrino charge” holds, with a current density de-- 


fined by a pseudovector. 


iT, D. Lee and C. N. Yang, Phys. Rev. 104, 254 (1956); 105, 1671 (1957). 

2%. Cartan, Legons sur la theorie des spineurs, Paris, 1938. 

31. §. Shapiro, Usp. Fiz. Nauk 53, 14 (1957). 

41,, Lederman et al., Phys. Rev. 105, 1415 (1957). Castagnoli, Frazinetti, and Manfredini, Proc. 
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5A. Salam, Nuovo cimento 4, 1 (1957). 
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A nonlinear theory of phase oscillations induced by radiation fluctuations in electron synchro- 

trons is considered. It is shown that the nonlinear theory gives essential correction to results 
of the linear theory. The nonlinear theory predicts greater electron losses and imposes upon 

synchrotron parameters stronger restrictions than does a linear theory. 


Ir is well known! that the quantum nature of radiation causes phase oscillations of electrons in synchro- 
trons. The mechanism of exciting these oscillations is similar to that described by Sokolov and Ternov?*® 
for exciting betatron oscillations. 

Sands! calculated the mean square deviation of the electron phase oscillations induced by radiation for 
a weak-focusing synchrotron. The calculation was performed in the linear approximation with a neglect 
of the existence of limits to the phase oscillations. Such a calculation is valid only for small oscillations. 
OOS la have been generalized in the same approximation to the case of strong-focusing synchro- 
pCO Stam 

The linear theory of phase vibrations treated by Sands,! Kolomenskii,‘ and the present author®® igs 
valid only for small deviations of the electron phase from its equilibrium value. In general, however, this 
assumption does not resolve the fundamental problem, that of determining the loss of electrons caused by 
these oscillations. In order that an electron be removed from further acceleration, it is necessary that 
its phase of oscillation be outside the allowable limits. As is well known, the left limit is QYg, the nega- 
tive of the equilibrium phase. The boundary gy, on the right is given by 


Sin 9, + sin 9, — (9; + 9s) cos 9; = 0. (1) 


NONLINEAR THEORY OF PHASE OSCILLATIONS 703 


Thus in order that an electron reach the limits, its phase must change by 29g to the left or by 20, 
— Yg to the right, and these are relatively large durations. If, for instance, Yg = 45°, these deviations 
must be 29, & 1/2 and 9; - gg ¥ 7/4, respectively, which can in no sense be considered small. The 
linear approximation is therefore insufficient for an investigation of the theoretically fundamental problem 
of loss of electrons due to phase changes. One may thus question the accuracy of the predictions of the 
linear theory, and it becomes necessary to formulate a nonlinear theory without assuming small devia- 
tions of the electron phase from the equilibrium value. 

In the present article we shall consider certain problems of the nonlinear theory of phase oscillations 
induced by quantum radiation fluctuations. 

The method for deriving the nonlinear stochastic equation describing phase oscillations induced by 
radiation is entirely analagous to that for obtaining the linear stochastic expression, Eq. (2) of one of the 
author’s previous works.® This nonlinear stochastic equation is 


b+ 1h+ PP [coses— cos (9, +y)] =" [W.—Djev(t— 1) ] , (2) 
where Y= @- @g, ¢ is the phase with which the electron passes through the high-frequency field, Yg 
is the equilibrium value of this phase, ¢€, is the energy of the photon emitted at the instant i, k is the 
number of the accelerating harmonic of the high-frequency field, Ry is the radius of curvature of the 


curved sections of the synchrotron, 1 =1+ L/2mRpo, L is the total length of the linear sections of the 
synchrotron per revolution, 


@=C/ Roh, P = (koa /2 5%) (C09 / Es), 1 = (4—%) (2 oro /3 Ro) (Es / me*)*, 
ro =e? /me?, 6<R>/<R> = «E/E, Ws = (2 ce? /3 Ro) (Es /me?)4, 


and evo is the amplitude of the high-frequency field. 

If Ww is assumed small, Eq. (2) can be linearized and leads to Eq. (2) of the work cited.® 

As is well known, the problem is generally solved in the following way. One first obtains a solution 
to the homogeneous Eq. (2) in the form of a Fourier series whose coefficients and frequencies depend on 
some parameter. The right side of the equation is then treated as a small perturbation, and the effect of 
this perturbation on the small parameter of the homogeneous solutions is investigated to find its effect on 
the solutions obtained. Accounting for the chance nature of the small perturbation makes it possible to 
clarify the statistical properties of the desired solutions. 

This method of solution is hardly practical, however, in view of the many calculations necessary, even 
with computers. We shall therefore use a somewhat different method which is sufficient to answer the 
most important questions. 

We first change to a new independent variable é and to anew function z in Eq. (2), using 

t z i 
p= (fat, y=uz, w= exp(—z\ qa), g=4 +4, (3) 


where the primes indicate differentiation with respect to ~. Then Eq. (2) becomes 


gt - [cos s — cos (gs + uz)] — (+ g? + = q’)2 = ay [Was— » e3(E—§)I, (4) 
where 
Wis = Wa/f- 
In this equation the term 
—(F/4 +.9'/2) 2 (5) 
can always be neglected. Indeed, denoting AcEg the synchronous energy change per period of synchro- 
tron oscillation, we obviously obtain 


P~ae<.5~[8 (ma) <t- @ 


Therefore |q|<« 1. Similarly, |q’|« 1. . 
The homogeneous equation corresponding to (4) can be written 
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2” + u [cos os — cos (9s + uz)] = 0. (7) 
We note further that u’ = —qu/2 « u. We therefore multiply (7) by z’ and integrate the product, bearing 4 
in mind the above inequality, thus obtaining a constant of the motion in the form 
Q =1/,2% + u [uzcoso; — sin (¢s + uz)]. (8) 
It follows from (8) that bound states will exist only when the constant of the motion satisfies | 
—u sin 95 = Qmin< Q < Qmax = U* (— 25 COS s + SiN Ps). (9) | 


If, however, Q for any reason leaves the interval given in (9), the particle moves to infinity; in other 
words it leaves the accelerating process and is lost. | 
Let us now return to Eq. (4). It is seen from this equation that the mechanism of exciting phase oscil- 
lations consists of discretely changing, by emission of photons, the rate at which the phase of a particle _ 
varies. It is also seen that emission of a photon of energy ¢€ produces a change Az’ of magnitude 


Az’ = — (kox/hEsuf) e. (10) 


Equation (8), on the other hand, shows that the mean change that chance discontinuities Az’ cause in | 
the constant of motion is given by 


<AQ> = G'Az'y + Ya ((Az')®> = Ya <(A2’)*), aes | 
which can be rewritten, using (10): 
KAQ)Y = (R000? /2)2 E22 f2) <e2), (12) 


It follows that if at  =0 the electron is at rest on the bottom of the potential well given by (9), the mean — 
value of Q for other values of & will be 


4 
Aery, R2a2q2 <e2> ; 
ees ue S11 9s S 222 \ Eu? f2 (13) 
In order that radiation-induced phase oscillations cause only small losses, we must have <Q> <« 
Qmax: According to Eq. (13) this can be written 
h2e2q2u2 3 <e2) 
aor \ dé < sin ©; — Ps COS Ys. (14) 


2 
= le ile 


The stronger the inequality (14), the lower the radiation-induced electron losses. It is clear that for 
<Q> =Qmax practically all the electrons will be lost. 
Performing the calculations indicated in (14), we have 


a 
12 


oom kaw (ro \? he ye E, ° ( Bene eie 4 
48V3 % ( Ro ) e | eUp \ EXD. (- ( mt i) a ( Bs ) dt <& Sin os — 95 COS 5. (15) 
0 48 


If we now note that 1/y is much greater than the period of oscillations of the system we are treating and | 
is much larger than the period of acceleration, we can show that 


t 


t 4, ——s | 
fxo(—ra) a (Es) ets Vale) 0) 


Tt 


in which equality is achieved only if (a) the left side increases monotonically, in which case the equality 
occurs only asymptotically at infinity, or (b) if the left side has a maximum, in which case the equality is 
attained at this maximum. We note that in actual accelerators it is case (a) which is realized. The proof 
of (16) and the corrolary assertions follow immediately from the identity 


x x x 


(exp (— Vy dz) f(*) dz = f (x) —;\ exp (— \ ede) F (2) dr. (17) 


Tv 
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On the basis of (16), Eq. (15) can be written in the convenient form 
F(E)< fi(¢s), ; (18) 


where 


oar ka fo he me? f.E, \8 
PE) = eye A Ga) Ry Fen, co (19) 


f1(¢s) = 2 (sing; — 95 COS gs). (20) 


This is the fundamental requirement which must be fulfilled according to the nonlinear theory if the 
electron losses due to phase oscillations induced by quantum radiation fluctuations are to be small. 

Let us compare the linear and nonlinear criteria. According to Eq. (8) of the previously cited work,® 
the criterion of the linear theory can be written 


F(E)<& (2/8) sin es = fe (9s), (21) 
where £ denotes the region of permissible phase oscillations. For various values of Og, f, and f, are 


Ps 15° 30° 45° 60° 


fi(es) 0.044 0,09 0.3 0.7 
ie(gs) 0.018 0.45 0.5 (EP 
One thus obtain, approximately, 
Die Ce (22) 


This means that (18), the requirement given by the nonlinear theory, is stronger than (21), that of the 
linear theory. 

As an example let us consider an unsegmented weak-focusing synchrotron whose parameters are n = 0.6, 
Ry = 400 cm, evy = 100 kev, and k = 4. If we then express E in Bev, we have F(E) = 0.16 E®, To be 
specific let us take the equilibrium phase to be gy, = 45°. One then sees that for the linear theory the 
left side of (21) will be about half the right side at 1.3 Bev. The nonlinear theory, on the other hand, 
makes the left side of (18) about half the right side at 1 Bev. The linear theory thus leads to the conclu- 
sion that under the above conditions the synchrotron will cease operating somewhere in the neighborhood 
of 1.3 Bev. The nonlinear theory, however, leads to the conclusion that the synchrotron will actually stop 
working at an energy near 1 Bev. 

_ The nonlinear theory thus gives essential corrections to the linear theory. We note that the nonlinear 
theory of phase oscillations induced by quantum radiation fluctuations verifies the conclusions® ' that 
strong focusing is unavoidable at electron energies of several Bev. 
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The relation between matrix elements for “particles” and “hole” configurations is consid- | 
ered for the case of two-particle operators which appear in a general non-central interac- | 
tion. The particular cases of central, tensor, and spin-orbit forces are discussed. The | 
relation between matrix elements of one-particle operators is briefly discussed. | 


A configuration of the type j™~", with n < m/2 (where m is the total number of states in the j shell) 
is called a “hole” configuration in the j-shell. The properties of states of the configurations j" andj" 
are similar in many ways. The relation between the matrix elements for the configurations £" and oS 
where m is the total number of states in the {-shell, was investigated by Racah! for atoms, for one- 
particle operators and for the special case of two-particle operators in which we have central pair in- 
teractions. In the present note, with this same end in view, we analyze the two-particle and one-particle 
interactions which occur in nuclear theory, for the cases of j—j and L-S coupling. 


1, TWO-PARTICLE OPERATORS 


The operator for any central or non-central interaction can be represented as 13 


V (1,2) = {S* (1,2)-L¥ (1,2)} = Dh {S* (s% (1) + 5% (2)) + L® (0% (1) £2 (2))}, (1) 
where { Ak. BX} is the scalar product of two tensor operators,! Sk (sty (1) -s42(2)) is the tensor product?»*! 
of rank k of two single-particle tensor operators of rank u, and us, acting in the spin spaces of parti- 
cles 1 and 2, respectively, and Lk (2¥1(1) - 2V2(2)) is. a similar product of orbital operators: 


Lee DICE yen 
Dp 


For central interactions, k = 0, while for non-central interactions, k #4 0. For example, for tensor 
forces? k = 2, for spin-orbit forces?»?»8)7 k = 1, 

(a) Applying formulas of the Racah tensor algebra,!**°8»? and using (1), we can always write the inter- 
action operator in the form 


DV (ii) = DA (it (), 

ij fii ta 
where r is the rank of the tensor operator in spin-orbit space. We know! that the expression for central | 
pair interactions in L-S coupling has this same form. Therefore, there is a simple relation between the 
matrix elements for any central or non-central forces in j-j coupling for the configurations j® and j™-2) 
which is of exactly the same type as the relation between the matrix elements for central interactions for 
the configurations f° and 2™- (Cf, Refs. 1, 10, 11, and below). In particular, if j-j coupling is valid | 
and there are only pair interactions, then we should get the same level schemes for Li® and N'4, Ca‘? 
and Ca® etc. (The last example is discussed briefly!* in connection with the analysis of the structure of 
nuclei of the 1 f;/, shell.) 


(b) The case of L-S coupling is much more complicated. We rewrite expression (1) in the form 
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DV (ij) = DD) {S* (5% (A), 5% (j)) -L* (L% (i) -l2(j)}= Vane RE) = = Vet Ee) 
uJ 


if uv ij uv uv 


k 7 4lyv u, (2) 
= DOVE eae" (a). 


uv i 


for the case of n particles. 

Here t''V is a double tensor of rank u in spin space and rank v in orbital space, VK (¢41¥1 - tU2V2) 
is the scalar part of the double tensor product VK (¢41V1.t42V2) of rank k in spin space and rank k in 
orbital space; TUV = ze (i); the terminology is the same as in Racah’s paper.! The purpose of the 


transformation (2) is to express the two-particle operator in terms of one-particle operators so that we 
me dater make use of the relations between matrix elements of one-particle operators for the £2" and 
Q configurations which were derived by Racah! and which are also discussed below. Using tensor 


algebra and fractional parentage coefficients?’ !3)4 for calculating the matrix elements, we arrive after 
very involved calculations at the result: 


<UaLSJM|2 >iV (i, j)| Uta’ L'S'IM) = (— 1)-+5'~7 W (LSL'S'; Jk) [R] Di(— Istoctutor SY W (og RL") 
ij nv aL’ Ss" 


UyU2, 


W (uyu2SS’; RS") (La LS || T%™ || Ute" LS") <1"a"L"S" || TI "a! L’S'> — Cra SIM | >, X** (i) 


1"«’ L"S”"IMy (3) 


=>) A(u, 0) — Bu, 2). 
xkK is defined by the matrix 


<P /al| X™* || Play = [k] Dy(— lyetertertee W (oval; kl) W (Uyla4/o4/o; fe */o) <1 /a || || J 2/a> <L4/a |] t%"* |] Ufa, 
[k] = 2k +1, and the other symbols are the same as Racah’s.! To proceed further, we fix Wissav italien 
and v. on the right hand side of (3). When we go over from the £" configuration to £™~", we see that 


A (u, v) > (— le tatete A (u,v), B(u,v)—>—B(u, 0). 


We now present some specific cases. k = 2 for tensor forces, and the last term on the right of (3), 
i.e., B(u, v), becomes zero. It is easily seen that the tensor interaction operator contains only those 
one-particle operators t4¥Y(u=1), which change the parity of the particle state only if v is odd (for 
v=1, it is a vector operator). Since all the matrix elements which appear in the expression A(u, v) 
are diagonal with respect to configuration, v,; and v, are even. Thus the following assertion holds for 
tensor forces: the matrix elements 


<laL SIM | SV (ii) 
fi 


{ra’L'S'IMy w <Im—"aL SIM | DyV (ij) | Im—na’L’S'IM) 
ij 


are the same (a may be, for example, the seniority quantum number, or the isotopic spin T, or both; 
the matrix elements are diagonal in T). For central forces the expressions A(u, v) also coincide for 
the 2" and £™~ configurations; the expressions B(u,v) are easily seen to be independent of L, S, 
L’, 8’: © B(u, v) =nBpo for the £" configuration, 2D B(u, v) =(m-—n)Bo for the £™" configura- 
Bon. oSe¥ a 

So for central forces the “level schemes” are the same for the 2" and £™" configurations, though 
the absolute values of the “binding energies” differ by (m — 2n)B. As mentioned earlier, this fact is 
well known. 110,11 

Our last example is the spin-orbit force. It is not difficult to show that for any interactions with: k.=s2: 
two types of operators t4V occur in the expansion (2): (a) for odd v the parity of the particle state 
changes (for v = 1, the operator is a vector), (b) for odd v the parity of the state is unchanged (for 
v = 1, the uperator is a pseudovector). 

Thus even though the transformation properties for particular pairs t41V1, ¢42V2 are simple when we 
gofrom £2 to 2™™, there is no overall simple relation. Both the tensor and spin-orbit forces give 
rise to spin-orbit splitting, but they behave completely differently; even if the spin-orbit forces are, 
roughly speaking, equivalent to a spin-orbit coupling of the type pea - S;, with a constant € which in- 


creases with filling of the shell,®’!> the tensor forces have no such clear connection with the Mayer-Jensen 
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shell theory. All the theoretically admissible types of interaction have been enumerated in Refs. 16 and 


U7 } 
The relation between matrix elements for “particles” and “holes” can also be investigated by the same: 


general methods for more complicated cases such as configuration mixing. The simplest example is the | 


matrix element 
Cj" FA TJ i%, fa, TI% | dV (i) | j" FT F104, J, TJa’>, a 
ij 


where J,=j, T,='%, and a is the set of quantum numbers which are needed in addition tore and T 
for unique characterization of a state. This matrix element has previously been calculated*’’™ by one 
methods. The basis for the calculation is a formula which is related to formula (33) of Racah’s paper 


and derived in similar fashion: | 


PAT Jy, jy, TJa| SV (ii) jr, Ty 
ij 


f° OT Jy, Jo, T Ja’) = 8 (jr; Je) CPP IT I 1% | » V (éj) 
ij 


(n= ty SVS Chee Ce Ua aa iene (4) 
ToS eho sl s 


x {U (T2Y2T Yo; Y2Ts)}? GisTs|V (n — 1,2)|jistsTs>, U (abcd; ef) = tle] (Fee W (abcd; ef). 


If n=m, from formula (19) of Racah’s paper® 


CI a 2 ae al] - 
j™—? 4,72 a= Wir 


By substituting these values in (4), we obtain the simple final formula® after some transformations. 


2. ONE-PARTICLE OPERATORS 


Racah’s! results require only slight modification (the inclusion of isotopic spin): 


’ fo , 


<1" "aL ST Mi MsMz | Foes | 0" "a LST MtMsM7 


/ , U 


= —(— 1)? ("a LSTM Ms — Mr | Foy os | l"% LST MiMs — Mz). 


FBy6 is atriple tensor, r its rank in isotopic spin space, and B, y, and 6 are the indices of the com- } 
ponents of the tensor. For operators which are diagonal in M7 (electromagnetic transitions, spin-orbit 
coupling operator EUR’ Sj etc.), 6=0. For the operators of B-decay theory, 6 #0. The state T; 


My of the configuration £™ is related to the state T, —Mr of the configuration 2™", because, for | 
example, a proton corresponds to a “proton hole” in the filled shell, i.e., to a nucleus with an odd neutron) 
so the sign of My changes. Thus the magnetic moments of nuclei with configurations 2" and g™2 
are the same, while their quadrupole moments have opposite signs, as is well known. 

In conclusion, the author expresses his thanks to Prof. I. S. Shapiro for reading the manuscript and 
for miscellaneous comments. 
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THE ENERGY DEPENDENCE OF A SCATTERING CROSS SECTION NEAR THE THRESHOLD 
OF A REACTION 


A. I. BAZ’ 
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J. Exptl. Theoret. Phys. (U.S.S.R.) 83, 923-928 (October, 1957) 


The energy dependence of the cross section for an elastic scattering process X(aa)X is ex- 
amined at energies near the threshold for a reaction X(ab)Y (b being a neutron). It is shown 
that the scattering cross section has a singularity at the threshold. From the singularity, one 
can obtain the spin and parity of the nucleus Y formed in the reaction, and also simplify the 
phase analysis of the elastic scattering. 


1. INTRODUCTION 


In a recently published work! it was shown that the cross section for the elastic scattering of protons 
from Li’, Li’(pp) Li’, has a peak at an energy corresponding to the threshold of the reaction Li’ (pn) Be’. 
The peak is about 40 kev wide and at some angles its height is 20 — 30% of the cross section at the same 
angles. The existence of such a noticeable anomaly in an elastic scattering cross section makes it worth 
while to consider in general the behavior of the cross section for the elastic scattering X(aa)X at en- 
ergies near the threshold E;ypy of the reaction X(ab) Y. Taking advantage of the fact that the energy 
dependence of the reaction cross section near its threshold is known, one can use the unitarity of the scat- 
tering matrix to determine the energy dependence of the phases for scattering near threshold. 

It turns out that the behavior of the elastic scattering near threshold gives information not only on the 
scattering itself, but also on the reaction. In particular, such experiments can be used to find the spin 
and parity of the particles formed in the reaction, and also greatly simplify the phase analysis of the elas- 
tic scattering near threshold. We consider the simplest case first, that all particles a, X, b, Y have 
spin zero. 


2. SPINLESS PARTICLES 


We write down the wave function at energies above threshold (E = Ethy). At such energies, both 
elastic scattering X(aa)X and the reaction X(ab)Y are possible and the wave function has the asymp- 


totic form 


; ae jeter, = elt 2l+1 6 
DyOx [eer + — ether an (Si — 1) Px(cos 6) O,By = Pasig ee ee ), (2.1) 


ni l 
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where %g, Sp, x and 4y are the internal wave functions of the particles a, b, X and Y; k; and k 
are the wave vectors describing the relative motion of a+ X and b+Y, and the Py are Legendre poly- 
nomials. The first term in (2.1) describes the elastic scattering X(aa)X, while the second one refers 

to the reaction X(ab)Y. The matrix elements for scattering, Sg, and those for the reaction, Mg, sat- 


isfy the relation 
|S;?+1M,/? = 1, (2.2) 


_ 


which expresses the conservation of particles. If there is no Coulomb interaction between b and Y, 
then it is known’ that as E — Ethy, Mg behaves as follows: 


M,-> (RR) 9M, k= (1/h) V 2p (E — En); p = momy | (ms + my), (2.3) 


where R is the reaction radius, and It) is a constant, independent of energy. Substituting (2.3) in (2.2), 
we find that for small kR, | 


| S; | =a — + (RRP |W, j2—— |] — (RR) a1, 
150s 
S; = S® (1— (AR)? a), (2.4) 
where |S o) |=1 for E=E,py. The matrix elements Sy are analytic functions of k, and hence formu~ 
la (2.4) holds also for E = Etpy, at which energies k becomes imaginary, k =i lk|,.. For, E.s Ethy, 
there are no inelastic processes, and |Sp| = 1. k being purely imaginary, it follows from (2.4) that 
[sf =1. Hence |s{)| = 1 for both real and imaginary k. 

From the above it follows that s(°) can be written in the form exp{2idg(k)}, with the phase dy (k) 
being real for both real and imaginary k, so that the expansion in powers of k contains only even powers} 
of k. 

Near the threshold, kR « 1, and we may neglect all powers of kR higher than the first, so that we 
have 


So = e%(1—kRay); Sy = exp (2i%1) (140), (2.5) 


where dg denotes the phase of the £-th partial wave at E =E, (i.e., k= 0). Hence near the threshold, 
all the Sp (£ #0) can be taken as energy independent, while Sp is a linear function of k. 

Knowing the energy dependence of the Sy, we car 
calculate the energy dependence of the elastic cross | 
section near the threshold: 


eel (9, E) =| (6, E)/? 


aoe) (8, Ethr) 
(2.6) 

sin (28) —«(8)) for E> Eyal 

cos (26, —«(9)) for E< Exp. 


=| si 3) 2l + 1) (Si — 1) Pr (cos 9) 
L 


k 2. See 
— 2 Vse1 (9; Etiy) Finel (| # D 


Here 04)(0, Eyp;) is the differential scattering 
cross section at E = Eyp,,, @(@) is the phase of 
FIG. 1 “the scattering amplitude at E = Ethr> 


f (8, Ethr)= e# V eel (9, Ethr), 
and ine] = 27a» |k| R/kj is the total reaction cross section for E > Etpry. 

Near the threshold, ojy¢)(|K|) varies with energy as |k| ~ VJE — Ethr| (Ref. 2), while all the other; 
quantities in (2.6) can be taken to be energy independent. Hence it follows from (2.6) that if [269 - @(6)}| 
is in the first quadrant, the elastic scattering cross section has a cusp at the threshold (Fig. 1a), if [269 
— @(@)] lies in the third quadrant, the peak turns into a valley (Fig. 1c), while if [269 —a@(@)] isin 
the second or fourth quadrants, the cross section exhibits a step (Figs. 1b, 1d). 

As a function of ¥ [E — Ethr!» Ge] varies linearly on both sides of the threshold. Knowing the slope 
before and after the threshold, and the cross section at threshold, we can use (2.6) to find the reaction 
cross section and the quantity (26) -—@). It is not difficult to see (cf. Sec. 3) that knowing (269 - a) 


and the modulus of the scattering amplitude f(6, Ethr),» Wwe can easily obtain the full scattering amplitude 
and hence solve the phase analysis problem. 


ENERGY DEPENDENCE OF A SCATTERING CROSS SECTION f(T 


Formula (2.6) is applicable when kR « 1, which corresponds to an energy range of 20 —50 kev around 
the threshold. This is also the width of the peak or step in the differential cross section. In deriving (2.6), 
it was assumed that there is no Coulomb interaction between b and Y. Hence all our results apply only 
to the case where one of the reaction products is a neutron. 

In the above, the spins of all the particles were taken to be zero. However, the results can be gener- 
alized to the more interesting case of non-zero spins. This will be done in the next section. 


3. THE CROSS SECTION FOR THE SCATTERING OF a PARTICLES FROM 
SPIN-ZERO NUCLEI NEAR THE THRESHOLD OF AN (a, n) REACTION 


In this case, the spins of the initial particles a and X are zero, the spin of the neutron in "hs and the 
spin of the nucleus Y formed in the reaction is some half-odd-integer s. 
Two situations are possible: 


(a) p(a) p(X) p(b) p(Y) =1 [p(i) is the parity of particle i]. Near the threshold the particles 
b and Y have orbital angular momentum 2 =0, i.e., a total momentum I=s + y Hence only that par- 
tial wave in the particles (a+ X) which has £’=1(2’ even) can contribute to the reaction. Then the 
condition (2.2) will link My with Sp, rather than So, and (2.5) will be replaced by 


Sy = exp (2i8y)(1—akR); S,;=exp(2id;) (1 1’). (3.1) 


The scattering cross section will now be given by the formula 


oe1(0, E)=¢e1(9, Ex) 2 Voei ©, En) inet (||) (2U + 1) Pr (cos 8) be a bs ; a Boe (3.2) 
and we see that the anomaly in the cross section must disappear at angles such that Py:(cos @) = 0. 
From this one can find 2’, and the spin s (up to an additive constant + DY. We note that since 2’ is 
even and Poy (cos 90°) #0, the anomaly in the cross section does not vanish at 6 = 90° (in the center of 
mass system). 

(b) p(a) p(X) p(b) p(Y) =—1. The only difference between this case and the preceding one is that 
now £’ must be odd (by conservation of parity). The scattering cross section is given as before by (3.2), 
but since 2’ is odd the anomaly in the cross section vanishes at 6 = 90°. 

Hence from the energy dependence of the differential cross section for (a@,q@) scattering near the 
threshold of the (a, n) reaction one can find the following: (1) the cross section for the reaction (a, n), 
Pinel ( Ik|) (see Sec. 2), (2) the parity of the nucleus Y formed in the reaction, and (3) the spin of the 
nucleus Y (with an accuracy + Bes In addition, one can find the quantity (26g7-@) by measuring the 
slope of the cross section before and after the threshold, and hence find all the elastic scattering phases 
6g at threshold (the modulus |f(6, Etpr)| being known). In order to do this one must expand the experi- 
mentally known angular distribution in Legendre polynomials: 


exp {i (« — 28,-)}| f (6, Zthr)| = exp {— 2157} f (6, Ethr) = exp {— 2761} a » (21 + 1) (exp {2i8;} — 1) P; (cos 8) 
i 


The coefficients in the expansion immediately determine the phases. 


4. THE CROSS SECTION FOR THE SCATTERING OF a PARTICLES BY NUCLEI WITH 
SPIN 4 (OR PROTONS BY NUCLEI WITH SPIN ZERO) NEAR THE THRESHOLD 
OF THE (a,n) [OR (p,n)] REACTION 


In this case, the spin of one of the initial particles (a) is /, that of the other (X) is 0, the spin of 
particle b (neutron) is ',, while the spin of the nucleus Y formed in the reaction is some integer s. 
The non-zero spin of a introduces considerable complications. This is because in general the particles 
b+Y canhave both spin I=s+% and I=s— %. Foragiven £ in the incident wave, the particles 
a+X can have angular momentum j= + 1), and for each momentum I of the particles b + ie with 
arbitrary parity, there will always be a value of £, with the appropriate parity, such that 2+ % =I. 
Hence near the threshold there will be two matrix elements depending linearly on k 


Sih = exp (218879) (1 —a,kR); Siv"* = exp {2i8]7""} (1 —a,kR); Si = exp {218} (j#ASH%), (4.1) 
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If the intrinsic parity of the particles does not change during the reaction, then £’ and £” are even, ae 
if the intrinsic parity does change, then & and £” are odd. Knowing the behavior of the SJ, we can cal- | 
culate the energy dependence of the scattering cross section X(aa)X and of the polarization P(@, E) of the 


particle a: 
cei (6, E)=|g(8, E)P+|A(0, £)P; PG, £)=2lm(h(6, £)g* (6, E))/c (6, £), (4,2) 


n | 4 a ley p(t) ae 
g(9, E)=so- SUF (SP —Y +S %— I) Py h(6, BE) = gps DHS EME! ap (4.3) 
ial 


If, for example, the intrinsic parity of the particles does not change during the reaction, and s_ is odd, 
then the following matrix elements depend linearly on k, 


ji 
eg" 13 


Su = exp (2181) (1 — a,kR) and Sp? = exp {28-7} (1—a,kR); UV=stl, “M=s—] 


and (4.3) becomes ih Ze i! ) 
g(8, E)=g (9, Egn)+ oe [ayl’ exp {2i8p-—"} Py + ae (L" + 1) exp {2181 "} Pr], (4.4) | 


h (6,E) = h (6, Ethr)— a (% exp {21017 py ae Ay exp {Didi Pit] 


where, as before, k, is the wave vector of the particle, and pit) is an associated Legendre polynomial. 
Substituting (4.4) in (4.2), one easily obtains formulas for the cross section and polarization analogous to 
(3.2). As is to be expected, the scattering cross section and the polarization have singularities at the 
threshold. Near the threshold, o,) (9, E) and P(@, E) are linear functions of k, so that experiments at 
a given scattering angle @ allow one to compute the following six quantities: 04)(9, Eyp;), P(A, Etnr) 
and the slopes of og; and P on bothsides of the threshold. The analysis of the experimental data is not as 
simple as in the preceding case, but can still yield as before the spin and parity of the particle Y, the 
cross section o$*1/2 and also the phases 5), describing the elastic scattering. 

That such an analysis can be carried out follows from the fact that at each angle the six quantities 
above depend only on the following six parameters: a,, a2, the phases and the moduli of the amplitudes 
g(9, Etpy) and h(@, Ey,,.). By their definitions, the quantities a, and a, do not depend on the scattering 
angle, so that the following method can be used to find the previously unknown orbital angular momenta 0’ 
and 2”, Choosing values of £’/ and £”, we can solve, at each angle, the six equations given by the experi- 
ment for a,, a, and the amplitudes g and h. If the values of a; and a, so obtained depend on the angle, 
new # and £” must be chosen and the process repeated until the true values of ” and 2” are found. 


/ 


5. CONCLUDING REMARKS 


With few changes, our method can be extended to cases where the scattered particles have higher spins: 
The resulting formulas are too complicated to write down in general, but all the qualitative results derivee 
above still hold: the physical quantities characterizing the scattering (cross section, polarization, the | 
correlation between polarizations) are singular at the threshold. Near the threshold, these quantities are | 
linear functions of k. The energy dependence, near the threshold, of the scattering cross section and of 
the polarization give the spin and parity of the particle Y and also simplify the phase analysis consider-: 
ably. To see how much the phase analysis is simplified, one need only note that experiments near the | 
threshold give the phase shifts for the elastic scattering even when these are complex (i.e., there is ab- 
sorption over and above the reaction whose threshold is considered); in general this is not possible to do | 
without considering all the possible channels. 

The reason that so much information can be gained from experiments near the threshold is that there 
one measures three quantities instead of only one (such as cross section, polarization, etc.). The three 
quantities are the absolute magnitude and its derivatives with respect to k on both sides of the threshold! 
This gives three times as many equations as usual for determining the unknowns. 

In the preceding we have assumed that there is only one inelastic process X(ab) Y in addition to elastic 
scattering X(aa)X. Let us see what changes will be introduced if, for E < Einy there is a third reaction 
X(ac)Z in addition to elastic scattering X(aa)X. If the third reaction is described by matrix elements Dy 


(for simplicity we take the spins to be zero), the conservation of particles for E > Ethr Can be written in 
the form 
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[SijP2+ | DiP +) MiP = 1 (5.1) 


near the threshold Sp and Dp will be linear functions of k: 


Sp = S}” (1 —a,kR); Dy = D& (1 — agkR). (5.2) 


It is easy to see that the reaction X(ac) Z decreases the size of the coefficient a, in the formula for Sp». 

The singularity in the cross section which is associated with the threshold “distributes itself,” in the 
case (5.1), over the scattering cross section for X(aa)X and the reaction cross section for X(ac)Z. Two 
conclusions follow: (1) near the threshold Etnr for the reaction X(ab)Y there are anomalies not only in 
the scattering cross section X(aa)X, but also in the cross sections for all the reactions X(ac)Z whose 
thresholds E, lie below E;py; (2) as the number of competing reactions X(ac)Z increases, the anomaly 
in the scattering cross section must decrease. How much it decreases depends on the details of the situa- 
tion, but the decrease need not be small. However, the nature of the singularity (break in the cross sec- 
tion) does not change, and whether or not it can be discovered depends only on the precision of the exper- 
iment. This applies only when the threshold Ethr is sharp. If the state that Y is formed in is wide 
({ >50 kev), then the anomaly in the cross section will be smeared out and it will not be possible to 
observe it. 

How big shouldthese effects be? From (2.6) it follows that the height of the peak (or step) in the scattering 
cross section is, in order of magnitude, equal tothe total reaction cross section 0j,,)(k =1/R) at k =1/R 
~ 2x 10!2 cm, i.e., it is about 0.02 —0.1 barns. Taking the differential cross section to be about 0.2 barns, 
we conclude that the height of the anomaly can be 10 — 50% of the cross section. This estimate agrees with 
the results quoted in Ref. 1 on the Li’ (pp) Li’ scattering cross section. 

All of the above results refer to the case that there is no Coulomb interaction between the particles b 
and Y. Only then is Mp ~ (kR) 1/2, If b and Y repel each other electrostatically, then My decreases 
exponentially as k goes to zero and no anomaly will be observed in the scattering cross section. 

In conclusion, I wish to thank Ia. A. Sorodinsky and L. D. Puzikov for useful discussions. 


1p, R. Malmberg, Phys. Rev. 101, 114 (1956). 
2. P. Wigner, Phys. Rev. 73, 1002 (1948). 
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Submitted to JETP editor April 11, 1957 | 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 929-932 (October, 1957) | 


On the basis of the Landau theory of liquid helium, a determination is made of the coefficient 
of viscosity of a weak solution of He? in helium II as a function of temperature and concentra- 
tion. 


Accorpwe to the theory of Landau, a weak solution of He? in helium II can be regarded as a mixture of 
three gases of elementary excitations:! (1) a gas of rotons €y =Ay + (p—- Po)*/2m, (2) a gas of phonons 
€ =sp, and (3) a gas of impurity excitations €j = A; + p?/2u. 

In order to solve the problem of the viscosity of the solution it is necessary to knowhow the elementary — 
excitations interact with each other. The effective cross-sections for roton-roton, roton-phonon, and 
phonon-phonon scattering have been calculated by Landau and Khalatnikov? in their well known work on the 
theory of the viscosity of helium II. They have also discussed the question of the establishment of energy 
equilibrium in a phonon gas, which plays an important role in the study of kinetic effects in helium II. 
Effective cross-sections for the scattering of impurities by rotons and by each other, and for the scatter-_ 
ing of phonons by impurities, have been calculated by Khalatnikov and the author’ for an investigation of 
diffusion and of thermal conduction in solutions. 

From the conservation laws it follows that, relative to the phonons, the rotons and the impurity excita- 
tions can be regarded as heavy particles. Moreover, the absolute values of the effective cross-sections 
for the scattering of the heavy particles by each other are much greater than the cross-sections for the 
scattering of phonons by these particles. These facts lead to the result that, for concentrations of He? 
atoms greater than ~ 10~® and for all temperatures, deviations of the roton and impurity distribution 
functions from their equilibrium values are determined only by processes which involve the scattering of 
the “heavy” excitations by each other. Furthermore, in solving the kinetic equations which determine the 
phonon distribution function, the rotons and impurities can be described by equilibrium Maxwellian distri- 
bution functions, since deviations of these functions from equilibrium are much smaller than deviations of 
the phonon distribution function from its equilibrium value. Both these circumstances make the calcula- 
tions extremely simple and analogous to those carried out earlier in determining the thermal conductivity 
k of a solution.® 

The viscosity, as well as the thermal conductivity, of a solution is the sum of three parts: (1) the “rotom 
viscosity” 7, which depends on the transfer of momentum by rotons, (2) the “phonon viscosity” 7 b? 
which depends on the transfer of momentum by phonons, and (3) the “impurity viscosity” nj, which depends; 
on the transfer of momentum by the impurities. Analysis of the thermal conductivity of a solution of He? 
in helium II has shown that x, and Koh the roton and phonon parts of the coefficient of thermal conduc- 
tivity, differ from their corresponding values Koy and Koph for pure helium only in that the scattering 
processes determining their effective times are modified by the presence of impurities. As we have 
shown,? K, is obtained from &K py by replacing the time try in the latter by the time ist = tz + tah 
where try and t,; are quantities differing from the average times between roton-roton and roton-impurity; 
collisions by temperature-independent factors of order unity. These times are”? 


tr = h4/Apym | Vo 2M p= 0,7- 10718 Tee ART (1) 


ie = Ud; = 3.0% LOM eT. (2) 


Here the usual notation is used: Ay and pp are the zero-point energy and momentum of a roton, m the 
effective mass of a roton, Ny the number of rotons per unit volume, vj_ the velocity of an impurity 
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cata ion, Oiy the effective cross-section for the scattering of an impurity by a roton, N,; the number of 
impurity atoms per unit volume, c = Ngm3/(Ngm, + Nymy) the concentration; M3 and my, N3 and Ny the 
po eses and numbers of atoms of He® and He! per unit volume. The representation of te in the form of 
a sum is justified in the limiting cases tp, « ty; and try >> tyj, ive., when rotons are scattered only by 
other rotons or only by impurities. 

pease of the fact that the quantity ey which is proportional to the number of rotons, decreases 
exponentially with decreasing temperature, the transition from the case try <“« tp; to the case tpy > typi 
(for a given concentration) will take place in a temperature interval of the order of ~ 0.1°K. Analogously, 
in the case of phonons, Kph will be obtained from Kopp by replacing Cane byl0at = Oohr + ee where 


Pphr ae Ophi are times characterizing the scattering of phonons by rotons and by impurities, respec- 
ively:*» 


6!N kT Js)2 
1 /Opu= yar [PS Pa, (3) 
6IN; F(3ukT)'2 (kT /s)2 72, 
I /6pni= ga | oe /s) ie (4) 


Here s is the velocity of sound and p the density of helium. The quantities A and 6 are temperature- 
independent constants of order unity. 

The representation of 67! in the form of a sum Oe * Ochi is also justified only in the limiting cases 
Ophr < %phi and Oppy > Sppj» and the formula g-1 = O5hr + Ohi represents an interpolation. Except for 


the replacement of Le by th and of Gite by @7!, the form of the coefficients of thermal conductivity 
Koy and Koph remains the same. It is, therefore, natural that the relation which exists between my and 
Noph? On the one hand, and between Kp, and Koph, On the other, also remains the same for the corresponding 
coefficients for solutions of He® in helium II (this fact can be confirmed also by direct calculation). This 
relation was established by Khalatnikov* and has the form 


Nor = Xorpat [SAS — Xop = AZ tap Np / 3mnT, (5) 


ee 0.75 Ophr/®ph 


ie Ophr \ ~2 S.Ti\e a ST —_—._-— (for T >0.9°K) 
“oph 5533 (1 + 365 (: mae = *oph» “oph=NphOphes* 1 ie aT) eae ene (6) 
P a n 1.8 (forsl <= 092K) 


where 7} is a characteristic time for the phonon-phonon scattering process, which according to Landau 
and Khalatnikov,” is equal to 


ume, ae (a= 20 ge, (7) 


“ph = 5-20 (2m)? Reps \"s 3 Op 


Here ‘No, = 2.4 X 4m (kT /2mhs)*> is the number of phonons per unit volume, 0 h is the characteristic time 
for the establishment of equilibrium with respect to the number of phonons in the phonon gas, and Sp and 
Pny are the entropy per unit volume and the normal density of pure helium. For the temperature region 
T > 0.9°K, Ophr/ 56 Toph < 1 and the second term in the parentheses in (6) can be dropped. The bar over 
the time 6, denotes that the time characterizing the scattering of phonons by rotons has been calculated 
with a different dependence of the deviations of the distribution function 6n on the scattering angle than in 
the case of the thermal conductivity; namely, for calculations of the viscosity we have 6n ~ cos @ sin 6 
cos. In the case of a solution, T ph can be set equal to zero for c > 1074, For concentrations c < 1074, 
6/0, « 1 for T < 0.8°K. 

Faking all the above considerations into account and with the help of (5) and (6) we find the roton and 
phonon parts of the viscosity coefficient of a solution: 


Vr == trpoNr / 15m, (8) 
_ 4 4.0.156 0p, (for T >> 0.6°K; c> 1074 
foie Seema 2 ee 


1+86/®ph |for T >0.9°K; c< 10 


Yph= i = 
0.35 NpnkTO (1 + sa) for T<0.8°K; c<107. 
N P 


(9) 
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Here account has been taken on the fact that to determine the viscosity coefficients from the thermal] con- 
ductivity coefficients it is necessary to replace the unbarred effective times by those with a ee ugh 

a substitution has little effect on the effective times; thus, Onhr and 6); differ irom Oohr and phi ve y 
because of insignificant changes of the constants A in (3) and 6 in (4), which remain of order of magni- 


tude unity. a ” 
A calculation of the impurity part of the viscosity coefficient n; can be carried out in the same way 


in the kinetic theory of gases in the two limiting cases tj, K ty and ty, > ti: Here t;, is an effective 
time characterizing the scattering of impurities by rotons: 


tig = oip V BAT /p N, = 1-108Te@ "7, (10) 


The effective time t,;; characterizing the scattering of impurities by each other is given by the equation 


f= Tea oa fea == Wal! 1/7 y 2.9. 104aT he, (11) 


where p is the effective mass of an impurity excitation, 0}; is the effective cross-section for the scat- 
tering of impurities by impurities,? and Vo, is a constant of the interaction between impurities. A con- 
stant a has been introduced in (11) since the magnitude of Vo, is not known. A numerical value for (11) | 
is obtained by taking | Vo, |? ~ 107% erg? cm®. It can be assumed that the quantity a is on the order of 
unity. With the aid of the interpolation formula tj’ =t,’ + t,/ we determine the effective time charac- 
terizing the scattering of impurities in the solution, and then after elementary calculations obtain 


= (15m / 32) (RT / mg) cot;. (12) 


After collecting the expressions obtained above, substituting numerical values for the parameters and 
making use of the final data given by Khalatnikov in his review article,® we obtain for the viscosity of the 
solution 


1 + 0.75 0/8 ph es T 2-010" Ko Ss 1058 

4.45-10-5 2.4. T'l2.40-8 : 2 ee A oteE SO pk for! > 09 hve 102 
8.9/7 POET Lana Ese 

1+0.23-ce a+ 2.9-10T lee-2e— 891 13.5 -10-°87 "ce 0.095 (1+ 9/56tphy?, for T<0.8°K; c< 10%. 


The temperature dependence of the viscosity for different concentrations is plotted in the figure, We 
see that above ~ 1.1°K the presence of impurities has slight effect in modifying the viscosity of pure 
helium II. Gradually, below 1.1°K, phonon-impurity scattering processes 
begin to play a predominant role, because of the abrupt decrease in the num- | 
ber of rotons, and lead to a sudden decrease in the phonon mean free path in 
the solution relative to its value in pure helium, and thus to a corresponding 
decrease in the viscosity of the solution relative to the viscosity of pure 
helium. 
In conclusion we take advantage of the opportunity to express our gratitude: 
to Professor I. M. Khalatnikov for discussions of this work. | 


| 
| 


Temperature dependence of the 


i = 
viscosity of a solution (in poise). L, D. Landau and I. Ia. 


Theoretical curves: (1) c = 10°; Pomeranchuk, Dokl. Akad. Nauk 
(2) c = 107%; (3) c = 0 (viscosity of ae 59, 669 (1948). 
pure helium I). L. D. Landau and I. M. 
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The field of a charge moving above a plane boundary is computed by using Leontovich’s 
approximate boundary condition. 


Tue computation of the field in the case of the motion of charges or currents near the surface sepa- 
rating a medium from vacuum presents certain difficulties. It is therefore proposed in the present note 
to use in problems in which only the field in the vacuum is of importance the Leontovich approximate 
boundary condition! 


Vi'E: =V wi, (1) 


where €’ and yp’ are the dielectric constant and permeability of the isotropic medium, * while Et and Hy 
are the tangential components of E and H. 

We shall consider the case of greatest interest, when the transverse dimensions of the source are of 
the order of or greater than the dimensions of the source in the direction of motion. An evaluation of the 
corrections to (1) shows that the application of (1) to the plane boundary of separation is equivalent under 
these conditions to neglecting terms of the order of 1/p’y'e’, corresponding to velocities much higher 
than the velocity of light in the medium. This case is of particular interest in the generation of micro- 
waves and for the stabilization of moving beams. 

It should be noted that the condition (1) is satisfied with the accuracy indicated above far away from, 
as well as in the neighborhood of, the source. As an illustration we shall give the values of Ve’E;/Vp’ Hy 
taken from two problems which have been solved exactly. 

(a) In the case of uniform motion of a current filament along the separation boundary,” 


VeEs| Vw He = (1 — 1 /BPe’p')h = 1 + 1/2 Bre’. 


(b) In the case of uniform motion of a point source normal to the surface of the dielectric? 


The use of condition (1) permits us to investigate problems in which only the field above the medium is 
of importance and the parameter ge'u’ is large. As an example we shall give the outline of the compu- 
tation of the field of a point charge moving uniformly along the z axis at a distance y =h from an arbi- 
trary non-dispersive medium. 

The boundary conditions 6 = 0 and © = 0 follow from (1) for the components of the potential Az, A 
gy where 


y’ 


a: Se a 0A, POG, 1 0A, 5 
O=VrA+Vee, P=Ve' se—-Ve a (2) 
According to Maliuzhinets! the functions © and W can be found directly by the method of images and 
therefore determination of Ay, A,, g reduces to solving the system of equations (2) to which the Lorentz 
condition must also be added. Simple calculations yield 


*The case of anisotropic and gyrotropic media will be considered separately. 


717 


718 A. I. MOROZOV 


Ap= 2 pf 2k Ww], CAS Chev e eer sare |: e l 


where 
€=z—vt, 6? = 1—B?; | 
weet 
r= x2 + (y—h)? + (z — ot); 4 = (8/9) Ve'je', A= 142; | 
re = P+ (y +h)? + (2—ot) yy = (8/0) Vee, A= 1+ i | 
E—A(y +A) (y+h) +28 \. Par 
W0)= ol! ee err): W,=W (aj). 
The expression for the radiation losses obtained with the aid of (3) agrees for Brp'e’ — o with the exact 


expression. 
In the non-relativistic domain the solution of problems is further simplified by the possibility of ex- 


panding the field in powers of B =v/c. 
E= EO +8604 8b 4+..., H=H+ BHO + —H® +... 


For the sake of definiteness we shall consider the motion of a charge near a certain boundary over 
which the condition (1) is satisfied. In this case it may be shown® that 


ES (Eo ~B Vp" fe = ie (4) 


From (4) it follows that for 4, > 1 the electric field is “expelled” from the medium, while for A»; «1 
it enters the medium essentially at right angles. This permits one to take as the basis the solution of 
Laplace’s equation with the boundary condition E() =0 or E(°) =0 and then by using (1) to find E(t) 
and H(), and thus to compute the intensity of radiation. The approximation obtained for A, >1 
will correspond to expanding the intensity of radiation in powers of 1/4, while for 4; «1 the 
expansion is carried out with respect to 1/A. With this accuracy one can easily find, for instance, the 
field of a bunch of charges moving at an arbitrary angle to the surface of a dielectric (c«’ > yp’). This 
field is of the form 


=e t 
g Papa, ad Me A Y uw! ee 
9=%—9,—-2— Ve'/e'9,, Ar =0, Wyo aire A Deepen Vie \ oy at, 


—c 


v a (lo) 
A,="£(,—9) 2% | eat, 


where ¢ is the potential of the bunch in homogeneous space, while gy, is the potential of its image taken 
with opposite sign. 

In the case when the motion takes place near a curved surface the error due to the use of (1) will be of 
the order of 


h(1/R,—1/R2)/BV ee, 


where R, and R, are the principal radii of curvature, while h is the distance of the moving source from 
the surface. In the non-relativistic case one may also use simpler boundary conditions as was done above 
in the case of the plane boundary. We have calculated by this method the instantaneous value of the flux 
of the Poynting vector into a dielectric cylinder (Ay «1,2 > 1) of radius a when a charged filament 
parallel to its axis passes over it. This flux turned out to be equal to 


es wu’ 82 2r? + (r? — 1) p? 
P=wVe e F(z 1)” 


where pa is the impact distance, ar = V a’p* + (vt)? is the distance from the filament to the axis of the 
cylinder, and p is the charge density of the filament. 
I am grateful to Prof. A. A. Sokolov and to Prof. Kh. Ia. Khristov for their interest in this work. 
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A thermodynamic investigation of the phenomena associated with a phase transition of the 
second order in liquid mixtures is carried out. The results obtained are compared with the 
experimental data on liquid-vapor equilibrium in the He — He* system. 


Iw pure He’, as is well-known, the He I — He II transition is a phase transition of the second order. The 
question of the nature of this transition in mixtures of the helium isotopes has been repeatedly submitted 
to theoretical investigation, as a result of which, in particular, it has been predicted! that the A -transition 
in such mixtures will be a transition of the first order for sufficiently small concentrations and high 
temperatures. 

Inasmuch as this problem is of fundamental significance, it appears desirable to carry out a detailed 
thermodynamic investigation of the phenomena associated with the He I — He II transition in helium isotope 
mixtures, and to compare the results thus obtained with the experimental data (cf. also references 2, 3). 

It is necessary first of all to note that a conclusion regarding the nature of the He I— He II phase tran- 
sition in helium isotope mixtures can be drawn from a study of the dependence of the vapor pressures of 
these mixtures upon their He® content. In the case of a first order phase transition, in fact, there should 
be observed a separation of the liquid phase into two mixtures of differing He? content, which would yield 
vapor pressures independent of the concentration of the light isotope in the region of separation. 

Carefully-conducted experiments*®, however, have shown that in the interval 1.35 —3.0°K there is a 
marked dependence of the vapor pressure upon the He? content of the liquid phase, indicating that the 
hypothesis concerning the occurrence of a first order phase transition in this temperature interval is not 
borne out. 

Thus, as in the case of pure He’, the He I— He II phase transition in helium isotope mixtures within 
the temperature range investigated is a phase transition of the second order.* 

Inasmuch as this is the only instance of the occurrence of a second order phase transition in liquid 


*It must be noted that Walters and Fairbank’ have recently observed a separation of helium isotope 
mixtures into two phases below 0.8°K. 
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mixtures, the opportunity provided for investigating the special features arising therefrom is extremely 
interesting. In particular, it is possible on purely thermodynamic grounds to draw conclusions concern- 
ing the special features appearing on the P—T curves at the transition through the A-point, and con- 


cerning the behavior of the heats of mixing and vaporization at the transition through the same temperature. 


Use of the experimental data which have been obtained’ relative to liquid-vapor equilibrium in the 
He? — He! system makes possible a direct comparison of the theoretical results with experiment. 


1, FEATURES OF THE LIQUID-VAPOR DIAGRAM IN THE VICINITY OF THE A-POINT 


Let us represent the thermodynamic potential for a mixture in the form ® =Ng, where g is the 
thermodynamic potential per particle and N =N3 + Ny is the total number of pan Clee BER the 
concentration of the mixture by xy, =N3/N, we find the chemical potentials pz; and pw, of the com- 


ponents in the mixture: 


0 
pe tye oe = 9 ax: (1) 


Using the condition of equilibrium between the phases and the expressions for the chemical potentials 
of the constituents in the gaseous phase, we obtain, assuming ideality for the vapor: 


kT In Ps -+ y3(T) =e + (1 — xz,) 0p/Ox,, RT In Pag + yx, (7) = 9 — *% de/Ox,, (2) 


where Ps, and Py are the partial pressures. 
Taking the total derivative with respect to temperature on both sides of Eqs. (2), we arrive at the 
expressions: 


d 00 Oo d Oo xe 
83 + RF Gin Ps = ap 4) oper, 2 Sa BE ge INP aa (3) 


where S3 and Sy are the partial entropies per particle. At the temperature T), inasmuch as at a 
phase transition of the second order the first derivative of the thermodynamic potential suffers a break 
in slope, and the second derivative a discontinuity, we obtain: 


d\nP3 _ eo Oia Je et 00 
ATA = (1%) Agrees RTA = — a Aare (4) 


where 
Ap C10) <a) 


From (2) and (4) it follows immediately that in this case at T, there should be observed breaks in 
the P3—T and Py—T curves, and discontinuities in the dP,;/dT—T and dP,/aT —T curves. 
Taking into account the fact that near the transition point® 


Oy = 9, — (AC /2T,) (T —T,)*, (5) 


where yy and gy are the values of the thermodynamic potential below and above the A-point, respec- 
tively, and ACy is the discontinuity in the specific heat at Ty, we obtain 


A (6%9/OTAx,) = (ACp/T) OT /Oxy, | (6) 
and, in place of (4) 
tap AG oT AC, oT 
BPA ee ees a Mame ee ope 
aS ade ae, Tx Oxy 2 Ny Te Ones (7) 


Using (7), it is possible to find a relation between the discontinuities in the derivatives of the partial 
pressures 


4A (dln P,/dT) + (1—x,) A (din P,/aT) =0. (8) 
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Setting 


P,P; P,=(1—»)P, 7 (9) 


where Xy is the concentration of He? in the vapor, we obtain from (7) an expression for the discontinuity 
in the derivative of the total pressure with respect to temperature 


dinP 
kT, A = (x 


AC, OT, 10 


Since 8Ty/dxy, < 0, ACy > 0,8 and xy > xz, A(d In P/dT) < 0, which is found to be in agreement with 


experiment.?® 


Thus at a second order phase transition in mixtures the derivatives with respect to temperature of the 
partial and total pressures suffer discontinuities. It should be remarked, however, that magnitude of the 


JF 


JO 


IG 


a7, 15 17 19 2 23 
Tati 
FIG. 1. Dependence of the dif- 
ference between the mixture and 
He* vapor pressures (AP) upon 
temperature: (1) 8.3% He; (2) 11.1% 
He?; (3) 13.4% He’; (4) 16.7% He’. 


where 


discontinuity in the derivative of the total pressure is small, as 
is evident from (10); this is a consequence of the fact that the 
discontinuities in the derivatives of the partial pressures have 
opposite signs and the same order of magnitude [cf. Eqs. (4) and 
(8)]. As a result of this and also of the large value of dP/dT, the 
comparatively small discontinuity in this quantity at the A-point 
will be scarcely discernible. 

The dependence of AP upon T, where AP is the difference 
between the vapor pressures of the mixture and of pure He’, has 
been investigated experimentally, and in this case breaks at T) 
are clearly visible. This is explained by the fact that the mag- 
nitude of d(AP)/dT has now been considerably reduced, while 
the magnitude of the discontinuity has remained the same. The 
dependence of AP upon T*® is represented in Fig. 1 for mix- 
tures of varying He? content. On each curve a break is visible at 
T,. This confirms the conclusions we have drawn regarding the 
characteristics of the P—T curves, and provides a new possi- 
bility for determination of the displacement of T, with increas- 
ing He? concentration in the mixture.? 

It is essential to note that at the A-point a discontinuity should 
be observed in the first derivative with respect to temperature of 
the He*® concentration in the gaseous phase (xy). Specifically, 
substituting the values for P3 and Py, from (9) into (3), we 
readily find 


Ox. AC, oF 
Vee GE ge 
A a7 = Xy(1 — xy) a? Oy,’ (11) 
F) Cy\ ACp OT, 
A 5; (In x)= eT? Oxy,’ (12) 


ey =(N3/Na)y CL = (N3/ Na) 


Thus there follows from Eq. (11) the presence of a discontinuity in the derivative of xy with respect to 
temperature, and from Eq. (12), the existence of a discontinuity in the derivative of the distribution coeffi- 


cient with respect to temperature.* 


The occurrence of breaks in the P—T and xy—T curves at T, should lead to breaks in the two 
curves of the liquid-vapor equilibrium diagram. It should, however, be noted that these breaks do not 
appear in the published diagram,°® as a consequence of the fact that the variation in these quantities at the 
A-point is small, and also because the function xy(T) was determined, not directly, but from the diagram. 

The magnitude of the discontinuity in the derivative of the total pressure with respect to xz, at the 


*This expression was obtained by us in 1950.2 More recently it has been obtained by de Boer and 


Gorter 2 
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transition temperature is 
A (d In P / Oxy) = (x, — Xy) (ACp / RT) (OT / 0x1)’. (13) 


It is evident from (13) that the discontinuity in the derivative of the pressure with respect to the concentra- 


tion of the liquid phase is negative. 


2. THE HEAT OF MIXING AND ITS DEPENDENCE UPON TEMPERATURE AND CONCENTRATION — 


At the temperature of the He I — He II phase transition there should also be observed a Seep gE) 
in the heat of mixing. The magnitude of this discontinuity can be computed using an expression for the 
quantity of heat (q3) absorbed during the transfer of a single particle out of the pure liquid substance 
(He*) into the mixture: 

ow™ 


a Ly 20g ike 14 
ine ge ee ap in ( ) 


0? 
Ps 


where 8W™/aN}" is the change in the heat function of the mixture as one atom of He? is added to it, while 
wh is the molecular heat function for pure liquid He’. 


At cy 
Aq, = A(OW™/ ON3)) 
since 
ow™/ ON; = OD /ON3' — TO?® / OTON?: 
Therefore 


Ags = — T,A (0°®/OTON*). 
Taking the fact that 6 = Ng and Eq. (6) into account, we obtain 
Aq3 = — (1 — x1) ACpOT,/0x,. (15) 


In the case of small concentrations, using the value ACp =7 cal/mole degree for He’, from Ref. 10, and 
the value of 3T/ OXy, = —1.5°, from Ref. 3, we obtain for the discontinuity in the heat of mixing at the 
He II— He I transition Ags = 10.5 cal/mole. 

It should be noted that the indicated changes in the distribution 
coefficient and the heat of mixing at the A-point can be related to 
the discontinuities in the derivatives of the partial and total 


pressures: 
a Ve i! dinP g far din P 
Ass (In | ear a Aqs = — kT? a % (16) 
Using the experimental data for the dependence of the vapor 
im hey aE a 4 DS Ba EE BLD pressure upon temperature for mixtures of varying He’ content, it 
would be possible to compute both the one quantity and the other from 
FIG. 2. Dependence of the (16). In view, however, of the great difficulty in determining suf- 
heat of mixing (q3) upon temper- ficiently precisely the indicated discontinuities in the derivatives 
ature. Calculated data for a of the partial and total pressures with respect to temperature, it 
mixture with 8.3% He’, does not appear possible as yet to use this method to compute the 


quantities in (16). 

The temperature dependence of q3 to either side of T, can be computed using Eq. (14). The results 
of such a calculation are presented in Fig. 2 for a mixture of 8.3% He® content. The error in the mag- 
nitude of the discontinuity Aq 3 at the A-point is naturally determined here by the error in determining 
the magnitude of the discontinuity in the derivative of P, with respect to temperature. 


| 
| 


| 
| 
} 
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3. THE HEAT OF TRANSITION AND ITS DEPENDENCE UPON He® CONTENT AND TEMPERATURE 


Using the liquid-vapor diagram of state which has already been obtained’ it is possible to determine 
the temperature and concentration dependences of the heat of the transition from mixture to vapor. For 
the case of mixtures, however, the determination of the heat of transition itself, as is well known, re- 
quires some elucidation. 


The fact is that the relative quantities of liquid and vapor are in this case related by the lever rule 
Ny/ Ny = (%, —c)/(¢ — xy), (17) 


where 
OSV ENE) (NG HEN) 


is the mean concentration of the He? isotope in the system. Therefore the transfer of a molecule from the 
liquid to the vapor (or vice versa) by an equilibrium process (in accordance with the state diagram) can- 
not take place without variation of the pressure or the temperature. Such a situation does not arise in a 
single-component system, in which the transfer takes place at a point (for constant P and T). 

Thus in determining the heat of transition it is necessary to specify the process by which the transition 
takes place. It is natural to investigate two processes: a) the transition takes place at constant tempera- 
ture (T = const.), b) the transition takes place at constant pressure (P =const.). 

Inasmuch as the heat of transition from gas to liquid for a single particle is 


A= ToS / 3M, (18) 


it is necessary, in order to determine this, to compute the change in entropy 6S accompanying the 
transfer of Ny particles from the gas to the liquid. In doing this it is necessary to remember 
that the variation of all the parameters of the system proceeds in accordance with the diagram 
of state. 

If it is assumed that T = const. [case (a)], then, taking into account the constancy of the number of 
particles of each sort in the system, and the fact that P and xy are in this case functions of x,, we 
readily obtain 


SSRAL aS: S$ xy, — *y lee oP OS; 5 (Rane (Sy, oP ee: 
8S/6Ny = Sy— Sy + : Xy— Ce Oxy | OP Oxy © Ox, C—Xy la Oxy, © Oxy Oxy, 
ave 


(19) 


C— xy Oxy, 


Here Sy and Sy, are the entropies per particle of the gas and the liquid. In deriving Eq. (19) the lever 
rule (17) was employed. 
If xz, =c (Fig. 3; a large quantity of liquid and virtually no gas in the system), then 


my (Sy—- Sy) + (*1L — xy) oe Se) ; (20) 
If xy =c (Fig. 4; a large quantity of gas and virtually no liquid in the system), then 
3S OSy ap, OS (21) 
SNe Ne a «(ap Oxy a) 
Making use of the fact that 
(22) 


Sy= %ySO + (1 — xy) SP, SL= xSP + (1 — 21) SP, 


as well as of the equality of the chemical potentials of each component in the gas and the liquid, we find 
from (20), (21), and (18), assuming the gas to be ideal: for xz, = c: 


OS}, / aP aP \ (23) 


on). Sahar xy) T =e a jes 


dr, xy, = AT?( 


for Ky = C: 


24 
hay = T(r), eae 5p > (#2). (24) 
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FIG. 3. For calculation of 
the heat of transition in the 
case T =const. and c = xy: 

(1) state of the system before 
the transition; (2) concentra- 
tion in the gaseous phase 
formed as a result of the tran- 
sition; the arrow indicates the 
motion of the system due to 
the transition. 


1 


| 
eat 
a 
Mac acy Pe 

FIG. 4. For calculation of 

the heat of transition in the 
case T =const. and c = xy: 
(1) state of the system before 
the transition; (2) concentra- 
tion in the liquid phase formed 
as a result of the transition; 
the arrow indicates the motion 
of the system due to the tran- 
sition. 
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If we take into account the fact that the entropy of the liquid is 
practically independent of the pressure, and if in calculating the 
second term in (24) we assume that the gas is ideal, we obtain: 


Mr, xy, = RT? (0 In P/OT) x,» (25) 


hry = RT? (oF “) 


In calculating the second term in Eq. (26) it is convenient to 
make use of the expression® 


(0 In P/Oxy)r = (xy — *)/%v(C1 — 4). (27) 


dlnP 
4 RD ayaa geen (26) 


Then 
Ar, ee kT? (Oln P/OT) xy + kT (Xy— X1,)?/xy (1 — Xy). (28) 


In precisely the same way it is possible to calculate the corre- 
sponding heats for the case P = const.: 


he, yy = RT? (AIn P/OT) x, + (4 *V) CROAT Ox, Ve: (29) — 
Ap, xy = RT2(0 In P/OT) xy + (%, — Xy) Ch (AT /Oxy)e, (30) | 


where ce and CH are the specific heats per particle of the liquid 
and the vapor. 

Analysis of the expressions thus obtained shows that for each 
of the cases investigated [Eqs. (25), (28) —(30)] the heat of tran- 
sition is composed of two terms, * the first representing the heat 
entering directly into the transfer of the particle from one phase 
into the other, and the second representing the heat associated with 
the change in entropy of the system due to this transfer. We note 
that in a real experiment (under the corresponding equilibrium 
conditions) the heats measured will be just those calculated here. 
The possibility of separating each of the heats into two components, 
each having a definite physical significance, arises from the fact 
that the first component may be obtained directly, from the quan- 
tity of heat absorbed during the transfer from the solution into the _ 
vapor of a single particle of the first constituent (3), and from the | 
corresponding quantity for the second constituent (A,4). In actuality, | 
when one mole of the mixture passes from the liquid, of concentra- _ 
tion xz, into the gaseous phase, its concentration will be Xy; in | 
consequence XyA3 + (1—xy)A,4 calories (as calculated for a single | 
particle) will be absorbed in the process. In accordance with ref- 
erence 8, however, this quantity will be equal to the first term 


Xyhg + (1 — xy) Ag = RT? (O1n P/ OT) x,. (31) 


The heat of transition for the case of a process taking place at T = const. can be calculated for the 
cases xy,=c and xy =c from (25) and (28), using the data obtained from investigation of liquid-vapor 
equilibrium in the He? — He? system. The results of these calculations are presented in Fig. 5 (xz, =C), 
which shows the dependence of At x, upon the concentration of the phase being formed (xy). It should 
be mentioned that in calculating AT, xy, the non-ideality of the vapor was taken into account by determining; 
the molar volume using the second virial coefficient.!! The values of X for pure He* and He® were 
taken from Refs. 12 and 13. The solid curves in Fig. 5 refer to various temperatures. The dashed lines 


*The absence of a second term from Eq. (25) is of course due to the fact that we have ignored the 
variation of the liquid phase entropy with pressure. 
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show the heat of transition which would obtain 
a,cal/mole. a, cal/mole. in the additive case. . 

; From these diagrams it follows that the 
heat of transition as calculated by the method 
indicated passes through a minimum, the posi- 
tion of which moves in the direction of smaller 
Xy as the temperature is raised. In the re- 
gion of high xy the points lie on the dashed 
line corresponding to the additive case, while 
the concentration region over which this is 
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FIG. 6. Dependence of the heats of transi- 
tion AT xy, (curve 1) and A T,x,, (curve 2) 
upon the concentration of the phase being 
formed. 


2 20 0 00 W& 100% 0 «100% . 
a OE, Tae Ys ute Fig. 6 shows for a temperature of 1.8°K 


the dependence of the heats of transition 
AT,x, (curve 1) and AT x,, (curve 2) upon 
the concentration of the phase being formed 
(xy in the first case and xy, in the second), 
as calculated from Eqs. (25) and (28). 

It is clearly evident that these heats differ fundamentally from one another, both in magnitude in the 
nature of their dependence upon the concentration. 

It should be noted that at the transition through the A-point the heat of transition suffers a disconti- 
nuity, as is evident from Eqs. (25), (28), (29), and (30). Due to the small magnitude of the change in dP/dT, 
such a discontinuity is not clearly displayed in the calculated heats. It can be supposed, however, that 
the considerable change in the heat of transition near the A-point which is evident in Fig. 5 is connected 
with this circumstance. 


FIG. 5. Dependence of the heat of transition NB es § 
upon the concentration of the phase being formed (xy). 


CONCLUSIONS 


1. A thermodynamic study of the phenomena associated with the He I — He II transition in mixtures of 
the helium isotopes has been carried out. It is shown that in the interval 1.35 —3.0°K this transition is 
a phase transition of the second order. 

2. It is shown that at the temperature of a second order phase transition in helium isotope mixtures 
there should be observed discontinuities in the derivatives of the partial and total pressures with respect 
to temperature. This effect is confirmed experimentally. 

3. It is established that at T, there should be observed a discontinuity in the derivative of the dis- 


tribution coefficient with respect to temperature. 
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4, It is shown that at T, there should be observed a discontinuity in the heat of mixing and a discon- 
tinuity in the heat of vaporization. A numerical value for the magnitude of the discontinuity in the heat of 
mixing has been obtained for weak mixtures. For one of these mixtures the temperature dependence of 
the heat of mixing has been calculated. The dependence of the heat of transition upon the concentration of | 
the phase being formed has been calculated for various temperatures. 
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By use of a density matrix in the proper approximation, equations are derived that describe 
both stationary and nonstationary operating conditions of the molecular generator. 


AL HE eee sca problems connected with the molecular generator have been discussed by several 
authors. In these articles, however, only stationary or nearly stationary operating conditions are de- 
scribed. It is of interest to derive equations of the molecular generator that are valid for arbitrary 
operating conditions. 


Upon replacing the resonant cavity by an equivalent circuit it is not difficult to derive the following 
equation, which describes the oscillations in the circuit: 


E + 4nP + (@) /Q)(E + 4nP) + WE = 0. (1) 


Here E is the electric field intensity, P is the polarization of the medium in the resonant cavity, Q is 
the figure of merit of the circuit, and w» is the natural frequency of the circuit. Equation (1) is still 
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insufficient to describe the operation of the molecular oscillator. It remains to find equations that con- 
‘nect E with P. . 
In Refs, 1 to 3 and others it is assumed that E depends on the time harmonically (with frequency w), 
and in this case the relation between E and P is given in a certain approximation. However, because 
_the relation between E and P is nonlinear (saturation effect), summation over all frequencies w does 
not lead to a general relation between E and P. The goal of the present work is to find such a relation. 
Molecules in the presence of an alternating electric field K(t), like any other quantum-mechanical 
system, are described by a density matrix p. The latter in our case obeys the equation 


indo /Ot = Ho — oH, (2) 

where 
H = Hy — pe; (3) 
Hy is the Hamiltonian of the free (without field) molecule, and ff is the operator for the dipole moment 


of the molecule. 
The polarization, i.e., the average dipole moment of the gas per unit volume, is given by 


P = Sp (op). (4) 


Here fp is referred to unit volume. At a given instant of time t the contribution to the polarization P 
(as well as to fp) comes from those molecules which entered the resonator at a time tp = t—94; the 
largest contribution is made by molecules for which 6 < 1, where 7 is the average time of flight of a 
molecule across the resonant cavity. Hence we are interested in the average value of fp obtained as 
follows: 


o(t)=\ elt, to = 4 — 6) f (0) a8, (5) 


where f(6@) is a function that has been normalized to unity and decreases rapidly enough for @ > T. The 
problem is simplified considerably if f(6) is taken in the form 
f (8) = (1/5) er, (6) 


Such an approximation was used by Basov and Prokhorov* (Ref. 1). 
It is easy to show by use of (2), (5), and (6) that p (t) satisfies the equation 


dp/at = (— i/k)(Hp — pH) — +1 (p — py). (7) 


Here fy) =/(t, to =t) is the density matrix at the instant of entry of the molecules into the resonator. 

Now we assume that the molecule has only two levels E, and E, (Ey > E,). Then p is a two-rowed 
matrix. Further we assume that at the instant of entry into the resonator all molecules are in the state 
Eo. Then 


(Po)1a = (Po)12 = (Po)s1 = 95 (00)22 = Mo, (8) 


where Ny is the number of active molecules per unit volume in the absence of the field. 


*Strictly speaking, in a molecular beam (which is used in the molecular generator) P isa function 
Di .Z and, V 
P= P(t; t—2/d), 
where the z axis is along the beam, and v is the velocity of molecules in the beam. When we replace 
the resonator by the equivalent circuit, it is necessary to average P along Zz as follows [cf., e.g., 
Ref, 4], 
P(t, v) = J P(t, t —z/v) Ea (z)dz, 


where E, (Zz) is the normal oscillation of the cavity. Next, this formula should be averaged over v. 
However, even the monochromatic approximation leads to rather cumbersome equations. 
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In the representation, in which Hy is diagonal and has eigenvalues E, and Ep, Eq. (7) can be written 


4) 


in the form 


Or -++ i (@y. +774) 012 = + (025 — P11) Epis, Por + (ig, + T*) Por = = (P22—P 11) Ever, 
Pu = + E (112021 — Potten) —F 20a» Pee = - E (121012 — Pot12) — * * (P22 — Mo). i 
From (4) we find (assuming that py, = Ho. = 9) 
P = Pister + Paittia- (4a) 
From (9) and (4a) it is not difficult to derive (taking into account that we; = —W 4) = We, > 9) 
B+ (2/k) P+ (ot + 0?) P = —2NE | py Poro/t, N + 1N — (2/hws) E(P + 0? P) = TIN y. (10) 


These are the desired equations connecting E and P; hence in these equations N stands for the 
number of active molecules in the presence of the field E: N = py. —p4, (for E = 0 and N = Np). 

If we set E = Ey cos wt, then it is easily shown from Eqs. (10) that under neglect of higher harmonics 
and for w close to w, an expression for the complex dielectric constant is obtained that takes into account | 
the saturation effect and agrees with the expression derived in Ref. 1. 

Thus a complete system of equations, describing the oscillation of the molecular generator, is given 
by Eqs. (1) and (10). 

In conclusion I wish to thank Prof, V. L. Ginzburg for a thorough discussion of the results. 
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The interaction of oblique shock waves of arbitrary intensity with small perturbations is con- 
sidered in the linear approximation, within the framework of a two-dimensional stationary 
problem. The flow behind the shock wave is assumed to be supersonic. The general results 
are applied to the study of the interaction with weak discontinuities, weak shock waves and 
with the interface between two media of slightly different acoustical properties. 


1. STATEMENT OF THE PROBLEM 


In our note of Ref. 1, a complete classification was given of the cases of the interaction of shock waves 
with weak discontinuities. All these cases can be considered quantitatively by means of perturbation 
theory. Each weak discontinuity can be represented as a small perturbation superimposed on a smooth 
distribution of hydrodynamic quantities. If we are interested in the behavior of all quantities in the 
neighborhood of the intersection of the weak discontinuity with the shock, then the flow in the vicinity of 
the point of interaction (which is not perturbed by the weak discontinuity) can be considered homogeneous 
and the shock wave can be regarded as plane. The incident weak discontinuity can be thought of as a small 
“incoming” perturbation, as a result of the interaction of which with the shock wave, small “outgoing” 
perturbations are created. The smallness of the perturbation permits us to expand the hydrodynamical 
equations and the boundary conditions on the shock wave in a series in the perturbations; limiting our- 
selves to linear terms, we can obtain the complete solution of interest to us. 

Thus, let us consider a plane shock wave in homogeneous flow, and, given the incoming perturbation, 
let us find the outgoing perturbation. We choose the y axis in a direction perpendicular to the shock 
wave, and let the x axis lie in the plane of the shock wave, with its direction coinciding with the direc- 
tion of the x component of the velocity; let matter flow into the shock from below. 

We denote by pp, Vo, Vo, So, the pressure, velocity, specific volume and entropy of the unperturbed 
flow before the shock wave (for y < 0), and by p, v, V,s, the corresponding quantities after the wave 
(for y > 0); we shall denote all small perturbations of the corresponding quantities by the symbol 6. 
Expanding the hydrodynamical equations in a series in small values of the perturbation, and limiting 

ourselves to linear terms, we obtain a system of linear equations with constant coefficients for the flow 
behind the shock wave: 


(vV) dv + VVép = 0, (ed) 
div 6v + (V /c?) vVop = 0, (1.2) 
(vV) 8s = 0. (1.3) 


Similar equations are obtained for the flow in front of the shock if all quantities are given the index 0. 

If the flow behind the shock is supersonic, the equations (1.1) —(1.3) are everywhere hyperbolic and 
have a general solution which is easily found by the method of characteristics. The latter, as is well 
known, consists of finding linear characteristic combinations of the desired functions which are constant 
along the determined lines (in our case, straight lines); these characteristics form a one-parameter set. 
We first note that Eq. (1.3), which has the general solution. 


8s =f (x —y/Ro), (1.4) 


*The two papers published here belonged to S. P. D’iakov, who perished tragically in 1954. They were 
prepared for publication by his colleagues from his manuscripts — L. Landau. 


+Deceased. 
C2: 
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where ky = v,/vx and f is an arbitrary function of its argument, is already in characteristic form. The 
solution of (1.4) shows that 6s is a characteristic quantity, which is constant along each of the flow lines, 
y —kox = C, which form a one-parameter set of characteristics. Graphically speaking, the disturbance 


6s is “carried along” the line of flow. ane 
To find the three other characteristic quantities,” we construct a linear combination of Eqs. (1.1) and 


(1.2) with coefficients a, 8, y: 
osu Osu, Osu oso UYY asp dy o8p v2: 
(a0 + a) RE + ay SE Bow SY + (Boy +1) Ge + (a+ Be) ae + (8 + =\V Yai. 


and require that all the quantities 6dvx, bvy, 6p in this equation be differentiated along the same direction 
i.e., that the ratio of the coefficient for the derivative with respect to x to the coefficient for the derivative, 
with respect to y be the same for all quantities 6v,, bVy 6p: | 


i Be ee Boy + ¥ ie B+ y0,y/c? = 
av, ty Bu, O07 /c? 


(1.5) | 


This condition means that the derivative of the combination 


[ = av,dv, + (BUy + 7) Svy + (B + vyz/c?) Vip 


along the direction with angular coefficient k is equal to zero, i.e., this combination is characteristic 
for the set of characteristics y—kx =C. In other words, the quantity I is “carried along” the charac- 
teristic y—kx =C. 

We can write the condition in the form of a system of linear homogeneous equations in a, B, y: 


(Uy — Uxk) w— ky =0, (Vy —dek)B +7 =0, —ka+B + 7 (vy—vxk) 7 =0. (1.6) 
The system has solutions differing from zero if its determinant vanishes: 
(Vy — Ugh) [(Oy — vk)? — (1 + F?) c?] = 0. (1.7) 
The cubic equation (1.7) has three roots (real, if the motion is supersonic), each of which determines a 


set of rectilinear characteristics. To each root there corresponds a definite solution of the system (1.6) 
of a, B, y, i.e., a definite linear combination I. Let us write out all these characteristic combinations. 


1. by Oya @= 00, yO. (1.8) 
The characteristic combination is 
vov-+Vop = I, (x — y/k,). 
It is obvious that the flow line kp = Vy/Vx is a “twofold characteristic,” since two characteristic quanti- 
ties 5s and Ip are carried along it. 


v,0y+c°V M?—1 


eee 
v. Cc 


2. ki = ; &== — kB; y = — (Vy — 0,k) B. (1.9) 


The characteristic combinations are 


where M-=v/c. These combinations are perturbations of the acoustic type, which are propagated along 
the corresponding characteristics. 

Assuming that all the characteristic combinations vanish save one, we obtain four different independent 
solutions of the hydrodynamical equations: each of these solutions contains only a single arbitrary func- 
tion. It is appropriate to take four equations for the fundamental independent solutions: we can represent 
an arbitrary solution in the form of their linear combinations. Let us now obtain these fundamental 
solutions. 

1,Setting Ip =1, = 0; 6s = 6s(y —kpx), we shall have, in correspondence with (1.7) and (1.8), a solution 
which describes the propagation of the entropy perturbation, for which 


bu = 0; dp = 0; bs = 8s (y — kyx); 8V = (AV/ds)p8s. (1.10) 
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2. Assuming 6s = 0, I, = 0, we get a solution which corresponds to the propagation of a perturbation 
, of the curve of velocity 


dp = 0; u,dvy — vydu, =0; vdv=/ (y — Rox). (1.11) 


Both these solutions, which are connected with the lines of flow, will for convenience be joined in a single 
“entropy-vortical” solution. 


3. Assuming 6s = 0, Ip = 1 + = 9, we get a solution of the acoustic perturbation type: 


Sp = 8p(y —k_x), 
—0,--o,VMP—T v,VM?—1+9 (1.12) 


7 bv, => oe 7 Ce earaas to) Vop, dvy = — oe Te Vop. 


4, Finally, for 6s = 0, Iy = I_ = 0, we get an acoustic perturbation with reverse direction 


Sp = p(y —k,x); 


v VMP—1 +0, 3 v,VM? —i—9 5 (1.13) 
bv, =>—_— Sea VOD dvy = S apun’ Derm 


The position of the characteristics relative to the shock is shown in Fig. 1. The waves (points) and 
the trajectories (solid lines) are shown in the middle of Fig. 1 for the obstacles A and A’, which are 
found in front of the shock (A) and behind 
ie the shock (A’). These waves and trajectories 
: ee represent the characteristics of the equa- 
tions of gas dynamics. Inasmuch as they 
describe the propagation of a disturbance 
produced at a point, we can describe the 
determined directions of propagation — 
from the points A or A’ — by means of 
the characteristics. (See Fig. 1, where the 
directions are shown by arrows.) 


FIG. 1. -shock wave — — — characteristics The relations between v, and c for 
of the entropy-vortical perturbation, coinciding with the y < 0 and y > 0, which must hold for the 
lines of flow, --- — characteristics of the acoustic undisturbed shock wave, inevitably lead to 
perturbation. the result that for y < 0, all three charac- 


| SESS a nc rR ar hr a rr nl teristics, originating from an arbitrary point 
A, abut against the surface of the shock wave; for y > 0, one and only one of the characteristics which 
emanate from A’ abuts the surface of the wave. Keeping the deflections and the directions of propaga- 
tion of the characteristics, we shall transform them so that the point of intersection coincides with the 
wave front B; we thus survey all the characteristics which converge on the given point B and emerge 
from it, and obtain the picture shown on the right side of Fig. 1. 

All the drawings are made for a gas with y = 1.4, for shock waves in which the pressure increases 
10 times and the horizontal velocity exceeds by 1.7 times the sound velocity before the compresion; in 
this case, we obtain c/v = 0.87 (for y > 0) in back of the compression. 

In order to understand the distribution of the characteristics graphically, let us first represent the 
unperturbed horizontal surface of the shock and the flow normal to it. As is well known, in such a current, 
vy >c for y <0 and v,<c for y > 0; the material velocity relative to the wave is supersonic before 
the front and subsonic behind the front of the shock. Let us now set up the point of view of an observer 
moving with velocity v,; with the front: the surface of the shock then remains at rest, and we get for the 
velocity of the gas the horizontal component v, both in front of and behind the front. The velocity and 
trajectory vectors that are shown on the left in Fig. 1. We choose vy sufficiently large that the motion 
is supersonic even behind the front, v = Vive +v* >c for y >0. 

An obstacle placed in supersonic flow gives two stationary Mach waves, making equal angles with the 
trajectory of the particles of the gas which abut the obstacle. The sine of the angle is equal to the ratio of 
the sound velocity to the flow velocity. 

On the side y < 0, a disturbance of any of the types enumerated can be incident on the shock wave. 
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ound disturbance “catches up” with the 


From the side y > 0, only an accoustic disturbance of type 3 (s 
five types of disturbances. As the 


shock wave) can occur. Thus interaction of the shock is possible with 
result of the interaction, disturbances are formed of types 1, 2, 4, which emanate from the wave in the 
direction y > 0 along the characteristics ky) and k,. For a given type of incident disturbance, the Bolts | 
tion of the problem will be a combination of the incident and (in the general case) three emergent dis- , 
turbances. This linear combination is determined from the boundary conditions on the shock wave, into 
the derivation of which we shall now go. pe 

Let the equation of the excited shock wave be y = (x), where 7 isa small quantity; the components 
of the unit vectors in the directions concerned and normal to the wave (in the approximation of interest to | 
us) are t(1, 7’) andn(—7’, 1), respectively. 

Expanding the continuity condition of the tangential component of the velocity 


(Vo +4vo)t=(v+sv)t 
in terms of a small disturbance, and limiting ourselves to linear terms, we find 


8Vox — Ux = (Vy — Uoy) 7’ (1.14) 


In a similar manner, the condition which connects the velocity jump with the pressure jump 
(vo +8 v9) nn — (v -+ 8v)n =[(p — po + 8p — Bp) (Vo —V + 8Vo — BV) I 


gives, after expansion, 


SUpy — dd, 1 |Sp—d8py , S8Vo—8V (1.15) 
oc 2) SP Pompeu io vn a 


The equation for the Hugoniot adiabatics can be written in the general form V = V(p, po, Vo), whence 
iN OV OV 9 OV t 
Vi ape ope fo ayo: (1.16) 


Finally, there remains the condition which determines the matter velocity in front in terms of the jump 
of the quantities in the discontinuity: 


[(Vo + 8 Vo) n]? = (Vo + Vo)? (p — po + Sp — 4pp)/(Vo — V + 8V, — BV), 


which, after expansion, yields 


28V 5 ae dp — Spo 8V, — 8V 
Vo P— Po Yo © (1.17) 


The system of boundary conditions (1.14) —(1.16) allows us to determine the solution uniquely. 


2 
pad (voy — Vox’) = 
oy 


2. SOLUTIONS OF THE EQUATION 


We proceed to find the solution of interest to us, in the case in which the external disturbance takes 
place from below (y < 0). Assuming that all the quantities which describe the onset of the distrubance 
are given on the shock wave as a function of x, we determine all the quantities on the shock wave (for 
y = 0) which describe the onset of the disturbance, dividing them into.parts corresponding to the inde- 
pendent solutions described. Eliminating 6V’ and 7’ from (1.15) and (1.17), by means of (1.14) and (1.16), | 
we get the following relations: | 


8% y — dy 4 dp 9 OV dp +o OV 8V, ov 
eee Epa t= Pigg) esa be opel pee al eral 


oy y P— Po P=—"Po 
80% = dv, Buy U% 25V 8 
$< i — Veal S2EI0 nop: ] j2 =) 
oye Py aera a uot Pp 


(2.1) 


a reps ( Sg OVA OV av 
P — Po J an) ean ar lh 
Here by dv we mean the linear combination of two quantities, one of which is determined by the 


entropy vortex [5 v(!)] solution, the other, by the departing sound [dv @): 6v =6y@) + dv), We multiply | 
the first of these equations by v,, the second by Vy» and subtract one from the other: | 
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2 cot » (v,d02 — v, 80/2) — [Ve cot? « e(1 — P a) V (1 shy >) 3p = F (x), (2.2) 


where 


= e OV av 
F (x) = 2 cot 9 (vydvpr — 0,30py) — [Vo cot? © ( 1+} om) V ( oe alk Bp) + 27 — 77 Vo —V) boy 
. OV V Ny 2 
+i [(1— 57.) V + Vo cot ®9) — 257 (Vo —V) | Ys. (23) 
In the derivation, we made use of the relations 
Ux = Vox = [Vo cot 9; Vy = jV; Voy = Vo. 
The contribution of the entropy-vertical solution on the left hand side (2.2) is equal to zero identically, 


by virtue of (1.11). 
Furthermore, according to (1.13), 


v,d0 — v,d0% = —Y M2 — 1 Vip. 


Substituting this in (2.2), we find the expression for 5p on the shock: 


bp (x) = — F (x)/D,, (2.4) 
D, =Vocot?e(1—# F-)—V (1+ 2) +2 cot oVMP— IV. (2.5) 
Further from, (1.18). 
B0y” (x) = (Wy VM? — 14 0x) VF (x)/MPC2D,, — 80 (x) = (vy — 04 V M2 — 1) VE (x)/MPC2D,,. (2.6) 
We now note that 5V = 5V(!) + 6v (2), where 6v(!) = (aV/ 9S)p 6s is the contribution of the entropy solu- 
tion and 6V(?) = — (V/c)?6p that of the sound. ones this in (in (1.16), we find: 
ve V /Op + V2/c? - av 
1 (x) = [FE + Se] 8) + B00 (2) + Fp Wo lx = — SP EIE F(x) + F dpo(x) +F-Volx)s (2.7) 


ds (x) = (Os/OV) BV, (x). 
We multiply the first equation of (2.1) by Vy? and the second by vx, and combine: 
V(8v® +8 v2) = v8 vo— + 8p Ue Te) tv(l + #5) 
+5 p0[V (1 +P E)+ Vo(1 —}? - —)|— Wa) (1 ue 57) Wo. 


Noting that according to (1.13), viv (2) =— Vé6p, we finally obtain 


Ty (x) = V8 VO (x) = Vo 5 Vo (X) + : Ds. 


+> >[V (1+? +) +Vo(1— PF So.) | 802) — = # Vo —V) (1+ 5p) Vo(x)s 


Bol (x) = (0¢/M2c2) I, (x); B00 (x) = (0/22) I, (x). Ce 


We obtained values of the quantities which describe the excitation reaching the shock wave as a function 
of x. Now, substituting x — y/ky for x in 6V, and Ij, and x—y/k, for x in 6p, and summing the 
acoustic and the entropy solutions, we find the total solution of the hydrodynamic equations for y > 0: 


y OV /Op + V2/c? y WV » ae 2) WV » 
(x—£) Fla) +5, hole — ) + ay. Vole), 


‘ V 
Sp (x, y) = — F (x — y/k,)/D,, BV (x, 9) =ap- kh, dD, ho 
v, V M2—1 +0 y vy , y 
bus (%, Y) = aap VF Gore ae To (2 = (2.9) 


N Oe Ux Vive y vy ( Y 
Vy (xX, Y) = McD, VF (x > , Si Mc? To\x £) i 
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Equations (2.9) represent the local linear relation of the departing perturbations with the given incident} 
one. It follows from these equations that the departing perturbations will be of the same type as the in- , 
coming. Since, if the arriving perturbation is a weak acoustic shock or the tangential discontinuity is of 
low intensity, the departing perturbations will also consist of a weak shock wave (or weak rarefaction 
wave), and a tangential discontinuity of low intensity. If the incident perturbation is a discontinuity of 
arbitrary hydrodynamical quantities (a weak or a weak tangential discontinuity), the weak and weak tan- 
gential discontinuities which are produced as the result of the interaction will also be discontinuities of- 
arbitrary hydrodynamical quantities, etc. 

We now determine the form of the perturbation of a shock wave. It is appropiate to characterize it by 
the curvature K, which is equal to 7” (x) in our approximation. Substituting the values of dp and 6V 
on the shock in Eq. (1.17), we find 


ov 
' , 2 —Vo(1+ —— ; 
. Bd5y (X) , 14 dPy (x) .. OV o( OVihery heeds! .. OV 2.10 
oe) lay | om ee aaa Yr eave +4 phe (i +e), es 


3. INTERACTION OF THE SHOCK WAVE WITH A WEAK | ACOUSTIC WAVE 


| 

| 

We see that the curvature of a shock wave is determined by the first derivatives of hydrodynamical Se 
| 

WHICH ENTERS FROM AN INCOMPRESSIBLE GAS 


Let us consider the interaction with a weak acoustic shock wave which can fall along either of two 
characteristics k,9 and k_9; in correspondence with this we must distinguish two cases (Fig. 2a and 
Fig. 2b). As a result of the interaction there arise, for y > 0, a weak shock wave (or a rarefaction wave 
of low intensity), which is associated with the characteristic k,, and a tangential discontinuity of low 
intensity, which is propagated along the character- 
istic kp. We compute the intensity of the outgoing 
discontinuities. 

We choose the origin of the coordinates as the 
point of intersection of the weak shock wave with 
the front of the strong shock wave. The incident 
weak shock is an excitation of the acoustic type: 


0 for x<y/Ro 
ad 3.1 
Po(% ¥) Roe for x > y/R+0- Nes 


FIG, 2 


The quantity 5p) can serve as a measure of the intensity of the wave. The quantities 6v) and 6 Vo 
are connected with 6p) by Eqs. (1.12) and (1.13). Substituting these quantities in (2.3) and (2.4), we 
find the following expression for 6p: 


bp (x) = alep, (x), (3.2) 
where 
— 1 (2)Vo ge 4 > OV : 
air lice [scot e V-Mi — 1(V? + V6 cat* 9) — Vo—V) (Vo cat*e—V)] + [Vo cot?o(1 + #35) —V(1— jp %)] 


PVor/, wv 2 
+3 [ll — ay) V + Vooot* 9) — 7 Vo —Vy}} 


is the “transmission coefficient.” If app, > 9, the outgoing acoustic perturbation is a weak shock 
wave; if app, < 0, it is a rarefaction wave of low intensity. We turn our attention to the fact that the 
quantity D can become zero; in this case, the “transmission coefficient” a‘*) tends to infinity — a 
singular “resonance” is observed — i.e., an amplification of the previous shock wave. It is easy to 
understand what the possibility of such a resonance means physically. For D, =0, a cae ©, a solution 
of the equation is possible with finite 6p in the absence of a perturbation, which is ane tau on the shock 
wave in front; we are dealing with a spontaneous “splitting off” of a weak shock from the shock wave. 


Thus the condition D=0 stands for such a connection of the parameters of the shock wave for which a 
Mach reflection of a weak shock wave is possible,?#4 
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Now let us compute the intensity of the tangential discontinuity. In accord with (2.7), we have 


ORV VEN av Voav 
VO (x) = (S + ai) op (x) + (% = 2. 8 Po (X) = Avp,.8Po (x), 


3.3 
Ay p, = App, (OV/Ap + V2/c2) + BV /Ap)— (Vo/eo)2dV /OVo. G2) 


_ The jump of the tangential component of the velocity at a tangential discontinuity is determined by the 
quantity Ij. According to (2.8), we get 


Raj anirse Gee ve la po 2WV\_ ior), av 3.4 
= ainkt ain —$Wo—N[(4 PZ )amt (14 e%)— M4). 
The shock at the origin will obviously have an inclination at a finite angle, proportional to the intensity 
of the incident weak shock wave. Making use of (2.10), we get the following formula for the angle of 


inclination y: 
X & Ap.) Po; (3.5) 
' where 


4, INTERACTION OF A WEAK DISCONTINUITY WITH A SHOCK WAVE 


Now let us assume that a small perturbation with a weak discontinuity is incident on the shock wave; 
for definiteness, we shall consider that the weak discontinuity is a discontinuity of the derivatives of the 
hydrodynamical quantities. We choose the origin of the coordinates as the point of intersection of the 
weak discontinuity with the shock wave. Expansion of any quantity along the shock wave not far from the | 
origin will have the form 


fie tamiaegiar~ter for x<0 (4.1) 


f (0) + Ayx for * > 0, 


where the quantity A; is proportional in the proper fashion to the determined intensity of the incident weak 
discontinuity. The intensity of the weak discontinuity is appropriately determined as the jump of the 
derivative of the hydrodynamic quantity along the normal to the discontinuity bearing the characteristic 
(8f/on), —(of/dn)_; in this case we have agreed to consider as the positive direction of the normal the 
direction obtained from the direction of the characteristic turned through an angle of 2/2 in the clock- 
wise direction. Thus, the intensity of a weak discontinuity of the acoustic type will be determined by the 
jump in the pressure gradient along the normal n, to the acoustic characteristic A *) . (85p/dn) 4 
—(86p/8n)_, the intensity of the weak tangential discontinuity — by the jumps of the entropy gradient and 


the quantity Ip: 
d8s 08s (081 d3Io 
Am = (Fe) —(G,)» Ae = ane 


along the normal ny to the flow line bearing the discontinuity. The connection of quantities of the type 
Ag with A, A(t) ; A) is determined from elementary geometrical considerations. 
Thus, it is easy to see that 


ny otal da | Hee AVE | ye, gym () gm 2%) a, 
p Vi+2 c(+v0,V M—1 +v,) Vi+e Os /p Mc \ ds /p 
k Vy (4.2) 
Ar, = —— = AM = -* Alor), 
Vite a 


After these preliminary remarks, we consider the interaction of a weak discontinuity of the acoustic 
type with the shock wave. It is obvious that the mutual relations of the quantities A, on the shock wave 
is the same as for the f themselves; therefore, 
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A,= App Ap» Ay = Av p,Apys A;, = Arp,Apys (4.3) | 
where Ap» Ay» ay are coefficients determined in Sec. 2. (4) ; 
Now, expressing A a Ap; Ay; Ay in terms of the intensity of the incident (Ag ~) and the eed 


p p : : 
A+), a(t), a(02)), weak discontinuities inaccord with (4.2), we obtain equations which connect the A 


A(t) (2) with aft). 


05 Yo 2G Vm —1 


Cy (+ Uy V M2 —1 +0, ,) 
0. Be 


ag, 


c(v, V M2—1 + vy) VoxYoy ee Vea RDG A OD Mc [ Os 
Dee ee OVey 


ath = ale) — = 
: Oeste c8 VP 1 Co( %y V M2? —1 +0,y) 


(4.4) 


21/ 24 
Oyioy ec ME 1 


lo (+ Ux V m— Val 


We note that, close to “resonance” (D, = 0), the intensity of the transmitted discontinuities is strongly | 
] 


iat 


0 


Mc 
(02) = arp, Fs 


v 


increased. 
Let us determine the form of the shock wave close to the origin. The relation (2.10) shows that 7’ is 
continuous, but the curvature K ~ 7” (x) has a finite jump Ax at the origin, equal to 


UgxYoy =e ee V me—1 (4.5) \ 


A‘) 
ee 0 . 
Co(+ Ug, V M2 —1 105) 


Ax => aQxp, 


5. INTERACTION WITH A SHOCK WAVE OF A TANGENTIAL DISCONTINUITY OF LOW INTENSITY 
AND OF AN ENTROPY PERTURBATION IN AN INCOMPRESSIBLE GAS 


Let a tangential discontinuity of low intensity, which is characterized by two quantities 6V 9 and Ip 


0 for x<y/ky” 


VG Cos) | 
0% y) 5V,=const for x > y/ky” (5.1) 


0 for x«<y/R 
Io (%, y) = ba (0) 
Je= const, . forex 7/ky 


be incident along the characteristic ee 
As a result of the interaction, there arise for y > 0 a tangential discontinuity of low intensity and a 
weak shock wave (or a rarefaction wave of low intensity) (Fig. 3). 
Elementary calculations, by means of Eqs. (2.3) and (2.4), give 
the following expression for intensity of the transmitted shock 


+ 
wave (rarefaction wave) 
2 SN 42 = 
Op = Apso + apy, Vo, apr, = oie (V2 cot? e—V) apy, 
Moo? + (5 2) 


FU -B)v +Vote) — 2 Vo—V)] Vo. 


The intensity of the transmitted tangential discontinuity is de- 


termined by means of Eqs. (2.7) and (2.8): 
/ DPM: = We 2 
syvo = 3 Bed Vote 2, Veta ay. 
0 6VM = ayr Io + Ayv,2Vo, avr, McD, (V, cot?» — V) (Ss a 2 if, 
FIG. 3 (5.3) 
_ {eV OV V2\ 72 av 5 V A 
avve= lay, ~ (Gp + a) Be [(1— Sp,) V + Vo cat? 9) — 27 (Vo —V)]} ao, 
LP Sapinceavovn =| eee ae ig OV (5.4) 
Ainlo + avo, arr, [ 5 MCD, (V, cot?» —V) (1 +j ae )] ; 
es hag (RCL Oe ey heel av . v , 
Oise AY Oat (1 a V7, soi jel Sle molle ~ A (V + V, cot? o) — 27 (Vo—V)|t 8Vp. 
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: The shock wave at the point of intersection will make a break at a finite angle y, which is determined 
rom (2.10): 


%= Guo + aveVo, a, tang [1 = ( 1+ 7 +) (V,cot?e — V)| I 


Pye 
Moo 


ee V ov i sel? 
av, = sy vy Wy 1 —5y, — B+ PS) [(1- Sh) V+ Vote) 24 Ve—W]}. (5.8) 


We now consider the interaction of a weak tangential discontinuity (the type of discontinuity of deriva- 
tives of hydrodynamical quantities) with a shock wave, as a result of which weak and weak-tangential 
discontinuities are formed for y > 0. 


Denoting the intensities of the incident weak tangential discontinuity by a) and me) we can easily 
find the expressions 


AH = Yoy c (0, V Me = 4| -+ Vy) [ap A” af apy, (5) Ay] 


Molo 2,%y+e?V Me— 1 Os) De° 
(5.6) 
with the aid of (4.2). 
The curvature of the shock wave at the origin will have a finite discontinuity Ay, equal to 
Ak = me [anv, (a), Ay? + a1,d0””| (5.7) 


6. REFLECTION FROM A SHOCK OF AN ACOUSTIC WAVE PROPAGATED IN A COMPRESSIBLE GAS 
AND GENERATING AN ENTROPY-VORTICAL PERTURBATION IN SUCH A CASE 


Let us now consider the case in which the incident perturbation comes from the region of flow behind 
the shock wave (“overtakes” the shock wave). The flow in front of the shock wave in this case is subsonic; 
in Eqs. (2.1), (2.2), we must set 5Vo, dp9, 6V9 equal to zero. The perturbation behind the shock wave will 
be a combination of the incident acoustic perturbation and two outgoing perturbations — the sonic and the 
entropy-vortical: 


dp = 8p + 8p, sV = eV + 8VM +4 Bye), bv = dv + dv + sve), (6.1) 


where the quantities dp), 6V (0), 6v (0) describe the incoming acoustic excitation. 
Assuming F =0 in Eq. (2.2) and substituting 5p) + dp(2) for dp, dv(2) + 6 v0) for dv(2), we obtain 
the following ralations: 


ole WV \1>5 
2 cot (vydve — v.09”) —- [Vo cot? > ( 1 =}? x) —V (1 + 7? ~)| dp 


6.2) 
1» OV OV \1 a ( 
=—2 cot (v,d0? <=) 60 5)) ef [Vo cot? (1 —f )— v(1 + j? oo bp). 


Further, for the incoming perturbation, in accord with (1.12), we have 
vysu” — v,d05) = VM? — 1 Vip, 
for the outgoing acoustic perturbation, in accord with (1.13), 
vyso? —v,0? = — V M?— 1V8p®; 


2 : é : : 
Substituting this in (6.2), we find the quantity 5p! ) which characterizes the intensity of the outgoing 
acoustic perturbation 


sp) = —(D_/D,) sp, (6.3) 
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where D_ differs from D4 by the change in sign in the radical V M2—1. The remaining quantities in 
the outgoing sound perturbation are computed in elementary fashion by means of Eq. (1.13). 
We compute the entropy-vortical perturbation. With the aid of (1.15), we find 


6.4) 

4 as OV y2 ( . 

V0 = 5 cot ep VM — iv (> i a) 3p), 

The quantity I), as is easy to see, is equal to * 
(6.5) 


—___— «. OV 
I= — f cote VM—1VV—V) (1+ 5.) 8p. 


The form of the shock wave is determined directly from (1.17): 


ae 2V M2—1V dae ar 6.7 ] 
estar crea, wae (6-7 


Let the incident perturbation be a weak shock wave 


0 for *< y/k_ 


(0) = 
dp (x, y) ne = CONSt More 2 Uji. 


As a result of the interaction, a reflected weak shock wave (or a rarefaction wave of low intensity) 
and a tangential discontinuity of low intensity (Fig.4) are formed. In this case, Eq. (6.3) gives the inten- 
sity of the reflected shock wave (rarefaction wave) directly. Equations (6.4) and (6.5) determine the in- 


tensity of the tangential discontinuity. 
The shock wave at the origin will undergo a break at a finite 


i+ angle, the magnitude of which will be determined by the right 

j side of Eq. (6.7). 

: If the incident excitation is a weak discontinuity (of the type 
of discontinuity of derivatives of hydrodynamical quantities), 
then, as a result of the interaction, outgoing weak and weak- 
tangential discontinuities are formed. Making use of the nota- 
tions of the previous sections, we find the following relations 
between the intensities of the outgoing and the incoming weak 


discontinuities: 
FIG. 4 2 2 Pee a v,VMP—1+0, Aco, 
D, 0,0, + eV MP1 jo, V M@—1—v, | 
eae siotie Voie Ae) @ : a Pla ee oes ne (6.8) 
+ p\ Op c Oy (0, M*?— 1 = 0,) 
2 cot o V M2—1VM OV \| %0,—c2V M2 —1 
Aye Vo—V)(1 2 ) xy (0 
; D.. oa altar vane | ‘ 


At the point of intersection with a weak discontinuity, the curvature of the shock wave has a finite 
discontinuity, equal to 
0,Vy — eV M—1 
c(v, VM —1 Uy) 


2V M2—1V > OV 
Ny ce. gel ole) 
C= ee 


AO), (6.9) 


7. CONCLUSIONS 


1. The interaction of a shock wave of arbitrary intensity with small perturbations has been considered 
in the case in which the motion behind the shock wave is supersonic. | 

2. The interaction of a shock wave of arbitrary intensity with a weak shock wave and a tangential dis- 
continuity of low intensity has been considered, as a result of which interaction, an outgoing weak shock 
wave and a tangential discontinuity of low intensity are produced. Equations have been obtained connecting; 
the intensity of the resultant discontinuities with the incident intensity. 
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3. The interactions of a shock wave with a weak and a weak-tangential discontinuity have been con- 
sidered. As a result of these, outgoing weak and weak-tangential discontinuities are formed. 

4, A singular phenomenon of “resonance” has been discovered, which leads to a significant amplifica- 
tion of the intensity of the incoming discontinuities. The connection is pointed out of this phenomenon 
with the possibility of splitting of the shock wave. 
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Consideration is given to the general case of the interaction of small perturbations with a 
shock wave of arbitrary intensity within the framework of a two dimensional stationary 
problem in the case of subsonic flow behind the shock wave. A solution is given for the in- 
teraction of weak and weak-tangential discontinuities with the shock wave. In both cases, 
the weak-tangential discontinuity formed behind the shock wave possesses a specific loga- 
rithmic discontinuity. 


1. INTRODUCTION 


In the previous paper,! the perturbation theory was given for the shock wave with supersonic flow behind 
it; with the aid of perturbation methods, problems were considered of the interaction of weak singularities 
with the shock wave. The purpose of the present work is the consideration of analogous interactions in 
the case of subsonic flow behind the shock wave. 

For subsonic flow behind the shock wave, the equations of hydrodynamics are elliptic and the method 
of characteristics used in the previous paper are not applicable. 

Let us consider a plane shock wave in one dimensional flow. As the y axis we choose the perpendic- 
ular to the wave in the direction of the normal component of the velocity. Let the x axis lie in the plane 
of the wave and be directed along the tangent to the component of the velocity. 

Inasmuch as the motion is supersonic for y < 0, all the incident perturbations are described by solu- 
tions obtained in Sec. 1 of the previous paper. For y > 0, the system of hydrodynamic equations will 
possess only one set of real characteristics — flow lines along which the perturbation of the entropy and 
the curl of the velocity are “transferred.” Therefore the entropy-vortical solution is preserved here 
also. Two sets of characteristics become imaginary. To find the solutions corresponding to the elliptic 
equation it is expedient to reduce it to Laplace’s equation. 


*Deceased. 
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The linearized hydrodynamic equations have the form | 
(1.1% 


(vy) ov + Vydp = 0, 

i 

div dv + (V/c?) vydp = 0, (1.2) | 
(vy) 5s = 0. (1.3) 


Taking the divergence of (1.1) and eliminating div 6v with the help of (1.2), we obtain the following _ 
elliptic equation for 6p: I 
Asp —c?(vy)?8p = 0. (1.4) ] 

For the reduction of this equation to Laplace’s equation, we undertake a transformation to a new varia~ 
ble by the substitutions 


V1I— ME = (1 — 95 /c?) x + (vxdy/c?) y, N=, (1.5) ! 
after which, as is easily shown, Eq. (1.4) takes the form | 
076 p/08?-+ 0Sp/dn? = 0. (1.6) 1 


Thus 6p is a harmonic function of the variables &, 7. | 
It is appropriate to subject the independent solution of the hydrodynamic equations with dp #0 tothe ~ 
conditions 


is = 0, J) = viv-+Vip =0 (Lia 
similarly to what was done in the previous paper. Taking the gradient of the latter condition 
vy (viv) + Vyop = (vy) ov + [veurl dv] + Vysp = 0 


and comparing with (1.1), we can establish the fact that 
cunlov = 0, 1.6. Ov =sqo, (1.8) | 


where g is the velocity potential. It is easy to show that g satisfies the equation (1.4), i.e., itis a 
harmonic function of the variables &, 7 

Thus the independent solution of fe hydrodynamic equations with 6p #0 is characterized by condition 
of a potential and isentropic character, where 6p and » satisfy Eq. (1.4). 

The position of the characteristics relative to the shock wave is shown in Fig. 1. As in the previous 
paper, the illustrations are shown for a gas with y = 1.4, in which the pressure increases by a factor of 
10 in the shock. However, the horizontal velocity vy, is less and 
amounts to 0.5 of the velocity of sound in front of the wave (for 
y < 0). Here, for y < 0, c/v = 0.333, and the flow is supersonic; for: 
y <0: c/v = 1.75 and the flow is subsonic. From the side y < 0, any] 
of the perturbations calculated in Ref. 1 can fall on the shock wave. 
As a result, the entropy-vortical perturbation arises for y > 0, and 
is propagated along the characteristics; the perturbation is describec 
by the solution of the elliptic equations. To speak here of perturba- | 
tions “arriving” from the side y > 0 has no meaning because of the 
elliptic character of the equations. For a given type of perturbation | 
incident from the side y < 0, the solution of the problem will be a 
linear combination of independent solutions that are determined frony 
the boundary conditions on the discontinuity. 

The boundary conditions on the discontinuity were derived in 


/0 


| 


Bigs: — shock Ref. 1. They are: 
wave, --- — characteristics 30g, = 80y== (Oy — sys Ok: 
of the entropy-vortical per- aa (1 
turbation, which coincide with oye yea [ TRA Set A 
the flow lines, ... —character- “oy — Py Sees Ls ees (1. 10) 
istics of the acoustic perturba- 
Ae z V = FPP + 5 bP + Sy. Voi (1. 1) | 


| 
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28Vo _, 39—3po _ SVo—3V_ ; (1.12) 


Furthermore, the solution of the elliptical equations must satisfy the condition: 


6p = 0; Vo = 0 at infinity (1.13) 


2. SOLUTION OF THE EQUATIONS 


Let us proceed to finding the solutions (of interest to us) set up by the incident perturbation. 
To find 6p and gy, it is necessary to solve Laplace’s equation with boundary conditions on the shock 


_ wave (y = n = 0). 


Transforming the boundary conditions (1.9) —(1.12) in the same way as in Ref. 1, we get 


2 cot o (vydox — vxtoy) — [Vo oot? (1 — 2 >) —V (1 + # S\| 8p = F (x); (2.3) 


ee > > 9 ay ONY : R : e 
= 2 cot o(VySU9, — Vx8Upy) — [Vo cot? © (1 + j? a ay (1 —_ =| Spo + 2j vm (Vo — V) buy 
: OV > 
ti ? (0-57) (V + Vo cot2 ¢) ~ 25 Vo— v)| Vo. 


Now, differentiating (2.3) with respect to x (along the shock wave) and, making use of the equations of 
hydrodynamics, we get 


08v d8v ULOn aS v2 as 
ane Pp y P 
UT Diun abd CaO vette wink ( Me 


As a result, we obtain the boundary condition in which there enters only the derivatives of dp along the 
shock wave and normal to it; transforming to &, 7 init, we finally get 

—[Vo cot? ¢ (1— 7 S\)—V(1 + ?? | oe + 2Y cot VI — Se (2.5) 
0 @ J Op J dp /| of cot * On OE * 


To find the harmonic functions which satisfy (2.5), we introduce the quantity @ by the definition 
® = Odp/dy + i Odp/de. (2.6) 


By virtue of Laplace’s equation for 6p the quantity #, which is considered as a function of the com- 
plex variable 


: . 4 — v2 /c2 Ong Co ; 
eee ee ee 2 =+i)y, (2.7) 


is analytic in the upper half plane. 
Thus the problem reduces to finding an analytic function along the given connection of its imaginary and 
real parts for n = 0 (the Riemann—Hilbert problem). If we now define the function 2(¢) by the expression 


OCS 70) dt, 


where the integration is carried out along any contour lying in the upper half plane and diverging to infinity, 
then Sp is connected with Q(€) by the obvious relation 
6p (&, 4) =ImQ(). (2.8) 


For the determination of 6v, we note that dév =v") + bv, where év'!) is determined by the entropy- 
vortical solution, and by?) = Vo by the solution of the elliptic equations. It is easy to see that a deter- 
mination of év'2) reduces again to a solution of the Riemann—Hilbert problem. Substituting in Eq. (2.3) 
for 6p its expression in terms of 6v(2) [Eq. (1.7)] and in place of dv the sum 6v't) + 6v(2), we find that 
dv(1) drops out of the expression and we obtain the following relation between the components vv and 


ov) on the shock wave: 
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av U coh oto Fei oe) ee cot ® 2) (1— 7255) ] 80) = — F (2). (2.9) 
(+i x) (V+ o cot ¢) ou CO | ( Sa "0, V 0 ' Op c ¢ 
Transforming to the variables é, n, and introducing the notation 


dv~g = O0/0E, 8U_ = O9/ON; 
0,0,/C 


4 — vA fo? 
Sy(2) = ey! —— 
Vi— mM 


‘s Vi— M? 


Ove, bv) = OU, + 


we finally obtain: 
.. OV 
{cot © [wv —V)+ al + Vo cot? 2) (1 — Ps) | | 


: OMS n J 
i+F5) (V + Vo cot? ¢) loamy TE 


| 
— EV cot @(V—Vo) + Vo (V + Vo cot? ¢)}} 8u¢ = — F (®)- | 

| 

From this it is evident that the function | 


considered as a function of the complex variable €, is analytic in the upper half plane; the determination | 
of &(€) also reduces to the Riemann—Hilbert problem. 
The components of dv’) are connected with W(C) by the following obvious relations: 


du) = (1 — 02/c%) (1 — M?)“*hIm¥ (0), 809) = Re ¥ (6) + (020y/c?) (1 — M?)—" Im ¥ (¢). (2.11) | 


As is well known,” the solution of the Riemann—Hilbert problem for the function #(¢) = u(é, 7) 
+iv(é, n) satisfying the condition au—bv =f(&) on the line n = 0, where a and b are constants, and q 
f() is an arbitrary function, is given by the following integral of the Cauchy type: 


es b+ ia f(t) at 
Oe ae ee 


Therefore, for the function ®(€) of interest to us, we have: 


b+i OF (zt) d Eh steel .» OV . OV 
D0 — Tepe \ a rae C= VoteVI— Mt, B= vy, wtteli— 5) —Vilt Pe eg 


We shall consider that the function F — 0 for tT + + ~, Then, at infinity, @(€) behaves as 1/ Ca so 
that the integral f @ (€) d€ along the contour which goes off to infinity does have meaning; in this case, 


id 


b+i ; 
26 =(9a = — eee af 


aT OF (t) 
G=C OT 


Reversing the order of integration in the latter integral, and integrating over 7 by parts, we find 


prey aaa pee fone ae eee (2.13) 


~ (a+ oe) Sth oe e@t +e) \ 7 —e ° 


The latter integration by parts is valid in the case in which 8F(tT)/8T has finite discontinuities. Thus 


f> b+ia (F(t)dt _ 4 F (t) O,Uy c2 V1 — Me 
PH = — Imeem \ sae AER VO ng tt gag) HO ew) dt, C1 


where we use the notation 


v0 2 ch(1— M2) 
G(s) 9) = ft —7 — — 
( x y) (é x reae| y => (2— v2) Uy. 
In what follows we need the value of 6p(x, y) on the shock itself. As is well known (see, for example, 
Ref. 2), the value of the integral (2.13) at any point & on the boundary is equal to 
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; J (CN CRS Lae 1a (Gs) Wales 
im |e = niF @ +\oee, | (2.15) 


where the diverging integral on the right side is taken in the sense of its principal value. We then have 


N 1 
8p (x, 0) = — Saray [ba (x) + a a\ 50": (2.16) 


x 


In similar fashion, we have for ¥(@): 


B+ ia F (t)d 
¥ (oS) = SER \ OE a=j(l+75 5p) V + Vo cot® @), 


2.17) 
Ey; i, V pV ( 
B= j(1— Myf oot @ [V — Vo + 12 + Vo cot? e)(1— PS )— EF IV cot 9 V —Vo) + Vo V + Vo cot? ¢)]}. 
The components of 6v (2) | in accord with (2.11), are ey by the following formulas: 
4 — v2/c? F (t) aed ae ae 
$ (2) = Ba —x— e 
Ue Wd) aaa Oe may (alex cope pid xa sciae pres renee 
4 F (t) 0,0 eV 1 — Me 
dv2) 4 ee gee ee a ey 
POD) = aa 8s tae PP Macemal, as eae ioe ae ae (2-18) 
We take the values of dv x’ (2) and dv e on the shock wave itself: 
: te Oc F (t) dt 
57) (2) ; 0) = y T ( ) 
CO Sy remem e\ ner }: 
(2.19) 


4 


du) (x, 0) = nat By 


; |= =#F (x) +p4 ee “Y_ dy(2) (x, 0). 


2 
Cc re) 
y 


We now proceed to finding the contribution of the entropy-vortical solution. The value of 6V consists 
of two parts: 


V =ovV,+ WV, VV, = (OV/ds), 6s, Vy = — (Vc)? dp. 
Condition (1.11) gives for 6V, on the shock wave: 


y2 oS OW & OV x (2.20) 


Vi = (G+ ee + 5 Pt Gy Wo. 


If we then substitute the expression for 6p [Eq. (2.16)] and replace the argument x by x—y/k, we 
obtain: 


__ V2jc? + OV/dp y F (t) dt OV Sp Neg Ves ia 

Bs (x, g) = — ete onP (x — 2) + 94 rte] + ap (x) + ay, Vole — slo). (2.21) 

The divergent integral here, as in subsequent formulas, is understood in the sense of the principal value. 
The contribution of the entropy-vortical solution to the velocity 6v,, is determined by the quantity 

I) = vdv,. Repeating the work of the previous paper, we obtain the value of Ip) on the shock wave: 


4 2 OV 2 V \ doe Vere Was 
Ty = 0480) — + WVo—V) (14 PZ) + 5 |V (1475) +V0(I—P 5.) ] moti Vo V2Q-—-14+5,| ve 
Replacing dp by its value (2.16), replacing the argument x by x—y/ko, we find 
4 (Vo —V) (1 + 720V/0 F (t) dt 
Ta(s 4) = e002 — alk) + OEE [ork (x —) + oreo 
(2.23) 


+4 [V (14055) + Vo(1— iG) ox e) +a P MoM, — 1 Hay] Mo(*— §) 
We recall that 6v, is connected with I) by the relation 


bu, = (v/M?c?) 1) (x, y): 
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The complete solution is obtained by summation of the entropy-vortical solution and the solution of the 


elliptic equation. i 
Finally, let us compute the form of the perturbed sound wave which we shall characterize by the 


curvature K(x) & 7” (x), for which we make use of the condition (1.12). Differentiating with respect to x ! 


and taking it into account that 


2 /c2 ; 
i I GF iy 
Ox = V1— MP 


we find 


50. 5 2 1 — v2 /¢? 1 = v2 Jo? 
Su y (x) V/Vo— OV/OVo wt’ 4 —720V /ODy <7 1 + poViop 7 A ( y }} 
1%) ne ee ae SS Ss m ¢ KO he 
K (x) = 7] (x) = tan © 5 é Ve V BV (x) 2(p Po) oP (x) 2(P— Po) V4 M2 Vi M2 


Oy 


(2.24) | 
| 

We sez that the curvature of the front of the shock wave is determined by the first derivatives of | 
hydrodynamic quantities. | 
The formulas obtained in this section have a general character, inasmuch as no assumptions have been) 
made regarding the character of the incident perturbation. If we set 
V2 == UpyV M2— to 


> . OV a> ne 
689 = 90; Vy = — —- Oo, Vox = San) 
0 Mo 


ox > 
~ V3Do, Boy = 


= toe Mp! SSO VNR (2.25) 
My % 
this will mean that the incident perturbation is of an acoustic type and is connected with the character- 
istics k, 9 (upper sign; the shock wave “overtakes” the perturbation) or k_) (lower sign: the shock wave 
“encounters” the perturbation). 
If we are interested in the interaction of the shock wave with the entropy-vortical perturbation, we 
must set 


8Py = 9; BVo = (OV/Os)p,5803 Vox®Voy — VoydVox = 0. (2.26) 
This perturbation is connected with the characteristics Kop. 


3. INTERACTION OF A WEAK DISCONTINUITY WITH A SHOCK WAVE 


We now proceed to a study of the interaction of a weak discontinuity with a shock wave, for which we 
will be interested in the intensity of a weak tangential discontinuity which passes “through” the shock 
wave, the behavior of all quantities near the point of intersection of the weak discontinuity and the shock 
wave, and also the form of the shock wave close to the point of intersection. 

Let a small perturbation of arbitrary type, with a weak discontinuity, fall on the shock wave from the 
side y < 0; we consider the most interesting case, in which the weak discontinuity is a discontinuity of 
derivatives of hydrodynamical quantities. The intensity of the incident weak discontinuity is characterizeci 
by the jumps A, A, and A, in the derivatives of the pressure (for weak discontinuities of the acoustic 
type), of the entropy Aj, and of the quantity I) (for weak tangential discontinuities) respectively along the 
normal to the characteristic bearing the discontinuity. We choose the point of intersection of the discon- | 
tinuity with the shock wave as the origin of the coordinates. We denote the jumps in the derivatives of the , 
hydrodynamical quantities at the origin, along the shock wave, as App, Avo, etc. In correspondence with } 
what has been shown, the decomposition of all the quantities on the shock wave from the side y <0 near | 
the origin will have the form | 


Peed pon for x<0, 
NF (0) + Ayx for x>0. 
Let us determine tentatively the behavior of integrals of the Cauchy type, which are encountered in oul 
problem, near the point € = 0. 
As is well known,' the integral (2.12), in the neighborhood of the point € = 0, and for the presence of 
a discontinuity in 8F/dT, will be logarithmic: 
b+ia VY1I—M 


OG 
es (+ 6) 1 — opie? abana: |) 
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where A is a constant dependent on the behavior of the function F (T) everywhere on the x axis. 
In what follows, we need the values of (3.1) on the real axis 


Ar 
ae poy Mb In|§|— ar) +i (aln|é|+ or) + A] for §<0 
POS) 4 (3.2) 
ar by WO + ia) Int + Ay fore: 0:4 


For the determination of the behavior of the function Q (¢) close to the origin, we integrate (3.1): 


(6 + ia) A,V 1 —M 
m (a? + 6?) (1 —of, /c?) 


dnc Aa 1); (3.3) 


This formula gives an expression for 6p behind the shock wave in the region about the origin. Actually, 


taking the imaginary part of the expression (3.3), and transforming to the original variables x, y, we 
will have 


: er Vi> We Ap Ff 408 je adie VA, U hauec hey alia 
tet 0.0 et eye + (Fo) (4 2)» 


vile? (a? + 6?) oo, = vic? 2 
i ‘p 1 — 0? /c? - bu,v,/C? Vi— My aig cop (3.4) 
§ A pate 5 Pei v5 5 ° 
| Vi-—wme - Ce — M? a) y) tan (4 — u/c?) x+ (v,0,/c?) y | < oy 


Here 6p(0, 0) is determined by Eq. (2.16); Ap and B, are constants which are connected in a definite 
way with A. On the shock wave itself, the following relations hold: 


xIn|x|+(A,—A,)x for (<0, 


Apa 
8p (x, 0) = 8p (0, 9) + aay 


(3.5) 


dp (x, 0) = dp (0, 0) + xInx + Apx forsc ° 


Apa 
x(@ +6) 
where 
Ap = —Apbj(a? + 6%). 


The function & (€) which is necessary for the calculation of d6v (2) differs from & (¢) by the replace- 
ment of a by —a@ andof b by -8. Making use of Eqs. (2.11), we find (close to the origin): 


A 4 — y2J/e2 2 2 1— M2 
sl) m= Bo (0, 0) — a | (a Eo 4 (ey) ctx + SP) “| 


m (a2 + B2) | V1 i 03/02)? 


Pee Bo, yc? ae 
—_ Z — 9 iy x+Bo,y.- 
Be ( i— mt Fe = see) ¥) tart re et(e,a) 9 }¢ : 


‘ (Nes Vi- me 0202 iy 2800 ,/c? ee Oe 4 
Su) (<; 9) = 60) (0, 0)+ , | (« ( ere se aa eis eer : 


m(a? + B?) 1—v%/c? 4 — M? Vi- mw ae. 
( Uy 2 ieee 5 | 30 ( Bv,v ,/c tor fe nt [ee 
are bes eee peels Seite ae ie 
xin | Cen s) T Gaeyap! JTL" Vim) Vm WV on 
v2 fc | yV1— Me | 
ay “ Hla, 86 N= 1B 1H 
a(t t=) a UA) eet ed a 


On the shock wave itself, we have 


Apo vy \ é; f 0 
802) (x, 0) = dv®) (0, 0) ate) (1 oe ein x| + (Ao, — Av,) © OF 0, 
Apa 
8u®) (x, 0) = dv® (0, 0) Sala 5) (ao ex Inx + Ay x for «0, 


au Vy/ 


> Ap x c j moe Ne 0, 
bof) (x, 0) = 60 (9, 0) m (a2 + B2) (8+ a) eine + (Avy Avy) x, for xx 


2 
AV ~Vy /C 


& ose 
bu (x, 0) = do) (0, 0) aa a (8 aa ) In x + Any for x>0, 


S.) Ps DV PAKO VY 
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where | 
Apa. Ligh ict noes Ap (ees ay, 
Av, = Gap Vi—m ' “ya +B \ V4 — MP 


: 1) ; F 

We now find the contribution of the entropy-vortical solution. The quantity 5v ( ! We determined from 
Eq. (2.20); substituting x—y/k) for x in this expression, we get the value of 6V in the vicinity, of the 
flow line x —y/kp = 0, which will be the bearer of a real tangential discontinuity of very unique character; 


sV@ (x, y) = 6V (0, 0) +(4 ae oY) x —£)in(b —2) + (Ay — Ay) (x) for x<y/Ro, 


aVON(x, y) = VO (0, 0) + ( +h) os (x £) ine )+ Ay(x—) for x>y/hos 


OV 


vz. av, Arb | 
aE PEL SES S| Bay ROT 3.8 | 
OPo ‘ Op ) (3.89) 


aVv | 
Ant oy, Ay. —(@ a? + 62 : i 
I] 


Ay = 


Of similar character is the special feature possessed by the quantity I). According to (2.2), we have 


Ip (x, y) = 10, 0) —zM%—-V)(1 +P?) — (x—Z)n (+ —2) 45(Ay, (x —+) for x<y/Ro, 


\ A 
Io(x,y) = Io (0,0) 4 Vo—V)(1+ 7? MY Eg (e— £)n(x- 4) + Ai(x—) for x>4/ho 


A, =the, + [V(I +7 52) +V¥0(1— 7a )| An 


F) 4 . OV\ Apb 
+57 Vo—V) [24 —14 Fe] dv to M—V(l+P  ) ape (3.9) 


We see from Eqs. (3.8) and (3.9) that a weak tangential discontinuity, which passes through a shock 
wave, differs in the subsonic case in an unusual character: in addition to the jump in the coefficients in 
the linear terms of the expansion of hydrodynamical quantities in the vicinity of a weak discontinuity, this | 
expansion is characterized by the present of a logarithmic singularity. ! 

For the calculation of the curvature of the shock wave in the vicinity of the origin, we make use of 


Eq. (2.24): 
1 ttP Ape 
K (x) =tang {Ax — Ax — 5 Fat SER I | for «<0, 


(ae A 
1 0 Fa 
K (x) = tang {Ax eee oa x(a? 1B) In x} for.x, >.0,; 


Av V/V,—@V /aV 4—pavsa 14+ j20V/dp Afb 
wc 0y [Vo 0 j Po + j?0V / Op 
CSE an ES Hee or asap mmr ser nn 


oy 


Thus the curvature of the shock wave in the subsonic case also has a logarithmic singularity at the 
point of intersection with a weak discontinuity. 

There now remains only the connecting of the quantities Ap, Apo? etc. with the intensity of the incident | 
weak discontinuity. Let us first consider the case of the incidence of the usual weak discontinuity of the / 
acoustic type. Inasmuch as the weak discontinuity can fall along either of two characteristics k,.9 and 
k_9, we must distinguish two cases (Figs. 2 and 3). The connection of the quantity Ap with the intensity | 
of the incident weak discontinuity follows from elementary geometric considerations: : 


Ray Au Up Yoy £62 V M2 — 1 " (3 11) 
a a pea eT + ———! aaa + i s 
V1 + Fo C9 [U,V —! + Uy] 


Ap, — 


Therefore, with the help of Eqs. (2.25), we get 
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Uox¥ Uy tV Me—1 


Ay.=—V; 
: & 0 [x V me—1 1 At Voy] 


Vo ([F %yV M2— 1 — Ay] [Opty £2 V M2 — 1] 


Uv x — A - 
0 Me e [oy V we Sel Gal + (3.12) 
irom Vo [+0,,V mM? —1 — Uyl Ry Bee V me? — 1) A 
vee Me GAR V m1 + Uy + 
ia Further, we find: 
27°V 
de = | [Vo V) (Vo cot? o — V) = (V2 + Vecot 2 2) cot oV M2 — 1] 

0% 

: 1, OV » OV pve av 
Fic? —|V, cot» (1 4p a v(1—? ai if (1 VY y+ Va cote) 
0 


VoxYoy + ce V = 
Co [Upy V M2—1 + %.. 


—27,Ve—V)}} As: 


Hep 


OVey ave %) Uy Poy tea V M2—4 


Col, V M2—1+ Y yl 


Ar, => Vo—V)(1+ 7? ap) ce OF : (Vo v)fi+ ae 


pV -- M?—1 
+Fen- ol ae 
0 07 | cy fog, V M2—1 + De 


OV 


Mead hit Jaa As er V/Vo—aV /aV, Yo (3.13) 
ee) aER 3 2 (Pp — Po) Vix Ve 
7 eat Es tal ana aa 
2 Sa a 
FIG. 3 MS % Co ly V M2 —1 + v,] 
/ The upper and lower signs in these equations refer to the cases a and 
ve b, respectively. 
y; Now let us consider the case of the interaction of a weak tangential dis- 
yi continuity with the shock wave (Fig. 4). In correspondence with Eqs. (2.26), 
/ we have 
fe 0: pl Wis.f OY. : BP OTe OTaal nee. Py 
Dp =O: By PE-(F-), Oi: Aen = Gag Aet Any Fag Ae (8.14) 
Therefore, with the help of elementary calculations, we obtain 
A. 73 av 
Ap = 2)° Vo —V)Vo(V —Vo oat* ©) is + Hig ((! 5V;) (V-+Vo cot? ¢) 
| V av PPG. AAR b We enoV. av 
—2-7-Wo—V)]Vo(-J-), 5 Av=—(a ta) pais Ae + tigy 3) Ws 
il b JV Abs V 
FIG. 4 A,=3V—V(1+? mr) PER At Tce 827 Ho yV(2 Vien 


1: 


av Vo (ov : 1+ 72aV / ap bak: IMolane VijiVg— OV /'0V5 Ve (%) 
or tn Jog oe 2(p=po) +8 1 Mac3 2+ Veen: Moco \ Os ) ps 
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TIME REVERSAL AND REACTIONS INVOLVING POLARIZED PARTICLES 
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J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 975-981 (October, 1957) 


If the interaction between particles in a reversible process such as a+b 2=c+d_ is invari- 
ant under time reversal, one can obtain several relations between the angular distributions, 
polarization vectors, and polarization tensors of the particles in the direct and inverse reac- 
tions (for arbitrary particle spins). These relations may be considered a generalization of 
the so-called “principle of detailed balance.” 


W: shall consider reactions such as a+b—c+d ( “direct” reaction D) and its inverse (I) reac- 
tion c+d—~-a+b, where a, b, c, and d are “elementary” particles or nuclei with arbitrary spins. 
We assume that the physical system (consisting of either pair a and b or ec and d) is invariant 
under time reversal.!? 

Experiments on such reactions give information on their S matrix. In order to find all the elements 
of the S matrix we must perform a complete set of experiments, which involves measuring not only the 
angular distributions of the reaction products, but also their polarization vectors and tensors in experi- | 
ments with a polarized beam and a polarized target. In elastic reactions of the type a+b—~a+b, in- | 
variance under time reversal makes it possible to decrease the necessary complete set, just as do the — 
conservation laws for angular momentum, etc. It will be shown in the present work (see Sec. 3), for in- 
stance, that once having measured the angular distribution for an unpolarized beam and an unpolarized 
target, we need measure only the polarization vectors of the products of the reaction in the next experi- 
ment. In this experiment the initial beam and target are polarized so that only their polarization vectors) 
are nonzero, It is not necessary to measure also the polarization tensors (of rank higher than one), 
since what such a measurement would tell us about the S matrix will be obtained from other experiments 
of the complete set. In these other experiments the beam and target are polarized in a more complicated} 
way (with nonzero polarization tensors). In general, we can conclude the following: it is possible to 
eliminate experiments in which one measures polarization tensors of rank higher than the highest rank 
polarization tensor describing the spin state of the beam and target. 

For a reaction of the type a+b—-c+d, time reversal invariance leads only to the conclusion that 
an investigation of the direct reaction can be replaced by an investigation of the inverse reaction. 

1. The results of this work will be given in terms of the statistical tensors defined previously.? We 
present here the relation between the components p(q, v), with v =-—q, -q+1,..., +q, ofa statisti- 
cal tensor of rank q (with q=0,1,..., 2i) of a single particle with spin i and the density matrix | 
(my |p| m,) describing the spin state of an ensemble of such particles: 


p(9,%) =V 2+ TS (— 1) (iim, — mg | qv) (mm, |p| my). 


Mm, Mo 


The symbol (i,igmym,| qv) = CH mio, is a Clebsch-Gordan coefficient, and the rest of the notation is 


consistent with the previously cited work by the author.® 

In the a+b—c+d reaction we obtain the following expression for the statistical tensor of the par- } 
ticles c and d interms of the “scattering matrix” R (in the representation in which the spin projec- | 
tion and momentum are diagonal) and the statistical tensor of the beam a and target b (the notation 
is that used previously’): 


6" (Bes "5 Geredata) = [(Zic + 1) (ia + 1)Y (ia + 1) (Zip -+ IA 


x >) (De, a’, es QcXcGaTa | Wy! Pa, %1, Xo; JaTaqetp) lemme Jata4ste); ( 1)) 


Vat aIb*b 
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ene e : tpt A ; gem; 7) 
(Pes % 3 %5 Geteqata| Wp| Par 1s 5 Gataqors) = > (— 1) * icicttte — m, | Get) (—1)4 ™d (daiatta — m’,| qata) % 
Mo, Ma, m m ( 2 ) 
mail r i , , , * —i+-m’ oe y =! s Aon 
>) (McMaPc%, | R | MaMpPa%) (m), 11’ Pe%,, | R| mm, Pa%) *(— 1) * (dalalMa — M,| Gata) (— 1) aa (dolotMy — mM, | Qoto)- 


, 


‘7 
Ma,Mp, Im ,m 
BRET ars b 


In what follows it is irrelevant whether all the spin indices refer to the same z axis of quantization, 
or whether Tc, Tg, Me, and mg are defined with respect to an axis of quantization? along Pe, and Ta, 
Th» Mg, and mp are defined with respect to the pa direction. 

For the inverse reaction we may write two similar equations which we shall call (1’) and (2’) (the 
momentum of particles c and d in the rest system is po; we are interested in particles a and b 
emitted inthe pg direction; the coordinate system is the same). Let us establish the relation between 
the elements (mgmpp, | R | MeMgPc) in (2') (the @ indices are suppressed) and the corresponding ele- 
ments of (2). 

Invariance of this process under time reversal can be written? 


(¥,S@)= (Dx, 5 ¥x) (3) 


(a similar relation holds for R =§ = 1). According to the definition of the wave function of the time-re- 
versed state (see Sec. 3 of Ref. 2) the reversed wave function of ¥m,mpp describes a state* in which 


the spin projections and momentum of a and b have the eigenvalues —M,, 7Mp,.and —p,7 i.e., 
Vxmamyp ~ Ema. —my. —p 
with an accuracy up to a phase factor whose expression is given by Huby and Biedenharn,? namely 
EK mamyp = KV mgmop = 2% (— 1)" mg, my p> (4) 


The phase 8, which may depend on ig and ip andevenon p will be unimportant in what follows. 
From the above we find that 


/ 


(MaMsPa | R| MetMaPc) (11/,11, Pa | R | mm4Pe )* 
in (2’) can be replaced by 


’ t , , 
a 4+mMqt+m m , ’ , * 
Barty im TH, ™e da et d (— Mc, — Ng, — De | R | — Ma, — Mp, Pa) m, My, Pc | R | mM, m,, Pa) ’ 


1) 


tA td ? 
—ma-mbh—me-mg, » 


(-1) (mg 


+ Tht Tet 
where the phase factor is (— 1). 2 ugh Td since -(—-1) 


+mp+mo+mg) is an integer and tg =m, — mg, etc. [see Eq. (2)]. 

After this we replace the indices m in (2’) by —m. This does not change the sums, since the in- 
dices m take on the values —i, -i+1,...,i-—1, i. The factors (—1)+i+™(iim —m|qr) in (2’) then 
become (—1)+i*+™(ii - mm|qr), and according to the properties of the Clebsch-Gordan coefficients 
this is (—1)~4(-1)*i+™ iim — m]q —7). We note that (—1)17~™=(-1)7!*+™, since i-—m is an 
integer. 

We finally find that all the coefficients 


mat+mbt+met+ md _ 


(Pai Jataqety | Wy | Pes Feteata) 


*The wave function describes the state of the physical system consisting of particles a 


MaMpP 
and b (but not c and d) whose momentum in the rest system is p and whose spin projections are 
mM, and mp. 

+We assume that among the variables a (which represent all the variables other than p, m,, and 
mp characterizing the state of the system, e.g., intrinsic particle parity) there are none which change 
sign under time reversal. In addition, it is assumed for simplicity that the beam and target are not in 
mixed states with respect to a, or that the density matrix p in Eq. (1) contains the factor Sava, Saag’ 
and that after the reaction one measures the probabilities only for possible values of a (if they are 
measured at all) which can be given by matrix elements of p diagonal in a. 
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of the inverse reaction are known if we know all the coefficients Wp of the direct a+b—~-c+d reac- 
tion, and vice versa: 


4 


, : dat %pt%rtIattattottct*d 
(Pa, &; Jataq ots | Wo | Pe, a’; Je%eaTa) = (= 1) . : i 


x (— Pe; a; Yer — er Yar —ta|Wp! — Pa, &; Ja, — a» Yb» —). (5) | 


2. The fundamental relation (5) can be obtained in a different way by expressing the invariance under | 
time reversal in terms of the symmetry of the elements of the S (or R) matrix in the representation 


in which s, 2, J, E, and @ are diagonal (see the previous footnote ):?+4 | 


Fi | 
(iginsla.| RIE | igigs'U'a!) = (igigs'U’x’ | RIF | igipsla). (3)) 


Expressions for the statistical tensors of particles c and d in terms of such matrix elements and the 
statistical tensors of the beam and target have been given previously [Eqs. (2.10) and (2.11) of Ref. 3]; 
to be specific we shall use henceforth the second of these equations, (2.11). This can be written in the 
form of (1), where 


(Pe, &'s Gereqata|Wp| Pas % atagu%») = N (4n)? S\(— 1)"** (qeqatota | 9'2") (2ge + 1) (2ga + 1) X Cegetes $198, taGata) 


Tati aeee, 1 ‘a 5 Let 2 J,E( a) - 
x Gt, Aalst Jq’s Salis.) (Sila! | RPP | syle) (sya! [Ro | Salsa) : 
(6) 
<Ge (31153; Jq3 J glo) x (Wadatas SiJSo; inQotn) [(2ga Ets 1) (245 ae 1)}"2 (FaQat aT | qt) (== 1)at* DE (8c71). 


Here ) denotes summation over q’, sj, 3, Uj, % Jy, Ig, ys ty, 84, Sq, G, and J. We have written 
tT’ =Te+Tq and T=Tg+Tp. The remaining notation is the same as that of the work cited. 

We could now write out the expression [let us call it (6’)] for the coefficients Wy of the inverse 
c+d—-a+b reaction (maintaining the same notation, i.e., using primed indices such as G3 tT sales 
for particles c and d, and unprimed indices for a and b); then (3’) can be used to transform (6'), to. 
the extent that this is possible, to the form of (6). 

The Clebsch-Gordan coefficients, the X coefficients, and many other factors in the general term of 
the sum in (6’) can simply be permuted so that they occur in the same places as they do in(6). Further, 


Dis (a8 4) = (D™)Z,, (Se8z1) = DI (Beka!) = (— 1" D1, _, (SeB51): 
From Simon’s® Eq. (B.1) for G, it follows that 
Genmikth 9 (Ll, 00|L 0) (qJt—t|L 0) X = tht §) (iy, 00| L 0) (gJ — xt! L 0) (— 1)'-9#-4 X a (— 1)-4 GL, 
Ib Fz 


I 


Since L+ + must be even [the presence of the coefficient ( 2,00] %LO0)], we find that (-1)% 
’ 


Qt y) =o 
Sigs aad (1 Ae G*G_" in (6’) can be replaced by (—1)?° 4g* 
Noting also that 


T 


(qa9stat» | qt) = (— 1)98*%~9 (qq, — ta —%|q —*), 


we finally obtain a relation which can be written in the form of (5) [or (8); see below]. 

It should be emphasized that in obtaining (5) by this method we started not only with a formulation of 
time-reversal invariance different than that of Sec. 1, but also assumed invariance under space rotations. 
This latter makes is possible to express the fundamental result in a form much more convenient for ex- 
periment. This involves rewriting (5) for the case in which the incident beams in the direct and inverse 
reactions have the same directions (usually chosen as the direction of the z axis) rather than two dif- 
ferent directions pg and pg. This is particularly convenient for a reaction of the type a+b—~a+hb. 

Let us first note that the element 


, (Pa; Jataq sto | Wy| Pe; QeeGata) ( a) 


does not actually depend on pg and pe separately, but on their mutual orientation [more exactly, on the 
rotation parameters Soka see Eq. (6) and Sec. 2 of Ref. 3]. Let us rotate the pair of vectors Pg and 
Pc together so that pe is directed along the original p, direction [it is assumed that the whole coord- 
inate system in which the spin state of the beam and target is described is also rotated; so that the spin 
is expressed in exactly the same way as before the rotation; see Sec. 2 of Ref. 3 and Eq. (6)]. In this 
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procedure (7) does not change, but the rotated position of Pg and its nonrotated position are symmetric 
with respect to the nonrotated position of Pc- More exactly, ifthe z axis is chosen along pg, then (7) 
is equal to Wy for the case in which the products of the inverse reaction are emitted at the angles 3, 
g+m, if the element (—p,|Wp]-p,) [which can be shown by similar considerations to be equal to 
(Pe |Wp!pa)l describes the state in which the products of the direct reaction are emitted at the 
angles 3, 9. 
Thus, after some obvious changes of notation, (5) can be written 
(Jatast» | Wy (9,9 + =) | qotequta) = (— 1)%t40+%+4attattytte+44, (Go, — tp, qa, —ta|Wp(%, ©)! qa, — tas Jo» —%)- (8) 

3. In this section we shall show how to use (8) to obtain several relations between the experimental 
observables from the direct and inverse reactions. Generally, speaking, what we shall do is replace the 
coefficients W of (8) by their expressions in terms of angular distributions, polarization vectors, and 
other statistical tensors of the direct and inverse reactions, quantities which are given directly by ex- 
periment. It is clear that one can obtain as many relations between these quantities as there are coef- 
ficients W. 

First we shall make one remark (A) and introduce some abbreviated notation (B). 

A. Let us go over from the probabilities for processes to their cross sections ( adjusted to the condi- 
tions of the experiment) and therefore introduce the statistical tensor Prt (n,; P; 4174472) of the reaction 
| products renormalized to the current, which has been defined in Appendix II of Ref. 3 [so that Prt (0, D3 

0, 0, 0, 0) is equal to the differential cross section per unit solid angle o(n)].* It has been shown that 
the transition from p to prt is accomplished by replacing N/( 4m)? by h?/4p2, in(6) and by h?/4p%, 
in(6). Therefore if we replace p’ by py_ in Eqs.(1) and(1’), then Wp and Wy, must be replaced by 


(h® | 4p2) (4n)® Wp/N and (h? / 4p2) (40)? Wy /N. 
B. Let us denote the statistical tensors of particles a and b in the direct reaction 
— (Ppa; 0, 0, 0, 0), p(pas 1, — 1, 0, 0), p(pa; 1,0, 0,0), p(pa; 1, 1, 0, 0), 
o(p73 0.0, 1 1) (pa; 0, 0,.1;.0);.-3.0(pe;.2—2,,0,,9),...0. Paiecias 2ha, 0,0), 
Pole: Op Ory aye Opal, ely Le 1) AO b(pr Oia Olay Dips OL) 


by xX» (which is equal to unity, as indicated in the preceding footnote *), x4, X_, X3, .-+» Xm [where 
m = (2ig + 1)?( 2ip + 1)? — 1]. In this way the components of all the statistical tensors are renumbered 
by a single index. We shall use xj, xj, ..+ Xn and yo (=1), yj,.++» Yn [where n =(2ig + 1)? x 

( 2ig + 1)? — 1] for particles c and d inthe direct and inverse reactions, respectively, and yo, yj, 

.-» Ym for the statistical tensors of particles a and b in the inverse reaction. The letter a with 
new indices shall be used to denote the products of (4th)?/4N [see remark (A)] with both the elements 
Wp and the equal Wy corresponding to them. F 

Bearing in mind remark (A), Eq.(1) for the direct reaction and the corresponding equation (1 ) 
for the inverse reaction take on the form 


x) = Fpz? (Goo Xo + G01 X1 + 2X2 * °° + Gon Xm); 


x) = Fpl? (G19 Xo + G1 %1 + 12% + ++ + Qim Xm); 


x) = Fp? (Gno Xo + s9 = Ann Xm)> (9) 
in the new notation, where 
*We note that the statistical tensor p(n, p; 0, 0, 0, 0) of the beam and target is simply equal to unity 
(normalization of the density matrix of the initial state). 


+ All the statistical tensors following on this one are products of pairs of preceding one [divided by 
p(p; 0, 0, 0, 0); see Appendix I in Ref. 3]. 
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F = [(2i, + 1) (Qig + 1) [(2ia + 1) (2in + IIs 
Yo = F™ pr? (doo Yy + 0 y’ —= Aq Y, + Ain ¥, + °° *)5 n terms 
Yy = FO pr? (aos. Ut Osa 9, = Grea Ps y (10) 


Yn = |e pr? (Qo, m—aig—aip Yo amet -)e i 


The rectangular matrix Ay of the aj,x in (10) is obtained by transposing the matrix Ap of the coef- | 
ficient aj, in (9) and then performing certain definite permutations and sign changes for some of the 
elements. For instance, the (1, 2) element (second row, third column) of A, is 


(1, — 1, 0,0) W,(9, © + =)| 1, 0,0, 0) (2h)? /N = (— 1) (1, 0, 0, 0)] Wp (® 9)| 1, 1,0, 0) (2ah)?/ N = — arg. 


The method for completely studying the reaction, that is for finding experimentally all the W (or 
aik)* can be described as follows. 

Let us assume we are considering the reaction a+b—-c+d at some given energy. One must per- 
form m experiments with the beam and target polarized in different ways (see below), measuring all 
the statistical tensors of the reaction products in each of these experiments (for all angles of emission). 
Then, for instance, ago, 491, -.-» 29m are found from the set of equations (note that all the xf are | 
equal to unity; see the footnote * on page 751) 


id «toile go) 6 ele at oe eae (1169 


ae = Fp,” (CRs fe apy") Cea ane ORION, 


if the determinant | x{*) | does not vanish (this is the condition that the spin states of the beam and target 
are different in our m experiments). 

In principle, the solution of the problem posed in this section can now be given as follows: one must 
find expressions for the aj, in terms of the statistical tensors of the direct reaction [by making a com- 
plete study of the direct reaction and solving a set of equations (11;)] and setting them equal to the ex- 
pressions for the aj, in terms of the statistical tensors of the inverse reaction (found in the same way). | 
Furthermore, if all the aj, are known, then by inserting them into (10) we immediately obtain m rela- 
tions between the statistical tensors of the direct and inverse reactions. 

4, The well known relation of “semidetailed balance” 


p2 (Qin + 1) (Qin + 1) op (9) = p3 (Zi + 1) (2ia + 1) 20 (9) 


is a simple consequence of (8). We present still another illustration of the results of Sec. 3 (see also the 
Introduction). 

Suppose we are interested in the angular distribution oH (3, g) of the products of the direct reaction 
in which the beam a and target b are polarized in an arbitrary way. This is given by the first relation 
of (9). The aj, can be found by measuring all the statistical tensors yj, yo,..., Ym for the inverse re-- 
action with completely unpolarized beam and target. If the latter are known, one can find the difference 
between the desired oD (9, gy) and the angular distribution op(%, g) when a and b are unpolarized, 
namely 


op(%, 9) — op (9, 9) = F*pepa“ (Yst: — YoX2 + Yiks + Yor, —..-). (12) 
In particular, assume that only the target b is polarized so that only its polarization vector ( whose 
cyclict components x,, Xp, and x3 we shall denote by p_,, 9, and p,4) is nonzero. Then in the inverse: 
*If all the W are known, one must first solve the set of linear equations (6) for the products 
(5, | RY | sila) (550, | R72 | sole)*, 


in order to find the elements of the R matrix, after which the unique values of these products (though not | 
yet of the elements themselves) will be found. 


+The relations between the cyclic and the ordinary cartesian components of a vector are 


01 = (Py + iy) V2; eo = 0,5 04, = (— py + ipy)/ V2. 
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Beaction it is sufficient to measure only the components pon Pos and regia of the statistical vector of 
particles b. Equation (12) then becomes 


op(9, o) — sp(9, 9) = F’ptpa (0410-1 — Po Po + 01041) = — F°p2pa’ (p’ (9, 0 + 5) p). (13) 


Since the beam and target are unpolarized in (10), it can be shown that the statistical vectors of particles 
b emitted at angles 3, gy and 3, 9+ are of equal magnitude and oppositely directed (and both perpen- 
dicular to the Dees plane). In place of p’ let us introduce the polarization vector N (which for par- 
ticles of spin “4 is equal to twice the expectation value of the vector spin operator), so that p'( 3, Y) = 

N (3, ~) 97(3, g) (where 0;(%, y) is the cross section for the inverse reaction with unpolarized c¢ and 
d). Rewriting (13) (we note that p =N-1) in the form 


op (9, ¢) — sp(9, 9) = Fepepa” (N’ (9, ¢) p) 91 (9, 9), (14) 


we obtain a relation for arbitrary spins which has often been obtained in the literature for various special 
cases (see, for instance, Lapidus’ and the literature he refers to). 
The author expresses his gratitude to L. I. Lapidus for discussing the present work. 
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In order to give a statistical description of processes in systems of interacting particles we use 
as independent variables the numbers of particles in different points of coordinate-momentum 
phase space, which at every point of phase space are random functions of the time. We give 
classical and quantum mechanical equations for these functions; from these equations we can, 
by averaging the random functions over their distributions, obtain a set of equations for the clas- 
sical and quantum mechanical distribution functions. To illustrate the possible use of this 
method we obtain expressions for the excitation spectrum and correlation function for systems 
of particles interacting through central forces in the case where close interactions are unim- 
portant. This method is convenient for considering system of particles and fields, in particular, 
electromagnetic interactions. It is possible to generalize this method for the relativistic case. 


In the present paper we give a method to introduce collective variables to describe a system of interact- 
ing particles which is slightly different from the considerations in the papers of Tomonaga,! Bogoliubov 
and Zubarev?’®, and Bohm and Pines.’ We introduce as independent variables the numbers of particles in 
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different points of coordinate-momentum phase space. In this sense this method is analogous to the 
method of second quantization and we have therefore called it in Ref. 5 the method of second quantization , 
in phase space.* The method under consideration is convenient because it makes it possible in a number 
of cases to describe in a unified and fairly simple way processes which occur both in classical and quan- 
tum mechanical systems. We give in the present paper, on the basis of this representation, conclusions 

derived from a set of equations for classical® and quantum mechanical distribution functions.’ It is shown 
how this method can be used to investigate the excitation spectrum and correlation function of systems of 


interacting particles. 
We consider a classical system of N particles interacting through central forces. We denote by 


Nap (t)dqdp= >) 3(q—qi)3(p—p:) dq dp 
1<i<N 
the number of particles in a volume element of phase space dqdp. The Hamiltonian function of the sys- 
tem under consideration can in the classical case be written in the following form, 


Ph ad 
H= > set+zy Dd O(a, —4,)). (1) 
1<i<N 1<i#+ji<N 
Using the definition of the quantities Ngp (t) we can write expression (1) in the following different, equiv- 
alent form, i 


iB 1 , tN > v / / 
H =\ £-Nadqdp +7) Pliq—q |) MapVarer — 8 (4 — q’) 6 (Pp — p’) Nap} dq dq’ dp dp’. (2) 


It is convenient to choose as the initial Hamiltonian function a function which includes the terms © (qj — 5) 
for i=j. In that case we obtain instead of expression (2) the following expression for the Hamiltonian 
function 


2 1 , , , 
H =\F- Neodq dp + +\®(\q—q |) NapVq'o-dq dq’ dpdp’. (3) 


writing the Hamiltonian function in the form (3) presupposes that all particles are identical. 

The functions Ng) (t) are for all fixed values of q and p random functions of the time. We denote 
by F(...Ngp...) the multidimensional distribution law for the different values of the Nap (t). In the 
following we shall define averages using the function F(... Nap ---)- 

Using expression (3) for the Hamiltonian function we fine the equations of motion in the representation 
under consideration, 

se Oo OH eB spam Eds ere — q’|) Narpdq’ dp’ 

= oN gee enna sq\ (ia q’ |) Nq-adq’ dp’. (4) 
Equations (4) combined with the equation of continuity in phase space dNqp (t)/dt = 0 leads to the follow- 
ing equation for Ngp (t), 


ON p ON,, a ; PON 
e+ 22 — 2) 0((q—a')) Nypda’dp’ SP = 0. (5) 


Equation (5) has the same form as the classical self-consistent field equation which was investigated 
in detail by Vlasov’ and Landau.!* However, there is an essential difference between the two equations. 
Indeed, the classical self-consistent field equation is an approximate equation for distribution functions 
which can be obtained from equations for the distribution function of the whole system INE (Ge Oh Damier) 
assuming this function to be factorized 


ive hleiatasareis 
1<i<N 


or as a first approximation in an expansion in powers of a small parameter.!! The self-consistent field 
equation does not take into account the correlation produced by the interaction between the particles, 


*M. Schonberg® has published under an analogous title several interesting papers, but his aim and re- 
sults are different and we shall therefore not discuss the results of these papers. 
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Equation (5), however, is an equation for the random functions Nap (t). As will be seen presently we can, 
by averaging by means of the phase-space distribution function F CARES Ngp ---)» obtain from Eq. (5) a 
set of equations for the distribution functions f,(q, p, t), f(a, p, a, p, t), which are considered in the 
well-known monograph of Bogoliubov’s® and we can therefore consider correlations in every approximation. 
The relation between Eq. (5) and the self-consistent field equations for the distribution functions is analo- 
gous to the relation between the equations for the state function W in the theory of second quantization 
and the Hartree equations. We must finally note that in Vlasov’s papers? also another interpretation of the 
equation for the function f,(q, p, t) was suggested. 

We shall now establish the connection between the average of the product of functions Ng, (t) in dif- 
ferent points of phase space and the functions f,, f,. By comparison with the expressions a the aver- 
age values of functions of dynamical variables which are additive, binary, etc. averages, obtained by 
using the distribution functions f;, f,, and the function F, one can obtain the relation between the distri- 


bution functions and the average values of the products of the Nqp (t). In the classical case these rela- 
tions have the following form, 


NF x(q, P, t) = Nap (t); (6) 
N (N — 1) fo (q, q', P,P’, t) = NqpVary —3 (q — GQ’) 8 (p — p’) Nop (7) 
N (N —1)(N — 2) fs (a, Q’, 4”, BB’, B’, #) 
= Nop (t) (Nap (£) — 8 (4 — 4) 8 (Pp — P’)) (Nave (4) — 8 (q’ — q")8 (p’ —p") —3(q —q")3 (p—p’)). (8) 


From Eqs. (6) to (8) one can easily find the inverse expressions of the average values of the products 
of the Ngp(t) in terms of the functions f,, f,. The functions fj(q,..., py...) are normalized as fol- 
lows, 


( F; (dq,) (dp,) = 1. 


In Eqs. (6) to (8) one can take the limit N — ~, In that case it is convenient to use instead of the 
functions Ngp quantities referring to unit volume or to one particle. If we consider the quantities Nap(t) 
at different points in time, we obtain the many-time distribution functions which were considered by van 
Hove’® and Tolmachev.'® 

Using Eq. (5) and expressions (6) to (8) we can obtain a set of equations for the usual distribution 
functions f,, fp, ... and for the many-time distribution functions f,;(q, p, t), f,(a,p,4@,P t,t’), ... 
Indeed, averaging (5) and using (6) and (7) we get the first equation of the set which connects the func- 
tions f,; and fy, 


th 4 Poh 2 Cw (\q—a' {N= 1) Se falas 4 Bs P's 1) +3 (a—4')8 (P—P') Se hi} da’ ap. (9) 
The occurrence of an extra term is connected with our choice of Eq. (3) for the Hamiltonian function. To 
get the next equation of the set one must multiply Eq. (5) by Nq’p’ ( t’) and average, and so on. 

To obtain the solution of several problems it is convenient to use not Eq. (5), but the equation for the 
difference between the functions Ngp and their average values, that is, for the functions d6Ngp (t) = Ngp 
— Nqp(t). The mean square deviation is connected with the correlation function, 


3p (£) 0N qr’ (2) = 8 (4, 4’, D, P’, £) +8 (q—Q') 3 (p—p’) Np (2). (10) 
From Eq. (5) we get the following equation for the d5Ngp, 
, 0 i 2 VWF > sy NGAGE OA (ae Ne Ee 
des a PS Ne Ti Fa \ ®(lq—q Dap {Naqrp3Nqp + Nap2Naip: + 2Nqp?Nq'p" — Nant Nap’) dq’ dp’ = 0, (11) 


from which we can easily obtain an equation for the mean square deviation, 


0 Waa Glos Te ) , 
ap ON ap? Nq'pr + £. 3q oN ap®Nap — sy Plla— q'|) 


x +e {Nap Vqip’ dN qrp” aH Ngqrs” oNap oN gp’ + ONop ONq’p dN qrp}dq’dp” =0. ( 12) 
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These equations simplify considerably, if we neglect in (12) triple deviations, which is possible when the 


deviations are small, and in (11) the term 6NgpdNq’p’ — 5NgpdNq’p’. The neglecting of this term in (11)>, 


is possible when the interactions are weak, and when we are interested in phenomena for which close in- 
teractions play a minor role. The solutions of (11) and (12) given below are only correct under these 
assumptions. 

We consider one particular, very important case when the average distribution of particles in phase 
space does not depend on time and is uniform in coordinate space, that is, Ngp (t) =Np. This case cor- 
responds to statistical equilibrium and represents a random, uniform, stationary process.'4 The mean 
square deviation depends in this case only on the time difference |t — t’|=7 and on the relative position 
q- q of the particles, i.e., 


Nap (¢) SN q’p: (t’) > M (*, G, P, P’). (13) _ 


The function M(t, q, p, p’) is connected with the space-time correlation function of the stationary, uni- 
form process under consideration. With these assumptions Eq. (11) has the following form, 


O3Nap Pp Nay r) 


ot m oq oq 


. an 
\ © (lq —4')) 8 Nap da’ dp’-=" = 0, (14) 


and the equation for M(t, q, p, p') has the form, 


am aM a A Ps ran 
te ay Pda) MO, a’, Pp") da’ dp” = = 0. (3) 


Let us consider the solution of the equation for M in the case where 7 =0. If we take into account 
the connection between the function M(q) and the correlation function g(|q]), which we have normal- 
ized according to Ref. 6, 


g(a P) = M(q, P)iz—2(a) Nol as 2 =\ Npap, 


we get the following equation for the correlation function 


Pj 0 OF , , , , , ON (ev) aN 1 
D te ba ag \O UIA DE pda’ ap’ Set — 5) CPt ee (16) 


Lain on 04; en; i=1, 2 


Solving Eq. (16) we get 


elie AM v(k) F(k) 
64) = Gag var (2%) 
n 4 a, 
M (| q ») = “(278 \ 4 —v (k) F(k) e—ikadk, (18) 
where 
ON 
F(k)= Vk SP dp, »(k) =| (a) emda. (19) 


Substituting the Maxwell distribution into (18) we get a result which agrees with the correlation function 
obtained in Ref. 3. If the interaction between the particles is a Coulomb interaction we get from Eq. (18) 
the Debye expression 


g (9) =— (1/4enraq) exp (— q/ra). 
Let us now find an expression for the average energy in the case under consideration. Substituting 
Nap = Np + 6Ngp into Eq. (2) for the Hamiltonian function and averaging we get the expression 


a 3NuT Ny (0 V 
H=S 4 + O(a) M(a)aa. 


Let us now consider the solution of the equations for 5Nap (t) and M(t, q, p, p’) for the case when 
at 0. 
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The solution of Eq. (14) can be written in the form of an infinite sum of harmonic terms with random 
amplitudes and phases, 


\®Nap (t) dp = (2n)~4 \ Ny, wet! ikades dk. (20) 
Substituting (20) into (14) we find from the condition that the latter has a solution that 


e kdN_/d 
1 =»(k)| pee 


(kpjm)—a °P» (21) 


which determines for our case the dependence of the possible values of Wk on the wave vector k. Ex- 
pansion (21) agrees with the expression for the distribution function obtained by Vlasov? and Landau! for 
the solution of the linearized self-consistent field equation. 


| Formula (21) determines the form of the space-time correlation function. This follows immediately 
from the solution of Eq. (15), if we look for this solution in the form 


| M (= 4, p, p’) dp dp’ = (22) \ i (@, k) ett iedes dk. (22) 


Substituting expansion (22) into (15) we find that we can find a solution only if (21) is satisfied. Without 
solving (15) we can find an expression for the function M(t, q) for a system of particles with Coulomb 
interactions by using (21) directly. From expression (21) we can for a given value of k determine the 
frequency wk and the logarithmic decrement o, of the vibrations corresponding to the Fourier coeffi- 
cients nx (t) obtained from the expansion 


\3Nep (t) dp = (2n)-3 \ ny (t)'e-idk. (23) 
In the case of long wavelengths we can immediately write downthe expressions for w_ and o,, if we use 
Landau’s result!® 
og = of + 372k; on = w, V'=/8 (keg)? exp(—1/2k?r2). (24) 
Since ok K wk the Fourier coefficients n,(t) satisfy the differential equation 
Nn + 2onnn + wn, = 0. (25) 
From Eq. (25) we find an expression for the spectral density of the correlation function M(T, q) 
f (@, k) = A/[(@ — ox)? + Aono, (26) 
where 


f (@, k) = (mi Om (E+ *) ew ietd: = \ M (2, k) e-i@tde. 


From (26) we get 
M (x, k) = (A /4o_erk) 67°"! cos cont. (27) 


In the case of statistical equilibrium we can determine the value of A from the condition that for 17 =0 
the expression 


M (z, q) =(2n)-8 M (c, k) ead 


for the correlation function must agree with (19). This condition follows immediately from the definition 
of the many-time correlation functions .!2»18 

From Eq. (27) it follows that the correlation time is determined by the inverse of the logarithmic dec- 
rement o,; this quantity was determined by considering only distant interactions. For small values of 
k one can take the close interactions approximately into account if we introduce the average relaxation 


time between collisions. 
Let us now go over to a consideration of the quantum mechanical case. 
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In the representation of second quantization the Hamiltonian of a system of particles with central 
force interactions, which corresponds to the Hamiltonian function (3), has the following form, 


4 


H=—\¥te Aw¥dq +55 © ((q— a’) 8 (a) ¥ (a) 4 a’) ¥ (4) dada’, (28) 


where &+ and W are the quantum mechanical wave functions which satisfy the well known commutation 
relations. In quantum theory one can define the quantity corresponding to the classical Ngp(t) as fol- 


lows,° 


Nep (t) = (2m) ee (q — 20/2) ¥ (q + 20/2) e~H?d0. (29) 


We consider first of all the case where we can neglect exchange interactions. By comparison with the 
expressions for the average values of dynamical quantities which are additive, binary, and so on, we can 
find relations between the average values of products of the functions Ngp(t) and the quantum mechan- 
ical distribution functions f;, fy, ..., 


NEG, PO = Nan 3 (30) 


N(N —1)fe(q, p, q’, p’, t) = NapN ap: 


a (3(q+ 3° — (q’—%8')) wv (a= Oo) a EGO") "; t) exp {i0 (n — p) + 10’ (n — p’)} d0 dO’ dy. (31) 


fs 


These expressions correspond to the classical expressions (6) and (7). If we use the definition of the 
Ngp(t) we can rewrite expression (28) for H as follows, 


i 4 , T Dp , 
H = \F Nepda dp + >) (\q—4'|) NapNerda dp da’ dp’. ( 28’) 


One can obtain an equation for Ngp (t) in the quantum mechanical case by using, for instance, the 
equation for the quantum mechanical wave function W and the equation has the following form 


Pee an [lee oar +P) Maden oninanar ay. (a0 


This equation goes over into the classical equation (5) as h — 0. 

Equation (32) has the same form as the quantum mechanical transport equation for the distribution 
function with a self-consistent field, considered by Silin and the present author.” As far as the corre- 
spondence between these equations is concerned, we can say approximately the same as was said earlier 
concerning Eq. (5) for the Ngp (t) and the classical self-consistent field equation for the distribution 
function, 

The Ngp(t) are now, just as in the classical case, random functions of q, p, and t, and there 
exists a distribution function F(... Ngp ---) for them. Multiplying the average of Eq. (31) by this 
function one can obtain a set of quantum mechanical equations for f,, f,, and so on. 

As in the classical case we shall assume 


Nap = 8Nap (t) + Nop (t)- 


The equations for 5Nqp(t) and for the mean square deviation have the following form 


p+ Ee as SlOls—e—¥) 


—®(|q—q'+ |) | an Varp: + Nanay + Nga Nery 


(33) 
— BN qn Nap} €'° —P)d6 dq dq’ dp’; aa OM qpdNqp: + Ss oq BN qp?N arp =F \ [o ( fie Steg. = 


” h Fu Vn Vl SATE LAT ELUAY SA} LATS eR AT ee ; 
—@® ( qf - 2) (NqrdN gpd Nq"p a¢ 3Nqp'5Nan Nap" a. ON q'pONqnd Nap} e/8 (X—p)d@ dn dq’ dp”. 
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In the case when the average values of the Ngp(t) do not depend on the time and when there is a uni- 
form distribution in coordinate space, that is, when Ngp(t) = Np: the mean square deviation will again 
[compare Eq.(13)] depend only on test | =7 and on the relative position q — q = q. 


If we neglect in (33) triple deviations we get the following equation for the function M(t, q, p, p') de- 
fined by (13) 


| 


at a a | [@ ( ged ies 5) ap (| q—-ad+5 | NxM (<, q', p’, p’)e°-P)d0 dy dq’dp’. (34) 


In the linear approximation we find that Eq. (32) for dN gp (t) has a solution only provided 


Bee er ll Notte — Vp inure 
y (EINE hekp / m — io dp. (35) 


Expression (35) connects the energy hw with the momentum hk of the elementary excitations of the 
system under consideration and is the counterpart of the classical equation (21) connecting w and k. 
In Ref. 5, we have given for a number of cases the excitation spectrum following from Eq. (35). [In that 
paper we started from the Hamiltonian function defined by Eq. (2) and not the one defined by Eq. (3) so 
that the corresponding equation for Ngp(t) contained an additional term.] 

We can obtain an expression for the space-time correlation function either from the solution of Eq. 
(34) for M(7,q,p,p), or by using (35) directly. 


If we want to take exchange effects into account, Eq. (30) becomes more complicated, but also in that 
case can the Hamiltonian (28) be expressed in terms of the Ngp> 


G 2 4 , — — —p’ d y y / 
H =\F Neda dp + 5) (jq—a' |) F 2n)*y(25P")3 q—a/)} NapNerprda da’ dp dp’. (36) 


From Eq. (36) it follows that the consideration of exchange effects can be reduced to a change in the 
interaction energy of the particles in the system. 
The equation for Ngp(t) has in this case the following form, 


Me 2 ha {0(la—a—2))—0(la—a' 439} Meret-nan a an 


acy ad 


came’ oo 


n—p’'— 5) (37) 


x 5 (r —q'+ *) NenNap: exp {16 (q — p) + ik (r — q)} dO dy dk dr dq’ dp’. 


For systems of particles, obeying Fermi statistics, we can use a simpler equation, provided the mo- 
menta of the particles differ little from the momentum at the top of the Fermi distribution, 


oN 


1 0 ap 
oq 


e+ (~ — apap \Y (PRE |)8G— 9) Nererda’ ae’) 


— Z\{@(a—4') — as (PSP 


% 2 pe ON ss 
)e(a—a’)} Nqprdq’ dp’ > - = 0. (38) 
Equation (37) has the same form as the quantum mechanical self-consistent field equation for the distri- 
bution function which takes the exchange effects into account. From Eqs.( 37) and(38) we can by averag- 
ing obtain a set of equations for the quantum mechanical distribution functions f,(q, p, t), f.(4,p,q;p,t) 
which include exchange. The first equation of this set, which is obtained by averaging Eq. (38) has, for 
instance, the following form 


ON 6) Poe 
ap tints: 
ane (2 (anys op \ »( h 


<a VON Se 
) 3(q —q’) Nqp-dq’ dp ) age 


ON 
)3(q—4))| Nenda’ dp’ ay (39) 


— 2) {o(a—4') — ap (| 
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An approximate solution of the first two equations of this set in the case of a short range ake | 
[®(lq-—q 1) = v(0)5(q —q’)] enables us to obtain the transport equation used by Landau in his theory | 
of Fermi-liquids. : 

I should like to use this opportunity to express my gratitude to Academician N. N. Bogoliubov and to 


V. P. Silin for discussions of the problems considered in the present paper. i 
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It is shown that nuclear reactions occurring in cold hydrogen at densities of 104 — 108 g/cc 
via barrier penetration proceed with a probability which is quite noticeable on an astrophys- 
ical scale. This fact puts a limit on the possible compression of cold hydrogen, since a ce- 
lestial body cannot last more than 10° years at a density of 0.7 g/cc. Such a density is 
reached in cold hydrogen under the action of gravitation for a mass close to that of the sun, 


Ir is known! ~* that the thermonuclear reactions p+p=D+tet+ D, p+D=He? + y occur in stars; in 
addition, at high temperature we have the reaction He® + He® = He! + p+p, and a high density the reac- 
tions He*+e° =T+v, T+p=He!+y, 
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Schatzman’ first noted that at high densities and low temperatures deviations from the usual expres- 
Sions for the rate of thermonuclear reactions should begin to appear, and gave general expressions for 
the case of a degenerate nuclear gas. 

Let us consider reactions occurring in hydrogen compressed to a density of 104 — 108 g/cc, at a tem- 
perature below 10° degrees. Under these conditions hydrogen is a solid, so that the protons are located 
at the lattice points of a crystal; thermal motion and thermonuclear reactions can be neglected. 

It is well known that the Coulomb repulsion of the nuclei, which hinders nuclear reaction, can be over- 
come by virtue of the quantum-mechanical phenomenon of barrier penetration (tunnel effect ). The prob- 
ability of tunneling is exponentially small, and the exponent depends more strongly on the width than on 
the height of the barrier. 

The separation at which nuclear reaction begins is of order 3 x 107!3; at this distance the Coulomb en- 
ergy of two protons is 0.5 Mev. At a hydrogen density of 104 — 108 g/cc, the distance between protons is 
6.5 x 107! — 1.35 x 107 cm (100 times as great as nuclear distances and only 10 —50 times smaller 
than the distance between the nuclei in a hydrogen molecule). At this distance, the Coulomb energy of 
two protons is 400 — 2000 ev. 

Thus a compression to such densities hardly lowers the height of the barrier; however, the wide low 
energy region, which is most difficult to overcome, is gotten rid of through the internal pressure, and the 
rate of the nuclear reaction p+p=D+e+t+v turns out to be entirely perceptible on an astronomical 
scale. To calculate the reaction rate at zero temperature and a given density, we find the equilibrium 
distance ro between nuclei under conditions of close packing. We approximate the dependence of the en- 
ergy on distance between nuclei by the expression e?/r + e?/(2r9 — rr). The initial energy is 2e7/rp + Eo, 
where Ey = fw/2 =eh/V¥ Mr} is the zero point vibration energy, and M is the proton mass. 

The exponential factor for barrier penetration is 


B = exp {—¢ (4e/4) V2Mi ro}, 
where Mr is the reduced mass, equal to M/2, and g is determined by numerical integration. For 
small e, 
e = 0.70 —0.17 eln(1/s), ¢ = Eory/e?. 
We determine the probability yp’ (0), for finding two protons at the same point in the absence of nu- 


clear interaction, approximately, by assuming that we have a diatomic molecule® with equilibrium separa- 
tion rpg and zero point energy Ep 


p? (0) = BEM? e/ a1. 


Finally we determine the reaction rate by using Salpeter’s? calculations: the reaction probability is 
p (sec!) = wy (0). The constant w is related to the reaction cross section 0 (for the case where the 
reaction occurs in the laboratory, using a beam of particles), by the formula ( for singly-charged ions), 


2 2 T 2 S 
= 7 en (— 9) -w EE = BP 
where v is the velocity, E the energy, and S is given in Ref. 2, formula (7). Comparing formulas 
(9) and (39) of Ref. 2, we find S=4x 10- barn-ev, so that w =5 x 107"? cc/sec. After the reaction 
of formation of the deuteron, the formation of He® should follow extremely rapidly. At the densities we 
are considering, the maximum energy of electrons E, (in the degenerate Fermi gas) is greater than the 
tritium decay energy; therefore the reaction He? +e” =T + also goes rapidly,” and after it the reaction 
p+T= Het + y. Thus each initial reaction of two protons soon leads to the liberation of ~ 25 Mev of en- 
ergy. A summary of the results for two densities is given in the table: 

Here H is the rate of energy lib- 
eration, P is the pressure of the de- 


| Eo, |logio P 
) y = . T (ev) : 
eee) fe) yey) | By ||P Geet EXev) (dyne em} generate electron gas, T is that 
| temperature at which the same reac- 
5-105 |1.65-40-29 125 | 8.5 | 4-10-1 eee dUer oA 400 ion rate would be reached through 
0 ae 34-40-10 | 45 14.6 | 10-20 0.7-405 | 0.2.10] 150 tion ra pera 8 
j the thermonuclear mechanism. 


The considerations presented 
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above impose a limit on the possible compression of cold hydrogen. In fact, even at a density of 0.7 x 105 
(the lower line in the table), with zero initial temperature we will reach a temperature of 150 v after 6 . 
x 10’ years, and the speed of the reaction will roughly double, so that a celestial body consisting of cold 
hydrogen at a density of 0.7 X 10° cannot last more than 10° years. 

From the well known formula of Emden (cf. Ref. 6), the density of cold hydrogen reaches 0.7 X 10° 
g/cc at a pressure of 2 x 10°! dyne/cm? under the action of gravitation, at the center of a body whose mass 
is 1.5 x 10° g, i.e., 0.75 times the mass of the sun. - 

In 1938, Landau’ pointed out that at high density a “neutron condensation” occurs. For hydrogen, the 
limiting energy of the reaction e +p=n+ Y is 0.75 Mev. The corresponding density is 10" g/cc. 

The tunneling reaction sets in much earlier. Consequently, the neutron condensation begins only after 
the conversion of the hydrogen to helium (or to heavier nuclei), and correspondingly at an even greater 
density than that considered in Ref. 6. 

The reactions p+D, p+T, D+D, D+T can also occur via the cold mechanism and require lower > 
pressures. However, this process will never be of practical importance: the required pressures are so | 
high that, under terrestrial conditions, they can be realized only in a non-stationary state, in an aes. 
small volume and for extremely short times. For equal expenditure of energy or equal pressure, the tun 
nel reaction is far inferior to the thermonuclear reaction in heated matter. 

I take this opportunity to express my thanks to D. A. Frank-Kamenetskii and A. I. Lebedinskii for in- 
terest in the work and for valuable comments. 
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J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 994-1003 (October, 1957) 


An expression is obtained for the number of electron-hole pairs generated in a semiconduc- 
tor by a uniform electric field. The derivation is made for an arbitrary crystal. The result 
differs from the usually-employed formula in that it contains an explicit angular dependence 
and a slightly different dependence on the field. A particularly essential fact is that in the 
absence of electron-phonon collisions and collisions between electrons themselves the mag- 
nitude of the effective potential barrier is determined not by the width of the forbidden band, 
but by the lower edge of optical absorption (the internal photoeffect ), which, as a rule, is 


considerably greater. This circumstance should lead to an essential increase in the critical 
fields. 


Tue presence of a strong electrical field (E ~ 10° v/cm), as is known, produces in semiconductors 
additional carriers, the number of which increases sharply with increasing field. The most probable 
mechanisms causing this fact are, first, shock ionization and second, direct knocking out of valence elec- 
trons by the field in the conduction band. This latter mechanism, analogous in a certain sense to cold 
electron emission from a metal surface, was first considered by Zener! in the quasi-classical approxi- 
mation, which is natural for such a problem, The best expressions obtainable by this method for the 
number of electrons n passing into the conduction band per unit volume per unit time, is given appar- 
ently in the work by McAfee et al.? and has the form 


Ed ae 
n= N5eexp|— pe ecmARle (1) 


where N is the number of valence electrons per unit volume, d the crystal lattice period, m* the ef- 
fective mass of the electron, A the width of the forbidden zone, and e the electron charge. 

This formula is somewhat indefinite, since the values of the effective mass of the electron in the va- 
lence band and in the conduction band are in general different and it is not clear exactly which value is 
contained in the exponent. In addition, expression (1) was obtained by solving the unidimensional prob- 
lem. As will be shown below, the correct allowance for the three-dimensionality leads to certain quite 
substantial qualitative changes. Finally, a particularly important point, no account is taken in the deri- 
vation of Eq. (1) of the scattering of electrons by thermal lattice vibrations, which, as will be shown 
below, is of decisive significance for this problem. 

We shall calculate in this work the probability of the passage of a valence electron into the conduction 
band by a method already used for this purpose by Houston’ and representing essentially a method com- 
monly used in perturbation theory to calculate the transition probability per unit time. The entire anal- 
ysis will be carried out in the so-called single-electron approximation, i.e., the interaction between elec- 
trons will be disregarded, with the exception of that portion of the interaction included in the general 
self-consistent field of the crystal. 

The Hamiltonian of the system has in this case the following form: 


ay ee Aa Hep + eEr; (2) 
Hoe = oe, (+ V) + W (0); Hoebos (Pst) = 4 () Yo (Ps 15 (3) 
Hypeas >) nex (bt beh o.bd); (4) 

[kK |<Kyp, 
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He =iV py Si atk) (ite —tye™}. (5). 


[k|<Rkp, 


In these formulas r is the electron radius vector, W(r) is the periodic potential of the crystal, p 
and k are the electron quasi-momentum and the phonon wave vector, w_ and €j (p) are functions that 
determine the dependence of the phonon frequency on the wave vector and of the electron energy on the 
quasi-momentum in the band with index j, br and by are the creation and annihilation operators of a 
phonon with wave vector k, V is the normalizing volume, v the number of valence bands, and finally 
Woj (p, r) the electron wave function in the following Bloch form 


oj (P, 1) = exp (ipr/h) uj (p, 1), (64 | 


where uj(p,r) is the periodic solution of the equation ] 
5, ; ‘ | 
= = Vu j(p, r) — — pVu;(p, r) + {Ww (r) + 8; (p)| u;(p, r) = 0. (7) | 


The interaction Hamiltonian (5) should generally speaking also contain functions of the Bloch type in- 
stead of the plane waves. However, in the calculation of the matrix elements for transitions between 
states (6) allowance for this circumstance gives only a corrective factor on the order of unity, which is 
insignificant, since we do not specify the form of W(r) anyhow, nor do we consequently specify Woj(p,r} 

No assumptions whatever are made concerning the form of the function a@(k), with the exception of 
the obvious property a(k)~k'/? for small k. 

It is well known that the presence of a homogeneous electric field E leads to a uniform increase in t 
quasi-momentum of the electron with time in accordance with the law p = pp — eEt. In other words, if at. 
the instant t =0 the electron is described by a wave function Woj (po, r) then in subsequent instants its 
wave function will have in the zeroth approximation the form 


t 


. t | 
$i (Pos ts t) = exp{— = |e) (py — ex) dx} bo; (P.— cE, 1). (8) 


By virtue the periodic dependence (with the period of the reciprocal lattice) of ¢j(p) and Woj (Pp, r) on | 
the quasi-momentum p, a uniform increase in the latter means that the electron vibrates within the con- | 
fines of a single band, if the field is directed along one of the principal crystallographic axes (with a per- ! 
iod 2mh/eEd for the case of a simple cubic lattice). If the field is not aligned with any of the reciprocal-- 
lattice vectors, the motion can have a complex aperiodic character, but is still confined to the same band. | 
The exact wave function should, naturally, contain also terms connected with the transitions into other 
bands, but these terms will obviously be small. It is therefore natural to seek a solution of the Schrédin 
equation 


inOW /ot = HY (9) | 
in the form of a superposition of products of functions of the form (8) (which already include the funda- 


mental effect of the field — uniform acceleration) and of the phonon wave functions 


t 

¥ = Se ((Mid, Pos t) exp {2 |7; (Po — cEx) dx} 9) (Po, ry 4) [] (6d). (10) 

ine ° = | 

The symbol [N,] denotes the set of occupation numbers N, corresponding to all possible values of k; 


@) is the wave function of the lowest energy state of the lattice; summation over Po is carried out over 
all physically-different states, i.e., over the volume of the first Brillouin zone 


11(p) =") 4; (p, 1) gradpu, (p, 1) de, (11) 


OQ 


The integral in (11) is taken over the volume of the elementary cell. The quantity (11) is pure imaginary/ 
since by virtue of the condition 


| uF(0, r)u;(p, r)dt = lwe have Rey; (p) = 0. 


Q 
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| : ce a | s 
pee advisability of separating out the exponential factor in (10) will be seen from the following. Substitut- 
ing this expansion into (9), we obtain in the usual manner a system of equations for the coefficients: 
: dc ({V if Po> t) : EJ, (Pp =. eEt) oe 
j kl> Fo aes THESSO : 
A at aun >) = Pp = Et); (Pp eB) 6H (Nel, Post) Qir(Po t) +IV Gy Dy 


wae 
Tal i, (KS Rm 


x {Miz (Po — eEt, nk’) V Nw cp ([Mal — liv, Po rk’, t) QF (po. k’, 2) 


— Mjj (Pp — Et, — hk’) V Nye + Ley (IN) + le, Po--- ak’, t) Q77 (Po. K's t)}, (12) 
where 
Mj; (p, nk) = a (k) Nr (p, r) uj (p+ kk, r)dt, Ji (p) = Ss \ {up (p, r) Vu; (p, r) —uj (p, 1) Vu; (p, r)} de, 
Q. Q 


t 
Qi (Ps ky t) = expt \ fej (p— eEx) — ep (p— cE + hk) + hex] de 


0 
t 


— cE | iri (p —eEx) — 7 (p—eEx tak) del, Qy (p, = Qin, ©, 2). 


0 
In the derivation of (12) use is made of the identity 


Jin (p) /¢ (67 (P) — ex (P)} = \ 45, F) gradpuy (p, F) de. 
Qo 
The diagonal term in the first sum over j’ drops out virtue of the presence of an exponential factor 
in the expansion (10). The symbols [N_]+ ly’ denote that in the set of numbers [N,] the quantity 
Ny’ is replaced by Ny’ + 1, and all the remaining quantities remain the same. 
To obtain an expression analogous to (1) we must discard from the system of equations (12) those 
terms containing collisions between electrons and phonons. Taking it into account that at t =0 


cj (Pp, 9) = djy 


(the indices V and c are necessary in what follows to denote quantities pertaining to the valence and 
conduction bands respectively), introducing by way of a new variable the vector p =p) — eEt, and 
resolving this vector into a component py parallel to the field and a vector p; perpendicular to the 
field, we obtain 


Po et EJ,,, (p) Py dp’ 
Ce (Po, t) => \ SORIA exp ii \ [Ec (p’) aS ey (p’)] =: 
Pot : PO 
“ Non oP | 
+ { ayve(p’) dps}. ye (0) = 1. (P) — ty ©): (13) 


PO | 
Here n is a unit vector in the direction of the field. 

For simplicity and clarity let us first calculate the integral (13) for the simplest case, when the field 
is directed along one of the principal crystalline axes of a simple cubic lattice with a period d, and then 
generalize the results to include the case of a lattice of any symmetry and an arbitrarily oriented field. 

In this particular case, as indicated above, the motion of the electron in the band is periodic with a 
period 2rfi/eEd. A natural characteristic of the infiltration is therefore the probability of passing through 
the conduction band during one period 

xhld . ie eae aie Py ‘ P 
Doipi=| | aan exp{i | ee apy + | nrye(P') des} dps f. (14) 
—rhld Po |i Pot 

At a fixed value of p, the functions €¢ (p) and ¢y(p) are different branches of the same infinitely- 
valued analytic function €(p) of complex variable pj, since they represent different roots of the same 
eigenvalue problem. Since these functions are close to each other on the real axis, there should be lo- 
cated somewhere near the real axis in the complex plane a branch point py = 4 in which 

& (q) = ev (4). 
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Obviously, q depends on p;. In the vicinity of the point q the branching is into two bands and €c( Pil) | 
— €y (pil) ~ Vpy — 4. The possibility of branching into a larger number of bands,* as well as the multi- , 
plicity of the inverse function p)(¢) in the vicinity of the point q (which corresponds to €o (PI) — 
ey (pil) ~ (py - q)(2n+1)/ 2) would appear only accidently, under particular selection of the potential 
W(r), and will therefore not be considered below. 

By using the general properties of solutions of second-order differential equations it is possible, show 
(see Supplement) that in the vicinity of the point q the quantity NY vc (Pil) behaves as (py — q) and 
the factor ahead of the exponent in (14) has at the same point a simple pole with a universal value of the 
residue i/4. The latter circumstance makes it possible to calculate the integral in Eq. (14). For this 
purpose we introduce into (14) a new variable y=y(py), satisfying the following conditions: (1) 
dy(py)/dpi is real and positive for all real py and has the same period as the reciprocal lattice; (2) 
dy(py)/dpy behaves in the vicinity of the point py =q as (pir — qyi/? and has neither zeros nor sing- | 
ularities lying closer to the real axis than q. | 

It is easy to check that the integrand in (14) is single-valued in the vicinity of the point y = y(q) and | 
has at this point a pole with residue i/2. An example of such a function is the integral 


—"s 


| 
| 

PI , 
oe | 
F &, (p) — &y (p) 


Shifting the contour of integration in (14) to the upper half of the y plane, we obtain 


2 


exp {\i COG + anys 0] dry] (15), 


0 


Do (P,) = 


with accuracy to terms that are exponentially small compared with fundamental term. Equation (15) dis- 
cards, in addition, terms connected with the limits of integration, and therefore not increasing with time 7 
The probability of passage after £ periods is, 


1 2 
ing, | a, coin? Id) 807 2] 
D, (P,) =D, (P,) | 3} @ ~~ Sin? (Go 73) D, (P,): 
r=0 
where 
rd 


. &¢ (P) — £y (P) 
s(0,)= | a — +07, (0)} ap, 


—riild 


is a rapidly oscillating function of the field (sp ~ 1/E). 
However, taking it into account that sp is a functionof p, and averaging over the narrow region 
Api, we obtain 


Di (p,) = lDo(p,). (16) 


Equations (14) —(16) were obtained, as already remarked, for a field directed along one of the prin- 
cipal crystallographic axes of a simple cubic lattice, when the motion of the electron has a simple peri- 


*A distinction must be made between the branching of ¢€(p)) for fixed p;, considered here, and the 
frequently-encountered band degeneracy by virtue of the crystal symmetry. In the latter case the equiva- _ 
lent states belonging to the various zones correspond to different directions of the quasi-momentum, 1.695 
to different p:. 


7 A formula analogous to (14) was also used by Franz.‘ However, he did not take into account there- 


after the presence of a pole in the integrand, and as a result his final results differed strongly from (15) 
and the equations that follow. These include the value of the factor ahead of the exponent at the point q, 
which as shown above, is infinite. If this factor is nevertheless replaced by the most sensible value 

~ d/2rh, the resultant values are several orders of magnitude smaller than (15), and contain a factor 
ahead of the exponent that is dependent on E (~ E!/ 3) 


° 
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odic character. In general, however, these cannot be used, since the motion is generally speaking aperi- 
odic and the probability of infiltration changes from period to period. But this circumstance, which is 
Significant in the calculation of the probability of passage of each electron, does not play any role for the 
total effect when the valence electrons fully fill the band, since the place of the departing electron is 
taken during the next period by another electron, which will infiltrate with the same probability. Still 
another difference lies in the fact that the time interval, to which formula (15) pertains, is no longer 
equal to 27h/eEd, but is determined by the length, divided by eE, of the segment of the straight line 
lying within the first Brillouin zone parallel to the field and passing through point po, viz.: T (po) = 
Api (po)/eE. But even this fact is of no significance for the summary effect, because all the electrons 
having initial states along this segment have an equal probability of passage, and their number is propor- 
tional to Apy(po)/27h. The number of electrons passing in the conduction band per unit time is propor- 
tional to Api (po)/T (p9)27h =eE/2nh and is independent of Ap}, i.e., of the form of the Brillouin band. 
The equations that will be obtained below are therefore valid for lattices of all symmetries and for all 
field orientations. 


The total number of electrons passing in the conduction band per unit time and per unit volume is 
given by the expression 


2 
ad? p 
One : (17) 


ee Eat 
exp | \ E Ey Se nyy.()|dp,} 


0 


eE apy eE 
Sig =| D, (P,) (20h)? ~~  Onk \ 


The principal contribution to the integral (17) is made by the narrow region near that value of p,, 
which corresponds to the minimum of the function €,(p) — €y(p). Actually, for all specified values of 
p+ this function reaches a certain relative minimum €pjin(Pi) as pli is varied. The greater €,in(P1); 
the farther js the branch point q(p,;) from the real axis. At values of €yin(pi) that are not too large, 
a(p,) ~ ee (P +). The exponent therefore contains a large negative quantity, proportional to et in (Be) 
and consequently, the integrand has a sharp maximum in the region where the function €,¢(p) — €y(P) 
has an absolute minimum. 

In the vicinity of this point we cannot restrict ourselves to an ordinary quadratic expansion, and must 
use a somewhat more accurate expression, taking into account the presence of a branch-point surface. 


e, (P) —&y (P) = &4| 1+ >) (PR; — Pui) (Px — Pon) / rine] (18) 
i,k 


On the other hand, the quantity 


q(P 1) 
| nYy. (P) dp, 


t)) 


can be considered constant within this region with a sufficient degree of accuracy, —inyVc < 1. 
Elementary integration leads then to the following final result: 


m, \)l2 —., 
n= Dry (SE) (mamta 8) oxy {Ee Vimyete + itaych (19) 


mi 7) 
where my; = Dn [( cos? ¥)/my), mj 1 sre the principal values of the tensor mie [see (18)], and y; 
i 
are the angles between the directions of the field and the principal axes of this tensor, which in general 
do not coincide with the principal crystal axes. 
This formula can be presented in a clearer form if one introduces the “average lattice period” d 
using the equation d®’ =) =v/N, where Q is the volume of the elementary cell, Then 


ss mt eEd Mm, MoMNg \'h2 eEd «a Tw : he So 20 
LW. 2 Qnh ( mi, ) (xh /d) (e9/m, ye 29 { 2enE Vm jcoumi Move} : (20) 
This expression differs from (1) in that the factor in front of the exponent is dependent on the field. 
The exponential term contains an explicit angular dependence, which can appear also in crystals of cubic 
symmetry in the presence of degeneracy of the valence band or of the conduction band. 
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A more substantial difference lies, however, in the meaning that must be ascribed to the quantities €9) 
and mjj, As can be seen from the above derivation, € is the width of the forbidden band and mj, is the 
effective mass of the electron (more accurately, the reduced effective mass of the electron and hole) only 
in that case when the highest states of the valence band and the lowest state of the conduction band correspond 
to the same value of the quasi-momentum. In practice this never happens, and consequently € , coincid— 
ing with the red boundary of light absorption for a given crystal, is always substantially greater than ne | 
width of the forbidden band. By virtue of this, the values of the critical fields, corresponding to a notice | 
able infiltration, should be considerably greater than those usually expected on the basis of Eq. (1). ] 

If, however, there exists some interaction that changes the quasi-momentum of the electron, a transi- 
tion is possible from the highest state of the valence band to the lowest state of the conduction band. 1 

Such interactions may be collisions between electrons and electrons or between electrons and phonons: 
or impurity atoms. The field dependence of the probability of an infiltration involving these processes is | 
given by the same exponential factor as in (19), except that the width of the forbidden band enters in plag 
of €). In view of the very strong dependence of (19) on €, the role of these processes can turn out to | 
be decisive. | 

Let us note also that while formula (17) is quite rigorous, formulas (19) and (20) are obtained under | 
the assumption that €) is small compared with the widths of the valence and the conduction bands, and | 
therefore expansion (18) is valid everywhere within the confines of the forbidden band. For the opposite 
case, corresponding to the appproximation of strongly bound electrons, itis also possible to obtain a rela— 
tively simple expression. In this approximation, as is known,” it is possible to retain only the first term 
in the Fourier expansion 


ee (p) — ev (P) = Jo 1+ Syaee'?2" | (21) 
= 


where g are the vectors of the crystal lattice. In this case I) 3 €) s A and Ag K 1. Then 
eEd eFd (i S) gh Dn Got)... {, Pmel ee 
tim N peasy OSD era lq x ng (exp{ 5 g} ae {i 7 alle (229) 


where qo is determined by 


Ne g} Eii=a0, 
g 


It is easy to verify that the fundamental term in the exponent is always of the order — (Ij)/eEd) In(1/a) 
where qa is the ratio of the widths of the allowable and forbidden bands and consequently, the transmis- 
sion coefficient diminishes somewhat slower with increasing ¢€ 9 than called for formula (19). In this ap— 
proximation, the exponential factor (22) is close to that obtained by Feuer® for the unidimensional case. 

It must be emphasized that the entire above analysis of the problem of production of electron-hole pair: 
by the electric field starts out with the far-reaching assumptions on which the band theory of solids is | 
based. It is assumed, in particular, that both the electron states (states of the conduction band) and hole | 
states (valence band) can be obtained by solving a certain single-electron problem with a specified per- 
iodic potential, and that the electrons and holes created do not interact with each other. As pointed to 
the author by L. D. Landau, it would be logical to consider the electrons and holes as two different 
branches of the excitation spectrum of the crystal, without making any further detailed assumption con- 
cerning their nature, and also to take it into account that they are created not free, but interact with each | 
other in accordance with the Coulomb law, which may lead to certain changes in the factor in front of the 
exponent in (19). 

It can be shown that such an analysis will lead in practice to the above results if the Coulomb inter- 
action between the electron and hole are disregarded. There are grounds for hoping that allowance for 
the latter does not change strongly the final derivations, since the value of the Born parameter e? /utiv 
(where p is the dielectric constant and v the relative velocity of the electron and hole ), a parameter 
characteristic of this problem, is of the same order of magnitude as the square root of the ratio of the 
electron and hole bound-state energy to the width of the forbidden band, and is always small. 

In conclusion I thank Professor V. L. Ginzburg and Academician L. D. Landau who made many valu- 
able comments when evaluating the results of this work. 
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) SUPPLEMENT 


| Let us investigate the behavior of the function 


| Jev (p) /e [ec (p) — ev (p)] = \ uc (p, t) grad,uy (p, r) dc. (1S) 
Qo 

in the complex plane. For simplicity all further arguments will concern the unidimensional case. Equa- 

‘ion (1S), which takes place on the real axis, cannot be extended to the entire complex plane, since its 

right half contains an essentially non-analytic operation, complex conjugation. We can, however, use the 

circumstance that on the real axis Uy (p, xX) = Uj (—p, xX) and rewrite (1S) as 


Jey (P) rok Our, (p, x) ’ 
ARON 0 = Uc (—p, x) ap dx. (1S) 
In such a form it is possible to continue this equation analytically into the region of complex values of 
p. Analogously, an analytic continuation of the orthogonality and normalization conditions of the functions 
uj (p, x) inthe p plane leads to the equation 


\ Wik, ke) Men (Ds 4) ON == Opp. (2S) 
Qe 

To investigate the properties of ( 1S) in the vicinity of the energy branch point q it is advisable to 
change to a new independent ( generally speaking, complex) variable, the energy ¢€. Corresponding to 
ach value of € are two values of p of opposite sign, and consequently two functions u; (+ p(€), x) 
= =u; (€, x). The function p(¢€) is regular in the vicinity of the point q. The index indicating the num- 
ber of the zone can be omitted hereinafter, since the states of the different zones correspond to different 
energies. On the other hand, at the point where the energies of both zones coincide, i.e., at the branch 
point, the functions ue ( €, xX) and uy, ( €, x) tend to values that differ only by a factor that is independ- 
ent of x. Actually, were this not so, the initial Schrédinger equation would have at this energy value four 
linearly-independent solutions, an impossibility for a second-order equation. 

If we detour the branch point €q inthe ¢€ plane, then by virtue of the uniqueness of the solution of 
the differential equation with the given boundary condition (i.e., with p specified), we should obtain a 
function that es: from the original one only by a multiplying factor ( which in sence depends on €). 
Consequently, u*(¢€, x) can be represented in the form C+(¢)v*(¢, x) where the v*(¢, x) are unique 
functions of ¢€ in the vicinity of the point <q. Furthermore, they can be considered regular at this point, 
for if they at for example, a pole of the mth order, the factor (€ — €q) ~M could be taken out and in- 
cluded in C+ (€). 

Let us denote by €, and ¢, the two values of energy, corresponding to the same value of the quasi- 
momentum. As p approaches q, both these quantities tend to €q, and then, to accuracy within terms 
of higher order, we have €) — €q = €q — €4. Then 


vt (&9, X) = Vt (e,, X) + 2 (2, — &)) Ov# (21, x) /Oe +... (38) 
Let us insert this expansion into the normalization condition for v= ( €), X) and take account at the same 


Lime of the orthogonality of v*(¢€, x) and v~(€, x) 


1 =C* (ex) C-(¢2) | 0° (60, 2) 0° (ea ) dx =C* (69) C™ (€4) 2(0q— 81) | 0 (ey, YP de +... (4S) 


Qe Qo 


Let us now compare the right half of (4S) with the quantity of interest to us 


0 ’ iss A de; fo] + £1, 
Wasp, x) nee tp Ca) Cae 5 \e (en, x) 2 Day, (5S) 
Qo 


As a result we obtain the relation 


\ue(— ap 7 sap Che) 2ej— sy) CME) AS a)" 


Ouy (Pp, *) ae dey (p) C* (ey) 4 Cr(ey) 4 (6S) 
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: : + oe 
It is obviously always possible to choose the functions so as to obtain on the real axis C‘(€) z C (€). 
Then this equality is always retained, and in the vicinity of the branch point it follows from this equality , 
that C’(€) =C(€) ~(e- eq)? and, consequently 
ul C* (er) 23 ‘ 
ua Ct (e,) = ei ie 
At first glance it may appear that this deduction is not unique, since Cr €) are determined on the. 
real axis with an accuracy to within an arbitrary phase factor. However, strictly speaking, we are in- 
terested not in the quantity (1S), but in its products by the factor 


i 
exp |) tye (P’) dp’, | 
0 
which is contained in the intergrand of (14) and which, as can be readily verified from the definition of | 
Yvc(P), is in general independent of this phase factor. / 
We thus have near the branch point 
Ouy (p, X) i 


\ue(— a 9) Op GI Lap ra) ON O0 (7S) 


From the definition of the quantity yy,(p) it is seen that the expansion in powers of € — Eq contains 
no even terms, and therefore the expansion begins with the term («€ — egy ~(p- iver oN 
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Selection rules for electromagnetic transitions have been obtained for the following asymptotic 
quantum numbers of deformed nuclei: 9, A, and Z (the projections of the total, the orbital, 
and the spin angular momentum respectively of a particle on the axis of an elongated nucleus ) 
nz (the oscillator quantum number along the axis), and N (the principal oscillator quantum 
number.). Taking into account these selection rules allows an explanation of the discrepancies 
between theoretical and experimental values of transition probabilities. A first order forbid- 


denness in one of the asymptotic quantum numbers decreases the transition probability by a 
factor 10 —100. 


1. INTRODUCTION 


Ler a nuclear state be characterized by the energy Ej, the angular momentum ]j, its projection on an 
axis fixed in space Mj, and the parity 7;. It will be able to make a transition to a state with Es, I¢, My, 
and mts with emission of a y-quantum of energy hw = E; — E¢ and multipolarity X. The probability of 
such a transition is given! by 


_ 8tA+1) 1 /o\21 
T (ax, hol) = GosppE e) B(), (1) 


where B(d) is the reduced transition probability 


BQ)= Dy |VFMA, pw) Videp, (1a) 
pe, My 
and m(a@A,p) —the operator of the multipole moment. The a denotes the electric or magnetic char- 
acter of the transition. 
For a multipole transition to be possible the following selection rules must be fulfilled 


lti— Lp | SAS +, (2) 
M;—M;=p, (2a) 
wath Cet foreEs; 
IOS ie 
(S1ye* for, (3) 


The dependence of the transition probability on the nuclear structure is contained in (1) in the matrix 
element of the multipole operator. One consequently has to use in actual computations a nuclear model of 
one kind or another. Because of its simplicity one usually takes the shell model. The emission of y-rays 
is then treated as a single-body process. Utilizing the known expressions for the multipole-moment oper- 
ators, one can derive formulae! for the probability of emission of electromagnetic radiation of multipolar- 
ity 4. In the region of validity of the shell model the agreement between experiment and theory is in gen- 
eral not bad. The ratio between the observed and the calculated transition probability ( denoted in the fol- 
lowing by F) is close to unity. However, in the region of highly deformed nuclei (150 < A < 190 and 
222 < A < 256) there is a strong disagreement between the experiment and the values calculated by the 
shell model. This is not unexpected since in this region the unified model of Bohr and Mottelson’’? applies. 

Nilsson and Mottelson*® worked out single particle states in deformed nuclei. They classified the 
states according to the quantum numbers ©, A, = (projections of the total angular momentum, the orb- 
ital angular momentum and the spin of the particle respectively on the elongated nuclear axis) ny, ny 


Lagi 
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(oscillator quantum numbers along the elongated axis and in a plane perpendicular to it respectively) an 


N (principal oscillator quantum number). ; | 
Alaga et al.® give an additional selection rule for electromagnetic transitions in deformed nuclei. Let 


K be the projection of the total (collective and internal) angular momentum on the elongated nuclear axi) 
Then 


—s 


[Ky— Ki |B (4 
The degree of K-forbiddenness is characterized by the number v 


y=|k|—A (5 


The experimental data show that in strongly deformed nuclei K is a “good” quantum number and v 
=1 decreases the transition probability by a factor of about 100, However, selection rules (2) — (4) art 
still insufficient to explain the discrepancies between experiment and theory. It frequently turns out tha | 
the F-factor for transitions allowed with respect to these selection rules is very small. In this connec~ 
tion it is of interest to investigate selection rules with respect to the asymptotic quantum numbers and Li 


determine how they are obeyed in deformed nuclei. | 


2. ASYMPTOTIC SELECTION RULES 


We consider the case of strong nucleon-nuclear surface coupling. Here the spin-orbit coupling is des; 
troyed and the projections of the orbital and spin angular momentum on the nuclear axis, A and 2, are 
separately constants of the motion. Furthermore, the oscillations of the nucleon along the nuclear axis 
and perpendicularly to it proceed independently. A natural choice here seems the n,, n,, A, 2, taking 
as eigenfunctions the functions of an anisotropic harmonic oscillator in cylindrical coordinates. Howeve} 
the particle states in deformed nuclei are commonly characterized by the quantum numbers N, nz, A, 
Q (=A+ 2) and it is therefore necessary to work in this representation. ) 

We now consider the transition of a single particle from the state Ij, Kj =Qj, 7j, Nj, Nzj, Aj, 2j 
into the state If, Kp =Q¢, mg, Ne, nzg, Af, Ze with the emission of electromagnetic radiation of multi. 
polarity 7, k. We assume that the transition is allowed with respect to (2) —(4) with respect to total | 
angular momentum I, its projection K, and parity 7. We write the operator of the electric multipole 
moment in the form 


| 
! 
1 


We Pe is Al2 | 
m(EL, A) =|e+ (—IPZP (ge) Ya. (6 


Here the contribution of the particle magnetic moment and of the nuclear collective motion has not been | 
taken into account. The latter can have a considerable influence on E2 transitions. We write for the 
magnetic multipole moment operator®4 


M (Mh, k) = (eh /2Mc) (h / Mey)? V (r’Y,,) [g,8 + gl]. (7) | 


Here the contribution due to the collective motion has also been omitted. It can be taken into account for’ 
M1 transitions by replacing gg and gpg by gg —-gp and gp —gpR respectively; gR wv Z/A. , | 

The selection rules in (7) are essentially given by the terms V( rA Yyk)s and V( ra Yyk)&£. We re- 
write them in the following form 


V(P¥ a8) 8 = VORF DARD PO {FV OF DOPE) Vacs, toa (Se + isy) 
+ $V Q=) OPN) Vig ata (Sx — sy) + VES, wSchs (Sip 


A similar expression for V (LAY ax )£ can be obtained by replacing in (8) (Sx + isy ) and sz by (ly 
+ ily ) and £, respectively. The operator Sy + isy in (8) corresponds to the transition 2y=- % > 

Seth; sx - isy corresponds to the transition 2j = WE —if=- be and sz, together with the oper- _ 
ator for the orbital magnetic moment V(r Y,k)£, corresponds to transitions with 2; = =y. Utilizing 
the wave functions of an ellipsoidal harmonic oscillator without spin-orbit coupling one can determine 

for which values of N, nz, 2, A, = the matrix elements of the electric and magnetic multipole mo- 
ments differ from zero. The results of such a calculation are given in Tables I and Il. The tables are 
arranged identically. The first column gives the difference k = Qf — Qj between final and initial Q. It 
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TABLE I. Selection rules for N, nz, A, = in suffices to consder for a certain 
| electric transitions of multipolarity \ polarity ) transitions with AQ 
— =+)2, +(A-—1). An exception is 
) An= 0, —9; |ad—=ay—A;| 87S, | aN= ay —N; Sm ee quadrupole radiation in transitions 


with Qj =Q,. In the second and 


ay + 0 Th = ESN 0 thi ; 

0) | hat) f Ralls tsa ne, ; Bees the selection rules 
0 0 0 42 7) ey or and 2 are given. They 
0 0 0 0,+2 0 a have to be considered together 


with AQ. The condition AQ = 
AA+ Az has to be fulfilled. We 


TABLE II. Selection rules for N, ny, A; 2 in ERAN GSS 0 TAIEINEN Ton 22) 


: ee ‘ ; itions can occur only without 
magnetic transitions of multipolarity er y 
Ss F y change of the projection of the 


Additional spin on the nuclear axis (neglect- 


reo fT AC, we “tz ="2f—"zilConditions ing the magnetic moment of the 
| particle). Magnetic transitions 
= a ae = oat a , <n Sor +h can occur both with and without 
+0 ay £0 =) = we 2—8,...— 0-4 ne Sad change of the eso kai of the 
B61) | £6—2) “4 es = Si spin on the nuclear axis. The 
| fe 0 at +1, ae tt eae fourth and fifth columns give the 
= = selection rules of N and n,. If 


An, #0, the sign of Anz is re- 
stricted to the sign of AN for the 
largest |AN|. The smaller |AN| can occur with either sign of Anz. For example, in an E1 transition 
with AQ =0, AA=0; the value AN =+1 corresponds to Anz =+1, andfor AN=-—1 only Anz=-1 
is allowed. Or, in a magnetic transition with AQ =+(A- 1), AA=+(A-—1), wehave Anz =2 for 
AN=2A+1, and Anz =—-2 for AN=—(A+1). For the other possible AN=A-1,A-3,..., -A+1, 
Anz = +2 is allowed. 

It should be emphasized that the obtained selection rules hold only for transitions of the type Q¢ + Qj 
>. Intransitions Q¢+ Qj =r the particular case with Q = 4% appears. In this state the interaction 
with the surface vanishes and the spin-orbit interaction is not weakened. The quantum numbers nz, A, 
x here have no meaning. 


3. COMPARISON WITH EXPERIMENT 


We shall now investigate how well the selection rules established in the previous section are obeyed 
in transitions in actual nuclei which have only finite deformations. For this it is necessary to compute 
transition probabilities using wave functions of deformed nuclei and to compare these with correspond- 
ing transition probabilities in spherical nuclei and with experiment. Such computations were performed 
for transitions in a number of rare-earth and transuranic elements for which there exist data on exper- 
imental half-lives.’ The transition probabilities in deformed nuclei were calculated using Nilsson’s* 
formulae and wave functions. The transition probabilities for spherical nuclei were computed with for- 
mulae given by Blatt and Weisskopf.! The results are given in Tables III andIV. Table III gives the re- 
sults for electric multipole transitions and Table IV for magnetic multipole transitions. The first col- 
umns of the tables list the elements; the second the transition energy in kev, and the third the spin and 
parity of the initial (top) and final (bottom) state. Only states with I=K = were considered. Tran- 
sitions into rotational levels can easily be eliminated by use of the intensity rule given by Alaga et al.8 
The fourth column also gives two sets of data: the upper line has N, nz, A, 2 for the initial state and 
the lower for the final state. In the fifth column the character of the transition is indicated. Transitions 
which are allowed with respect to all quantum numbers are uninhibited and denoted by u; transitions 
forbidden because of n,, A, or & are hindered and denoted by h. In order to facilitate the determin- 
ation of the character of the transition the table is broken up into parts according to the values of A and 
k. The head of each subdivision lists the changes in the quantum numbers N, n,, A, Z which are al- 
lowed according to Table Il. The sixth column lists the values of F, —the ratios of the theoretical 
transition probabilities in deformed nuclei to similar ones in spherical nuclei. And, finally, the last 
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column shows the ratios of the experimental™® to the theoretical transition probabilities in deformed nt | 
clei, F). The ratio of the experimental transition probability to the transition probability in spherica 
nuclei (the F-factor ) is equal to the product FyF9. are 
From Tables III and IV it is first evident that the quantum numbers nz, A, and Z playa eerste 
part in real nuclei. If the transition is uninhibited the unified model and the shell model lead to similar 
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TABLE II. Electric multipole transitions (E2) 


MIT LS ts!!! 
Tran- ‘ 
ion Q; 7; Ni MziSi Yi rs r= Tdef_ Fa eee 
Element roel By NE PT es: character ‘sph acs 
ev 
r=4; AQ=0; AN=44; An, =+4; AA = 0; Az =0 
ose 53241 i 
EulS? 97.3 ae hs ae A 0,38-10-4 
Be §23m! : 
pea? 60 ce Secale A 0.70-10-4 0.13 
pes 03—1 Bs 
Pu2s? yi emer pot AeEt04 0.5 
eee AG = 2 1MNN aes nee 0: AA=—1; AZ=0 
| 
Lull? | Tele) ou ory | h | 0.40-40-@ | 0.7-40-8 
| 
Nee AQ =1: AN =0; An, = +4; AA = 4: haa 
484 S/o+ 40 2417/5 BO 
Tal 482 | eT goal ae h 0.60.40 
A = 2; AQ = 2: NNO: An, = 0; IAYNN ce DE A= =0 
184 Vo AN 10-3 
Tals $5.0, Sr rata h 1.8.10 0.99 
153 To 411—/, 
Eug3 172 S/o eae. u 0.16 
3: AQ = 3; AN = +4; An, = 0: AA = 3; Az =0 
Dyi6s 108 5 2 STE h 0.85-40-8 | 0.60 
167 a 5 21—1/ ane 
Erié 208 | PT aaeuale h 0.80-40-8 | 2.7% 


* Computed by Iu. I. Kharitonov 


results (F ~ 1). But if the transition is hindered then the unified model gives smaller transition prob-: 
abilities than the shell model. The size of the decrease depends on the degree of forbiddenness. One 
sees from the given data that a first-order violation of the selection rules for one of the asymptotic quan- 
tum numbers decreases the transition probability by a factor 10 —100. This allows an explanation of the | 
disagreement betweent he experimental transition probabilities and the shell model (compare F, and 
F;F,). Unfortunately only little experimental data exists. However, even the presently-available data 
clearly indicate the usefulness of the unified model as can be seen from the last column of the tables. 
The unified model describes the experimental data much better than the shell model. 

The case Indes is of particular interest. This nucleus is on the boundary of the region of large defor- 
mations and the question of its equilibrium shape is presently open. An M1 transition of 82.6 kev was 
considered, with the deformation parameter taken as 0.14. The obtained result (Table IV) shows that 
the assumption of a deformed nucleus leads to a considerable improvement. 

In conclusion we remark that the simple physical model of a single particle moving in a deformed har- | 
monic oscillator potential on which this calculation is based gives a fundamentally correct description 
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TABLE IV. Magnetic multipole transitions (M)) 


Tran- 


Tran- 
sition Qi7; Nj zi Aj Bj sition "def Tex 
Element Ben ayes F, = “et we: P 
BY> pty Ne tgp Ag X charac- aay eT 
kek Vine cen loned a sph def 
wut AQ =1; AN = 0; ee ae Bre, Sy 
" ’ ’ ) ae 42 = 4” —— (0) 
Wis Set 
Eut? SON an Pe a o | OF72 0.09 
3 
Eug3> 103 vit ; i sie A 1.2.10" 13 
5 
Tats! 482 | fat oa: h | 1,4-40-8 | 0.87-10-2 
Le 82.6 | site pu h | 0,56-10-8 1.8 
—— ADS Ane An, =—1; AA = 0; 4 
%/a— 51444 / 
Lui” 146 Sh joa u 0.4 


of the laws of the electromagnetic transitions in deformed nuclei. This is a rather remarkable fact. 
I am deeply grateful to S. V. Ismailov and L. A. Sliv for their guidance in the course of this work and 
to Iu. I. Kharitonov and L. K. Peker for their discussions concerning the results of the calculations. 
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The scattering of slow neutrons in ferromagnets is analyzed, using the theory of spin-waves. 
The analysis is applied to single crystals and to polycrystals. 


1. INTRODUCTION 
| 


Tus paper will deal with the scattering of slow neutrons in ferromagnets, at low temperatures where 
the behavior of the ferromagnet is described by spin-wave theory. This problem has been recently dis- 
cussed by several authors.!—~* The most complete discussion is that by Elliott and Lowde. They con- | 
sider mainly the inelastic scattering of neutrons in a single crystal, the scattering being accompanied by. 
the emission or absorption of a spin-wave of small momentum, and the temperature being not too low so | 
that the energy-spectrum of spin-waves is given by the Rayleigh-Jeans formula. The case of greatest 
physical interest, the diffuse scattering close to a Bragg reflection, is described satisfactorily by their — 
theory. However, the assumptions which they make are not necessary; the cross-sections can be calcu-_ 
lated without any such assumptions, and the results remain simple in form. ) 

We find that, when the neutron wave-length is much greater than the lattice-constant, the large-angle © 
scattering of a neutron is accompanied by the absorption of a spin-wave of large momentum for which 
the Rayleigh-Jeans distribution is usually incorrect. Therefore the statement*® that the long-wave- 
length inelastic scattering cross-section is proportional to temperature becomes correct only at temper 
atures low compared with the ferromagnetic exchange interaction. 

In this paper we calculate the elastic scattering, and the inelastic scattering in single crystals and 
polycrystals with absorption or emission of one-spin wave, and we also estimate the magnitude of proc- 
esses in which more than one spin-wave is emitted or absorbed. 


2. DERIVATION OF THE CROSS-SECTION FORMULAE 


We consider neutrons in a ferromagnet being scattered by magnetic interaction with the atomic spins. | 
We do not include the scattering due to the interaction with the orbital part of the atomic magnetic mo- | 
ments, since this scattering is identical with the scattering in a paramagnetic medium and was calculatec 
by Migdal.’ Because the orbital moments are randomly oriented, there is no interference between the | 
orbital and spin contributions to the scattering. For a detailed investigation of inelastic scattering we 
need to know the wave-functions of the scatterer; we are therefore restricted to the low range of temper-- 
atures (far below the Curie temperature ) in which a detailed theory of ferromagnetism, the spin-wave | 
theory, is valid. 

The matrix elements of the interaction of a neutron with the spins of a system of N identical atoms 
have been calculated by Halpern and Johnson.® They have the form 


Vera” = — “Fe ray (g)(n'a'| Die" (S1, S— (eS) e)|na), (1)) 
l | 


Here p is the neutron wave-vector, n is one component of its spin, and a is the state of the ferromag- 
net, initially. In the final state the corresponding quantities are p, n’, a’. y is the neutron magnetic 
moment in nuclear magnetons, S is its spin, ry =e?/mc?, M is the neutron mass, a=p-p’, e=4q/q, 
Sg and Rg are the spin and position of atom number 2, | 


ely s\S; 


a Je". stay Ys (2)) 
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vg is the wave-function of atom number £, s, and py, are the spin and position of ele 
and the sum extends over the z electrons in the atom. 


The matrix elements of the operator 2» exp (iqRy)Sp can be easily calculated from spin-wave theory 


. + 
in the form introduced by Dyson.”® The operators S) and Sp = Sp a iS} are connected with spin-wave 
absorption and creation operators in the following way (see the Appendix). 


ctron number », 


Si =—S eee [Puc — (SN) > a 4.1%), (3a) 
p A 
SpeOSNe) Der eae (3b) 
p 
ST = (2SN7*)* Die-#R,| ay — (2SN)™ Dy eetpopu ert]; (3¢) 
p A,o 


where the z-axis is along the direction of magnetization of a domain, Oy and ay, are absorption and 
emission operators for a spin-wave with wave-vector p and energy 


ey = IS SY} (1 — eit8) me FS yi2y2, (4) 
5 


J is the ferromagnetic exchange integral, 6 is a vector joining any atom of the lattice to one of its near- 

est neighbors, and yp is the number of nearest neighbors over which the 6-summation extends.* 
Equation (3) implies the existence of the following types of scattering. (1) Elastic. (2) With emis- 

sion of one spin-wave. (3) With absorption of one spin-wave. (4) With emission of one and absorption 


of one spin-wave. (5) With emission of one and absorption of two spin-waves. The corresponding cross- 
sections are 


1 dey = SF) | De | (1 gg De) Dea — eth (5a) 
2) as _ © 5/2 PF (g) a Seen] aye e291 + 02) ay) + Mids (5b) 
3) Ht = Sri F(a) | de crbey REE oa eH a F + e2) Ca, (1 ge a, /NS)> dps (5c) 
4) Set = ryt F?(g) v| de (atH—») Ry I ae ea P(1—e8) Cay (ay + 1) dp dy, (5d) 
5) Cie) = oe 722 F*(q) at de! (qt+v+o—p) Ry i Cae ace e (yg (dy, + 1)> (1 + €2) dp dv de. (5e ) 


Here vy is the volume of the unit cell, e Wd is the usual temperature factor, is the number of 


spin-waves with wave-vector pp, and < > denotes an average over the initial states of the scatterer, 
so that <a, > is the Planck distribution-function which we shall denote by n(p). , 

In this paper we study the cross-sections (5a)— (5c). A detailed investigation of (5d) and (5e) will 
be made later. 


3. ELASTIC SCATTERING 


Consider Eq. (5a). At low temperatures 2 a,/NS «<1, and we may neglect the square of this quan- 
tity. Its mean value is just equal to the deviation of the spontaneous magnetization at temperature T 
from its value at T= 0. When the number N of atoms in the crystal is large, 


*We consider only ferromagnets of cubic symmetry. 
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A | Sexp (aR) [' ==" 3 (q—9), (6) 
l + 


V9 


where 1 is a vector of the reciprocal lattice multiplied by 27. Therefore Eq. (5a) becomes 
222 — 2m) N 7 

doy _ $%/2.2F? (q) e "4 (1 —2G(T)] (1 —e2) * 3 (q—>). Ly 

This expression was obtained by Van Hove? by a different method. From spin-wave theory we have 
G(T) = (9/2) (T /2nT 2) + O[(T / 2nTe)"*], (8 ))) 

where ¢€(x) is the Riemann zeta-function, v = 6’v)~2/3, and Tg =JSyv/3k is approximately equal to 

the Curie temperature.® Equation (8), like the spin-wave theory and like our whole treatment of neutron 

scattering, is valid, as shown for example by Dyson,® when T « T,/2v. 

A detailed theory of ferromagnetism is not necessary to derive Eq. (7). In fact Eq. (7) follows di- 

rectly from Eq. (1), if we use the following three pieces of information. (a) The translational symme- 


try of the crystal implies that the matrix element (a| Si |a) is independent of £. (b) The definition of 
G(t) requires 


S™ ((a|Si|a)’> = 1 — 2G (T) 


(c) The matrix elements (a|S*|a) are zero, since the operator S* changes by one unit the z-com- 
ponent of the total spin and this z-component is a constant of the motion. Therefore Eq. (7) can easily 
be generalized to the case of scattering by antiferromagnets. In the simplest case, an antiferromagnetic 
crystal can be considered as composed of two equivalent sub-lattices, interpenetrating each other and 
magnetized in opposite directions. The only difference from the ferromagnetic case is that the matrix 
elements (a| Sf |a) reverse their signs when we go from one atom to any of its nearest neighbors, the 
absolute values still being equal. Accordingly we may write 


(a| S7| a) = (aj S7| a)’ exp (iwR,), 


where (a| Si |ay is independent of 2, and w is any vector of the reciprocal sub-lattice which does 
not belong to the reciprocal lattice. Thus Eq. (7) remains valid for the scattering by an antiferromag- 
net, if we replace the vectors Tt by w, and define G(t) with reference to either sub-lattice. By ob- 
serving the scattering of neutrons in antiferromagnets we may obtain information about the temperature- 
dependence of the spontaneous magnetization in the sublattices. | 
Averaging Eq. (7) over the direction of 7, we obtain the scattering cross-section in a polycrystal 


g,F? (7) 
Ant? 


(1 —~e2) e778 (g=0), (9)) 


d 2r)8 
a= Sor [1 — 2G (7) 


where gy is the number of distinct reciprocal lattice-vectors with length T, and 


Onn : : 
= [cos sin 9 sin ¢ — sin cos cf, (10); 


where 4 is the scattering angle which satisfies the condition sin(@)/2) = 7/2p, € is the angle between | 


p andthe z-axis, and ¢ is the polar angle of the vector p measured in the plane perpendicular to p 
from the direction [p xz]. 


The total elastic scattering cross-section in a polycrystal is 


y 2r)3 lie (Ci) meee ¢ 7 
oy = S'r2y? [1 — 2G (T)] _ Pie oM= 1 4 costt + i (1—3 cos%) |. (11); 
4, SINGLE-SPIN-WAVE SCATTERING IN A SINGLE CRYSTAL 


Starting from Eqs.(5b),(5c), and (6), and neglecting = a, /NS in comparison with unity in Eq. (5c), 
we obtain the cross-section for single-spin-wave scattering in a single crystal,* ° 


* Equation (12) coincides with Elliott and Lowde’s formula! for the single-spin-wave scattering, if we 
replace n(p) +4+% by 6kT/ISyd2p?. 
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doi, |d2 = 5 Sri?F? (q)e7"4 (1 +22) © [np + fob Ul d(qep+a)dp. (12) 
“he vectors Pp, p, and yw are connected by the energy conservation law: 

p= p= (2M | n*) © () = p? = ap?, (13) 
Jere the minus sign holds for scattering with emission of a spin-wave, the plus sign for scattering with 
bsorption. For ion a@~ 100, and in general a > 1. In Eq. (12) we may replace q by tT everywhere 


xcept in the argument of the 6-function. This is because the whole spin-wave theory, and Eq. (18) in 
articular, only holds for pé < 1. 


We study first the case of absorptive scattering. Integrating Eq. (12) with respect to p and using 
“q. (13), we find 


Pa [cos 9 + V cos? & — cos? So)? , 
‘ p(a— 1)? V cos? 3 — cos? 9 y (15) 
COS* Hy = (% — 1) at (1 ++ p? / aP?); (16) 
2 eats cd § 4 Vices = cost hea 
4. (cos 9) (a — 7 | (Cos ® + V cos Cos 3.) =| - ) El (17) 


dere 3 is the scattering angle measured from the direction P=p+7, and m is a unit vector in the 
lirection of magnetization. The magnitude of the momentum of the scattered neutron is given by 


, 


pr = a (cos $+ V cos? & — cos? Bo), (18) 


and the range of variation of cos? is 
1 > cosd > cos > 0- (19) 


Since cos” 3) < 1, it follows that 


2 4 
oe ie ere (20) 


p a) 45 


where W is the angle between p and 7. Equation (16) implies cos? 3) >1-(1/a), andsince a > 1, 
also 3 < a //*, Thus the scattering with absorption of a spin-wave occurs only in a narrow cone around 
the axis P=p+tT. To each direction of scattering within this cone there correspond two values given 
by Eq. (18) for the scattered neutron momentum. 

By Eq. (17), eK cos%) decreases and pe cos %) increases with increasing 3. Thus 


pA (1) > ph (cos) = pe (cos) > p2 (1). (21) 
From Eqs. (14), (15), and (21) we deduce the formula for the total cross-section 


1 — exp {— 7,393, (1) (2vT) 1} 
1 —exp {— T,8%u2_(1) (207) 


oh = 5 eSrhy F? (2) E an a ee ert yg In (22) 
We next study a few limiting cases. 
I. P=p. Then Eqs. (16) and (17) give 


cos? =1— 0%, p¥. (1) = 4p2/(@—1)%, wh (1) =0. 


If also p and T satisfy 
4p?8? | (a —1)?<< QT [Te 


then n(p 4) can be approximated by < 2vT/T. > p48 in Eq. (15), and the cross-section becomes pro- 
portional to temperature. As %— 0 the cross-section tends to infinity. However, Elliott and Lowde* 
have shown that the infinity does not actually occur, since the minimum wave-vector of a spin-wave is 
different from zero and is of the order of magnitude 2n/ 6N!/3, where N is roughly the number of atoms 


in a domain. Therefore the cross-section becomes 
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2] p-2W_ VT 252K ls 
v= Brey F* (x) [1 + (ms)? /!] i 7, (P po)? In ce 1° 


When P =p there is also elastic scattering. 
ie if pe Pe bat yu? ( Nee <« 2vT/T,, the cross-section remains proportional to temperature, 


oh = 5 Srey F? (x) 1 + (ms)" 7] 6" (pPe 


aa 2vr yw) (24)) 

ye ay - 

ate) BBs ent Tyee es 2vT/T,, the cross-section is proportional to 
exp {— w2 (1) 8°Tp/ 2x7} — exp {— v3 (1) 27. / WT}. 


But this expression is very small compared with unity, and so there is practically no neutron scattering | 


with spin-wave absorption in this case. ; 
The cross-section is a maximum when p? = P*. As p* decreases, p*(1) increases and hence the 


cross-section decreases. 
We next consider the scattering with spin-wave emission. As in the case of absorption, we find 


ds, /dQ = (doi, /dQ)s + (doi, /dQ)_; (25) 


(ds41 /dQ), = 5 Srp r? (x) e 2 [1 + (mt)? / 22] 


~ [n (pe) +4) wai [cos as V/ cos? 4 + : (1 : 5) [cos ® pa ns : (1 = S ‘bea? (26)) 
wz (cos?) = arip ¢ te =) =) cos? — 4 aa : (1 cert ae t= COS 5} . (27) 
rs = 22, [ome + card — 2B) (28) 
Scattering is now possible only when 
aS or cos¥<—> (2-22) (29)) 


Since cos¥ = -1, Eq. (29) implies that scattering will occur with spin-wave emission only when 


pr>ac(V4+ (1 /a) —1) = (e/2) (1 — (4 / 4ax)). (30)) 


We need to consider two cases 


a 


je acres, (1— Fr) = cos? 9, > 0, i a 
We discuss case (1) first. As in the discussion of absorptive scattering, cos varies within the 
range 
1 > cos > cos $, >0 . (31)) 


pod to every scattering ane 3% correspond two outgoing neutron momenta given by Eq. (28). Also 
fie (cos) increases and wo? 2(cos$) decreases with increasing 4%, so that 


| 


p2 (1) > p2 (cos 91) =p? (cos 91) > p? (1). (32m) 
The total cross-section is given by 


(33)) 


QT 1 OxP (Te Sus (1) (207) 4} — 4 


1 
oF = aSr2 72 F2 (x) [1 + (mt)? / 22] e282 (p P32) 
user ie ao pee) To exp {T, 822 2 (4) (QT) — 4 © 


As in the discussion of absorptive scattering, we copeiuer three limiting sub-cases of case (1). 
I. P=p. cos’s;=1-a7?, p’2(1) = 4p*/(a +1)’, ui?(1) =0, and, if we assume 4p262/(a +1)? 
<«< 2vT/Te, then 


i p2s2 N'ls 
ln Gcea 


wSr2 y? F? (x) [1 = (mz)? 2] e2”= (po) 


SCATTERING OF SLOW NEUTRONS IN FERROMAGNETS 781 


So in this case ol, PS ot. This means that around the Bragg maximum of width N~'/3 there is a diffuse 
maximum of width 1/a caused by single-spin-wave inelastic scattering. 
, 
I. p#P but w2(1)8? « 2vT/To. Then 


. 1 2 yl ge 
o3 = eSr2 2 F2 (x) (1 + (me)? / <2] e-2"”*(p P82) ip. In ae (35) 
Il. pee (1)6" 2 2vT/Te. In this case the cross-section is given, with an error of order 
exp{—Tg [u.(1)5 #/2vT}, by the formula 


ee ) Nae a 
oF, = 5 S12 AF? (2) [1 + (mt)? / 2] e BO (36) 


and is very small when a is large. It is larger, the larger the ratio p*/P*. As in the case of absorp- 
tive scattering, the maximum cross-section is at p*/P* = 1. 


Now we return to case (2). This case is possible if 
CV (Va ene pa eV al) eal) 


which means that p is very close to tT. Equation (28) then implies that p_ <0. There is thus only 


one outgoing neutron momentum ps at each scattering angle, and the angle can very from zero to 7. 
Also 


uw? (1) <p? (cos) <p? (—1). (37) 


Equation (27) implies that w2(1) > p?/a ~ T?/a, and so the cross-section is small at sufficiently low 
temperatures. When ri 1)6’ < 1 the cross-section is given approximately by Eq. (36) with sins, 
1fa+1 5) 
replaced tie -1 
eplaced by 3 Fin pt 


From Eqs. (20) and (29) we see that scattering with emission of a spin-wave and scattering with ab- 
sorption can occur simultaneously only when 


~(j + $4) <amv<-(2-18), (28) 


which just defines the range of values of W for which both cross-sections attain their maxima. 


5. SINGLE-SPIN-WAVE SCATTERING IN POLYCRYSTALS 


When Eq. (12) is averaged over the possible orientations of q and 7T and integrated over the direc- 
tion of pw, we obtain the total cross-section for scattering in a polycrystal with absorption or emission 
of one spin-wave with wave-vector yp, 


= Reg tpt 1, 1] pdu 
ds*, (p, ») [dQ = 5 Sr2PF? (2) e°"* (1 + e2) =F lay) + yey], (39) 
with 
Sata gt (40) 
Since g=|p -—pl, |p—p'|<a<pt+p, and therefore the inequality (40) need be stated only when 
ea lieieenat ( 41a) 
Reta Pop ( 41b) 
We must in any case have 
oe Sp — Pil; ( 41c) 
t—pptp. ( 41d) 


The inequalities ( 41c) and (41d) fix the limits within which q may vary when yp is given. : 
Consider first the absorptive scattering. We have to satisfy the inequalities (41a) —( 41d) with p 
given by Eq. (13). The allowed values of q are plotted in Fig. 1, the boundary cruves being given by 
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: Po Pr a 2; Po Pe Ps Ay A 
FIG. 1. Ranges of variation of q FIG. 2. Ranges of variation of q for given 
for given p and uy, for absorptive p and yp, for scattering with spin-wave emis- | 
scattering. pp) =7/2, py=Ta(1-—- sion. py=Ta(V1+(i1/a) —1), po =T/2, 
VI =(17a)), py = T/(Va+1), be = pp =Vat/(Va+1), pg=7, pa=Vart/(Va — 1), 
t/(Va—-—1). Inregion(1) T-p=q Ly = P/V a. In region(1) T-p=q =apien 5 
<p+p.In(2) p-p=q=p'tp. In (2) p-p' =q=p'+p. In(3) p-p 
(se P14 r ein (4) <q Sor + py Ine 4). 7 = pS See 
T-p =q = 7T+p. Outside these re- Outside these regions there is no scatter- 
gions there is no scattering. ing. 
ape Steed Vapor py, | sk pV ae (42) 
ON eee Se Madre Cid eee th) ence Cee 
ase a—4 zed a—4 ; 


The range of variation of q is of no interest when yw is large, since n(y) is then small. Thus the al- 
lowed ranges of q when p, yu, T are given can for practical purposes be taken as 


1) t—pCq<tt+p;, 2) t—pqKcptp’. 


The differential cross-section is 


do@, /dp = (4m / 3) Srp y2F? (t) e?"* (g, / zp) n(p) p? (43a) _ 

in case (1) and | 
do*, /dp = (2m /3) Sr¢ 7°F? (x) e°"* (g,/tp?) n(p) ve (p + p’ —t +p) (43b) | 

in case (2). These results are calculated for an unmagnetized crystal, setting e equal to Tes Ii pe= | 


ta(1-—Vv(1—-(1/a)), only case (1) can occur, and the total cross-section becomes 


4 a fay oa, ee AEP | 
S(O) ay Sa). (44) 


When 1/2 < p <at(1-V1—(1/a)), we can compute the correction to Eq. (44) produced by the 
range of p for which dol,/dy is given by Eq. (43b) rather than by Eq. (43a). However, this correc- 
tion is of order 1/a@ and therefore small when a is large. Equation ( 44) can be taken as correct all 
the way down to p=7/2. Further, using the relation p +p + p —T < 2“, we can show that when pg 
<p< uf Eq. (44) remains valid for all p satisfying ugé « V2vT/Tc. When p decreases still fur- 
ther the cross-section begins to fall off rapidly. 

Next we discuss the scattering with spin-wave emission. When wd <1, so that the relation between 
energy and momentum of a spin-wave is quadratic, the values of q allowed by the inequalities (41) are 
plotted in Fig. 2. The boundary curves are 
t—p+Vp + 2atp—art iy ee PO Vee aap = oe 


(+) — 
Het on TEI ? 2 a+1 


The cross-section is then 


dav, [dy = (2nS /3) r¢ 72F? (t)e?™* (g, / =p?) [n(n) + 1] pAg, (45) 
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where Aq is the difference between the maximum and minimum values of q which are allowed for 
given p, p. Again the scatterer is assumed unmagnetized. 

We now consider the total cross-section for scattering with emission of one spin-wave. When p is 
close to 1/2, the total cross-section is obviously small. It increases rapidly with p. When p~7, the 
part of the total cross-section with spin-wave emission which depends on n(p) becomes equal to the 
absorptive cross-section given by Eq. (44). As p increases further, the analytic form of the cross-sec- 
tion remains unchanged. The part of the cross-section independent of n(u) can be easily evaluated in 


the case when the maximum value of pw for given p does not exceed 1/5. When p~7, this part be- 
comes 


(2m / 3) Srp 72F? (x) e°* (ge /tp*) (7 /V'a).? (46) 


As p increases further, the condition 6u < 1 ceases to hold. But for sufficiently large p, (when pé6é 
> [(76)? +. a ]/275), the inequalities (41a) —(41d) hold for all p when the exact dependence of p’ on 
Bf is taken into account. The total cross-section for scattering with spin-wave emission then becomes 
S x 2z)3 4 
spe Sat eh OY [a(n + 5]. a) 
From Eq. (10) we easily derive the total cross-sections for scattering with absorption or emission of 


one spin-wave, when p is large so that 6p > V2vT/TG, in a magnetized scatterer. We have only to 
‘multiply Eq. (44) or (47) by 


®/, [3 — cos®t — (x2 / 4p) (1—3 cos *0)]. (48) 


We next examine the angular distribution of the scattered neutrons. The maximum intensity will be 
seen in the directions for which the energy of the absorbed or emitted spin-wave is a minimum. In par- 
ticular, for p = 7/2 the majority of neutrons will be scattered backward, while for p > 1/2 the maxi- 
mum scattered intensity will be at the Bragg angle 0). When p is large (pé > V2vTa/Tg) so that 
p =p, it is easy to compute the width of the diffuse maximum. In this case T — p <q = 7+ for scat- 
tering either with absorption or with emission. We find 


4 2vT 


0 
Sia ae (49) 


+, Oo = AO : 
Si Sil 


For large p, we can also compute the differential cross-section, 
dot, (p) /d0 = \dp (dot, (p.n) / dQ). 


for scattering with emission or absorption of a spin-wave. In this case 
a a 
= 2p (Ie Fs) sin > (50) 


where the plus sign holds for absorption and the minus sign for emission. The limits of variation of q, 
together with Eq. (50), imply 


| pi (6) |< p<ui (6), (51) 


WHOn a eu0 0, 
p(t) (8) = —P If 14-4asin 9 (sin —sin®) , oe) = — fit 1e4asin$ (sing —sing (52) 
1 200 “ . 2 ; mie. 
a sin > Zi 


where now the minus sign holds for absorption and the plus for emission. Further, we have 
———_ 
sin <4 sin% [14 7 1+ (asin? 2) | (53) 
for absorption, and 
AOS) ped, W248 ee Oe 
sin doin & [14 VW 1— (asin?) | (54) 


for emission. In the region close to the Bragg maximum, we are concerned with spin-waves of small pu, 
and so unity may be neglected in comparison with n(y) in Eq. (39). If we also neglect in Eq. (39) the 


784 S. VV. (MADE EW 


variation of p’ with p, and set qw#7, we obtain 


= = (+) 2) WT? ‘ 
Z Were —~2W, Ned Leet te ee [us~? (8) d]° / 2v7} 55 
do®,, (p) | dQ. = = Srey Ata) (L-e2) =e TT. Ne —T, [a= (0) 32/27} , (55) | 


with e% given by Eq. (10). 
The exponentials in Eq. (55) make the cross-section vanishingly small whenever the condition (49) is 


not satisfied. Very close to a Bragg peak, and at not too low a temperature, the cross-section is # 


do, (P) 
dQ. 


We a Pl 2p 
SBOP? (=) eM (1 + €8) Cae FN Sepa, pes TD” (569) 
In conclusion I wish to thank A. I. Akhiezer for suggesting this investigation, and I. M. Shmushkevich | 
and L. E. Gurevich for valuable criticism. i 


APPENDIX 


Dyson’ has shown that real spin-waves in a ferromagnet, although they have non-orthogonal wave - 
functions, correspond to “ideal” spin-waves in a fictitious model with orthogonal wave-functions. The 
probabilities of physical processes calculated for ideal spin-waves are equal to the probabilities of the 
same processes in the real physical system, Bee that the temperature is low enough so that the con- | 
cept of a spin-wave has a meaning. Also Avakiants! [see Eqs. (6) and (7)] has given a method of deter- 
mining the operators of the ideal spin-wave model which correspond to real physical operators. Apply- 
ing this method to the spin operators of atom number £, we obtain 


Z = 9°, i 9S : 
Si=—S+ ain; Si oS ie =V2S (1g 0h) 1 


where the operators ng and np are connected with the spin-wave absorption and emission operators 


Oy» Oy by the relations 


— avilz NY pie Ry : SA Toman? —ipRy + 
n=N Ure O.; Ht = ye Cea 


p. be 


These equations lead directly to Eq. (3). 
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Light waves at frequencies in the region of exciton absorption of light in a crystal are con- 
sidered. A relationship is obtained between the specific dipole moment of polarization of the 
crystal and the electric field intensity. This relation is not a direct proportion, as custom- 
arily assumed, but is expressed by a differential equation. For this reason, the resultant 
Maxwell equations are of higher order and have more complicated solutions than the gener- 
ally known solutions that follow from the simple phenomenological theory. It is shown that in 
a crystal there exist several waves of the same frequency, polarization, and propagation di- 
rection, but with different indices of refraction. This phenomenon differs from double refrac- 
tion of light and occurs even in isotropically polarizing (cubic) crystals. Strictly-longitudinal 
electric waves are shown to exist in the crystal. Surface exciton states — analogues to sur- 
face electron states — are considered. 


1. RELATION BETWEEN THE SPECIFIC DIPOLE MOMENT OF 
POLARIZATION AND THE ELECTRIC FIELD 


Ler wv represent the ground state of the crystal, Y an excited exciton state with a quasi-momentum 
k, and W,, any other excited state of the crystal. By exciton state we mean here any excited state of the 
crystal, which has among its quantum numbers only one continuous (three-dimensional) quantum number 
k. Such a broad definition of an exciton embraces, for exmaple, Frenkel’s exciton, ! the Wannier-Mott ex- 
citon,?’? the simple phonon, or a molecular electron-oscillation excitation wave propagating through the 
crystal. 

Further, let H be the energy operator for the crystal, and W operator for the interaction energy be- 
tween the crystal and an applied electric field. The aforementioned wave functions and operators depend 
on the coordinates of the electron, as well as on those of the nuclei of the atoms in the crystal. 

To investigate a crystal perturbed by a small alternating electric field, we write 


Y= POL bt Vv’, b= jak, b= Yen’, (5) 


wherein the entire time dependence is assumed to be contained in the coefficients cK and Cy, so that 
%, and W, are independent of time. W, W, and w’ will be considered quantities of the first order of 
magnitude. Then, retaining only first order terms in the Schrédinger time dependent equation, we obtain 


[ins — Hex ¥ = Wao, Wo = \ wi veda, (2) 


The integral is to be taken over the coordinates of all the particles of the crystal. 

Exactly analogous equations are obtained for cy¥p. 

Let us suppose that the electric field decreases quite slowly with distance (i.e., it changes only by a 
small amount over a distance on the order of the lattice constant). Then one can introduce the average 
specific dipole moment of the dielectric polarization of the crystal P(r), due to the external electric 


field 


P (r) = Vere (r) dQ, aQ = [| dxidyidz:. (3) 
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Here 


P(r) = Ye(t;—r)D (ti —1), (4) 


where D=1 for —'4 <x, y, z = % and D=0 for other values of x, y, and z. The summation is to 
be taken over all the particles comprising the crystal; i is the number of the particle, e is its charge, 
rj is its coordinate and r is the coordinate of the macroscropic point in the crystal, with relation to — 
which the value of the specific dipole moment is determined. 

Retaining only first-order terms, we obtain 


P(e) = Pa(t) + Po(r) +P’ (r), Pa(r) =| PO°HP (nr) dD, Py (r) = [yr P (F) dO, P(r) =| CE"Y + HEP ()AQ. (5) 


Let Tm represent the translation. operation for all the electrons and for all deformations of the lat- 
tice by an integral lattice vector m = mya, + Mpa, + mgaz (aj are the lattice constants). In other words, 
Tm represents a change in the configuration of the crystal, such that every electron is displaced by the 
vector m (rj > rj +m), and every atom (nucleus) of type £ in the elementary cell number n is dis- 
placed to the site formerly occupied by the atom of the same type located in cell number n-—m { re —n 
—- rom —(n- m)}. As a result of such a coordinate transformation, H remains invariant. Therefore, 
making use of the well known methods of group theory, one can obtain the following results: the system of 
eigenfunctions of the operator H can always be chosen such that they posses the property: 


T me = em, (6) 
where 
f = gb, + gob. + g3b3, — TS 23, Lo, 3K, 


where bj are the reciprocal lattice constants. The ground state of the crystal wv, as is well known, 
must be real and positive. Therefore Tre =v", An exciton state must satisfy the relation (6), in 
which the quantum number f should be identified with k, for, by definition, an exciton state is charac- 
terized generally by one (three-dimensional) continuous quantum number k. Examination of concrete 
models of excitons shows that % and the energy of the crystal 6(k) turn out to be continuous func- 
tions of k, i.e., of f, in the region denoted by Eq. (6). 

Furthermore, from Eq. (4) it follows immediately that the specific dipole moment P at the point r 
acquires after the translation the value that it had prior to the translation to the point r — m: fA 
=P(r-—m). Bya simple substitution of the variables of integration it can be readily shown that 


| TmF (- Pp) dQ = eae tps) dQ. 
Using the above translation properties of the functions, we obtain 
Po (t) = Yo'P (r) Py.dQ = \ Tm [(¥°'P (r) Pp] dQ = e*™P,, (r — m). (7) 


Since an external electric field is a smooth function of the coordinates, then, as will be shown below, 
the main contribution will be made by terms with small values of k. In such a case, the quantity (7) 
changes only slightly over distances on the order of the lattice constant and one can write in (7) that 
m=r approximately. Then 


Pox (r) = Poet*, Po = Pox (0) = [Pox (0) ]x~o- (8) 


Let us now turn to the calculation of Py(r) in (5). In accordance with Eq. ( 1) 
P, (r) = dic) PO FP (r) dQ = YS cyPox (1). (9) 
k k 


For simplicity one can choose the energy scale such that the energy of the ground state of the crystal is 
zero. Then W° is time -independent, and on the basis of (8) and (2) one can write 


[in “ =e (= iv)| eee [én aa =e (k)| CxPok = \ wo'p [in = H| Ce dO = Py W ko, (10) 


4 
| 
| 


{ 
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where 6(k) is the energy of the exciton state. 
Summing this expression over k and taking Eq. ( 9) into account, we obtain 


[ind/dt — & (— iV)] Py (r) = S1Pox (t) Wo. (11) 


Been of the interaction between the external electromagnetic field and the crystal can be written in 
the form 


ee \ P(r)A(r’, fd’, Wi = — —\Pro (’) A(t’, t) dv = — an area (r’, t) de’, (12) 
where A is the vector potential of the field, and w) = &6(0)/f. Here it is seen that with increasing k, 
Wko rapidly approaches zero, as a coefficient of the Fourier expansion of a smooth function of the co- 
ordinates A. Therefore, in the summation on the right side of Eq. (11), terms with small values of k 
dominate, and one can approximately extend the summation over the entire infinite k space. Then, sub- 
stituting the results of Eqs.(8) and (12) into (11), and also taking it in account that 


elke) = V8 (r—r’) 


k 


(V is the volume of the crystal) we obtain finally 
[ind/ot — G (— iV) P(r, t) = — (i@V/c) Po (Py, A(r; 2). (13 ) 
Differentiation of this equation with respect to time yields 
[ind/dt — € (—iV)] Py (r, t) = iaE, (r,t), acy = OV PorPoy, (14) 


where E, = A/c is the vortical part of the electric field intensity (div E; =0) and a is a tensor of 
second rank. 

The equation for the term P,(r,t), which appears in Eq. (5), is most readily obtained from Eq. (14), 
if one notes that P, = P}: 


[ind/Ot + G (—iV)] Pe (r, t) = ia*E, (r, t). (15) 


In most cases 6(k) for small k has the form 
Pe 3 = 
6 (k) = Go + D) Maskpks +... 5 pS Ve Zyos Go = & (0). (16) 
ps 


Here M~! is the tensor of the reciprocal effective mass of the exciton. Then Eq. (14) can be rewritten 


me (6) h2 = oh > . 
[i ar — e+ yD Mos az,ox, |Pr = HAE. ais 


Thus, in a dielectric in which excitons can be generated, the relation between the specific dipole mo- 
ment and the electric field intensity is given not by the generally well-known “material” Maxwell equa- 
tions, but rather by the differential equations (17). The latter must be supplemented with initial condi- 
tions, i.e., we must specify P, and P, at t =0, and also with boundary conditions, i.e., we must spec- 
ify the value of P,, say, on the surface of the crystal. Subsequent sections of the paper are devoted to 
a formulation of the boundary conditions. 

The term P in(5) is associated with virtual transitions into non-exciton states Wy. It will not be 
investigated in detail in this paper, and presumably this term can be taken into account by introducing a 
conventional phenomenological dielectric constant e’ (which is, in general, complex) 


P’ = (e’ — 1) E/4n, (18) 


where E is the electric field intensity. In reality this relation is not always satisfied. This question re- 
quires a special investigation. 

The results described above were obtained under the assumption that when the crystal is unperturbed 
by light it remains in its ground state wy’, and as a result of illumination a slight admixture of excitons, 
i.e., of states with the same momentum Wx, is added to wv, This assumption is strictly satisfied only 
at absolute zero. At other temperatures there exist in the crystal many phonons, both in the absence and 
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in the presence of the perturbation by the light. In reality, however, these results will hold approximately) 
for temperatures other than zero, provided that they are still sufficiently low. «|| 


2. EFFECT OF THE CRYSTAL SURFACE ON EXCITON STATES; BOUNDARY CONDITIONS 
ON THE SPECIFIC POLARIZATION DIPOLE MOMENT. SURFACE EXCITONS 


To consider the boundary conditions at the crystal surface, it is necessary to make the exciton model 
more concrete. Let us consider Frenkel’s! exciton: let us assume that the interaction between the crys- 
tal molecules is quite weak and that it is therefore possible to construct the many-electron wave function 
of the crystal, in the zeroth approximation, according to the method of Heitler-London-Heisenberg (HLH).. 
Let , represent the (antisymmetrized) wave function of the crystal, when the electron-oscillation ex- 
citation is localized in the n-th elementary cell. Since the excitation can be localized in any cell with 
equal success and since all such states ®y, with the same n are mutually degenerate, then in the zeroth | 
approximation the crystal wave function should be constructed as a linear combination of all ®y. One | 
can readily verify that | 

TDm =Doy Dm = 1 am Da- (19). 
Here 4 is the state of the crystal, when the excited cell coincides with the origin of coordinates. If 
we specify that the above-mentioned linear combination possess the translation properties of Eq. (6), 


then the coefficients of the linear combination are uniquely determined from Eqs. (6) and (19). Conse- 
quently, the wave function in the zeroth approximation has the form 


yo danPa, an = age. (20) 


This same zeroth-approximation function is obtained, if instead of the methods of group theory one em- 
ploys the conventional perturbation method for excited states, by taking into account the interaction be- 
tween neighboring elementary cells of the crystal as small perturbations. As a result, one obtains for 
ay, the following system of homogeneous linear equations: 


3 

(6 — Ho) an =») Ai; (Anta; + Gn—a;); (21) | 
ii 

where aj are lattice constants, and 


Hy =\ PHP dQ, Hi = Hoa; = Hay = | Pa,HP dQ. 


One can easily show that the values of a, from Eq. (20) are solutions of Eq. (21). From this one ob- 
tains for the crystal energy the value! 


3 | 
6 (k) = Hy) + 2S) Hi; cos gi, k = g,b, + gob, + gbs. (22) | 
i=1 
The solutions (20) and ( 22), as well as the results of the preceding section are applicable to an infinite | 
crystal. In addition, in obtaining Eqs. (21) and (22) it was assumed that every cell in the crystal had 
six adjacent cells. 

Now let us turn to the consideration of a finite crystal. Let it have the form of an infinite plane — par-— 
alle] lamina bounded by the surfaces n3=1 and n3=G (G isa large integer). Thus, junctions be- : 
tween crystal cells occur only at points with vectors n, whose third component is included in the inter- 
val 1 = n3 = G. If now one sets up the system of equations for ay, then all those equations from the 
set of Eqs. (21), in which the vector n does not belong to surface cells of the crystal, will remain un- 
changed. At this surface itself Eqs. (21) are changed as follows: for nz =1 the term an—as of the 


right side is simply absent, and for n3;=G the term an + as of the right side is absent. In solving such 


a system of equations it is helpful to keep in mind that the translation symmetry in the direction ag is 
now absent, whereas in the directions a, and ap it is still there as before. Therefore the wave function | 
should satisfy the relation (6), in which one should put m3 = 0. Finally one obtains 


eh) 


~ V2 


Qn [eikn _ cikn] Q,=5 


Vv 
rie ON ie (23) 
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'Here the vector k represents the specular reflection of the vector k in the surface plane of the crystal. 
In other words, k is uniquely determined from k by the relations k- a, =k-a,, ic ap =k-a,, and 


k-a3 = —k+a3. In accordance with Eqs. (23) and (20), the exciton wave function in a bounded crystal can 
be written in the form: 


Oy = (Vx — VR/V2. (24) 


If one denotes the exciton wave incident on the surface by ¥,, then the wave which is specularly reflected 


from the surface of the crystal is denoted by Ue. In Eq. (24) W, denotes, of course not the wave func- 


tion of an infinite crystal, but rather the wave function of the lamina described above, under the condition 
of periodicity in the direction ag with a period Ga3. As a result, WY, also possesses the translation prop- 
erties of Eq.(6), also in direction a3. The dependence of the energy on k is given by Eq. (22) as before. 
It is important to emphasize, that the results of the preceding section can be applied also to the case 
of a bounded crystal. To do so one must change yy to o, in Eqs. (1), (2), (9), and(11). Equations 


(13) through (17) remain precisely the same. Only Eq. (8) is changed and becomes for the bounded 
crystal 


Pox (r) = Po (er — ett) //2, (25) 
in which the constant Py has the previous numerical value. 
Now it is easy to obtain the value of P(r) at the crystal surface. One of the surfaces of the crystal 
(nj = 1) in the macroscopic sense is the plane passing through the origin of coordinates. For points on 


this surface r is coplanar with a, and a, and it can be represented thus: r = ajr, + aro. Under these 
conditions the difference in the indices of the exponentials in Eq. (25) becomes ; 


(k=k,'r) = (k —k, a,) 7,4 (k — k, a,) 7, = 0, 


in accordance with the definition of the vector k. Therefore, on this plane Pok(r) =0. The other sur- 
face of the lamina (n3 = G) consists of points whose coordinates are r = ayr; + ao + a3(G+1). In this 
case the difference in the exponents of Eq. (25) is [see Eq. (23)] 


(k -—k,r) = (k —k, ag) (G + 1) = 2 (kag) (G + 1) = 2nv. 


Consequently P(r) =0 on this surface, too. Then Eq. (9) shows that P,(r) =0 on the surfaces of the 
crystal. Thus the surfaces of the crystal turn out to be nodal surfaces for exciton waves as well as for 
the specific dipole moment. 

As is well known, in a bounded crystal conduction electrons can exist in surface states as well as in 
“band” states.* In an exactly analogous way, surface exciton states can exist, in which the excitation 
wave moves only in the layer near the surface of the crystal. In order to obtain these surface excitons 
in the HLH approximation, let us consider a semi-infinite crystal, whose lattice points are located in the 
region n3 = 1. As before, Eq. (21) is satisfied for all n not associated with cells adjoining the surface 
(i.e., for n3 = 2). The solution of these equations, just as in the case of the infinite crystal, can be 
cast in the form of Eqs. (20) and (22). Since the translation symmetry in the directions a, and a, is 
strictly conserved, g, and g), as before, must be real and contained within the interval specified by 
Eq. (22). But now g3 can also assume complex values, for Eqs. (21) satisfy Eq. (20) for any complex 
k, the energy [Eq. (22)] obtained is real, and the wave function remains finite, provided that one puts 
g,=ik+2n for kK = 0 and £ aninteger. Thus, Eqs. (21) also have a solution of the form 


Ay = (— 1)!ay exp {i (G11 + Katte) — “Ns}, —TL Or S2oKam, x VO; (26) 


2 
GE (kK) =6 (Gi, Gs, Bs) = Ho +2 HY Hi cos gi + 2 (— 1)'Hs cosh x. (27) 
i=1 
Now it is still necessary to satisfy the equation for ay when n pertains to cells near the surface of 
the crystal. These equations differ from (21) in two particulars: (a) for n,;=1 inthe right side of the 
equation there exists a term H3an—a, (b) the constants Hy and Hj have a somewhat different value, 


because of the absence of an adjoining layer n,; = 0. The coefficients, Hj, in the HLH approximation are 
first-order quantities while their changes near the surface of the crystal are second-order quantities and 
will therefore be neglected. Hy is a zeroth order term, and its change near the surface Hy is a first- 
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order term, and must be allowed for. As a result, when n pertains to surface cells (n3 = 1), Eq. (21) 


4 


is replaced by 


3 j 
(6— hy Hog 3h i; [Qn ta; + Gp—a; (1 — 4i)). (28) 
i=1 | 
We now require that the solutions of the “depth” equations (21), given by (26) and (27), also satisfy the | 
“subsurface” equations (28). This leads to a relation for xk: os 
e-* = (— 1)'Hy / Hy. (29) 
If a positive value of x results from this expression, i.e., if | H3/Ho | <1, then Eqs. (26), (27), and 
(29) are the solutions of the problem of the semi-infinite crystal. From this one finds that the probabil-- 
ity that the excitation will remain in a cell with coordinate n is given by Vane \?. This probability does 
not depend on n, and ny and decreases exponentially with increasing n3, i.e., with increasing distance — 
from the crystal surface. The energy of the system, Eq. (27) represents a two dimensional band, be- 
cause the projection of the vector k on the direction ax; remains fixed. For convenience, such states 
are called surface excitons. If | H,/Ho | > 1, no surface excitons exist. 

The results of the previous section can be extended to include surface excitons. Equations (1) througt 
(5) remain valid even in this case provided that , is taken to mean the surface exciton state. Now the 
validity of Eq. (6) cannot be proven for any arbitrary translation T,, by the methods of group theory, 
since there is no translational symmetry in the direction a3. Nevertheless, one can substantiate it as 
follows. Let us impose a periodicity with a large period Gag on the direction a3 (as we did above when 
we were considering the plane-parallel lamina. Then Eqs. (19) and (20) yield 


| 
| 


Ten tg = >) Gal mT 1 Dy = Dd) GnTm-nPo => >) an+mT nD, => efkmy (30}) 
n n n 


where this relation holds for both real and complex k. In this way, Eqs. (6) through (12) remain valid. 
for surface excitons, but one must remember that the values of k are restricted by the inequalities (26}) 
and the conditions (29). In Eq. (8) one must now put Py = Pox (0) with g,; =g, =0; g3=ik, and in Eq. 
(12) one must integrate only over the half-space occupied by the crystal. 

Substituting Eqs. (8) and (12) into Eq. (11) and noting that 


MY eilke—k*r’) _ G2e—(a tr) 8 (pr, — r')B(r2—4), (31) 
E82 


where the new variables rj, r2, and r3 are defined by the relation r = ayry + agr) + agr3, we obtain for | 
surface excitons 


P, = P)(r,,r.)e*", 


yes a) “oe c eine BAC eae / ! 
[in s-—6( isp — ise, ix)| PO = ——* GroP, \ e * (Po, A (airy + dors + ass, t)) drs, (32) | 
' 


Here v =a,°a X a3, the volume of the elementary cell of the crystal, and &( Zi, Zo, £3) is defined by 
Eq. (27). If A(r,t), asa function of r, does not change very much over distances of the order of 1/k,, 
one can move A in Eq. (32) outside the integration sign, since it is a smooth function. Finally, differ- 
entiation of Eq. (32) with respect to time yields 


. 0 6 4) (6) Q $(s) a 2 * 
las —6(-if.-ig, ix) |B = ia\E ; (ayry + ao, f), a’) — ooG?o PoxPoy: (33), | 


x 


This is the analogue of Eq. (14) for the case of surface excitons. 
Within the framework of the HLH approximation one can relate the constants axx and ayy to the os- 


cillator strength of a given transition fy per unit cell of the crystal. For example, for excitons associ- 
ated with electron excitation one obtains 


Axx = (e?h/2m) Nfx, aS) = 2a,,, (34) 


where N is the number of cells per unit volume and m is the free-electron mass. 
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| In the discussion above we have considered the effect of the surface on the exciton, for which we used 
Frenkel’s model of the exciton. Similar results, however, are obtained for other models of the exciton. 
For| example, in the case of the Wannier-Mott?»? exciton, in which the conduction electron and the hole are 
bound together by Coulomb attraction and perform hydrogen-like motions, it is easily shown that the ex- 
citon wave is specularly reflected by the surface. For a plane-parallel lamina one again obtains Eqs. 
(24) and (25), and gs assumes a discrete series of values, as indicated in Eq. (23). Therefore, just as 
in the case considered above, the surface of the crystal is a nodal surface for exciton waves as well as 
for the specific dipole moment P,(r, t). 

Surface exciton states can also exist for electron-hole excitons. They arise for example, if a conduc- 
tion hole becomes bound to an electron, located in a surface conduction band, or if, conversely, an elec- 
tron becomes bound to a hole which is in a surface state. It is also possible for an electron and hole to 
become coupled, both of them belonging to a surface band. For this case one obtains (32) and (33) again. 

If the exciton is an ordinary acoustical phonon, then as is well known for the case of an elastic wave, 
the displacement vector of the medium does not have a node at the surface, but rather an antinode ( the 
vacuum bounds the surface). However, the specific dipole moment is proportional not to the displacement 
but rather to the derivative of the displacement with respect to the coordinates, and has therefore, as be- 
fore, a node at the surface. Surface excitons, in the case of phonons, are Rayleigh surface waves, which 
have been known for a long time. 

In the various models of the bulk exciton considered above, it was found that at the surface of the crys- 
tal P, = 0, which is a boundary condition for Eq. (14). Now and then, deviations from this rule are ob- 
served. For example, in the case of phonons, if the surface of the crystal is fixed (the crystal borders 
on a more rigid or a heavier medium) the displacements have a node at the surface and the specific po- 
larization, correspondingly, has an antinode. 

For surface excitons, one does not obtain any boundary conditions at the surface of the crystal. Equa- 
tions (32) and (33) are not required for them. For the variables r,; and ry the boundary conditions re- 
duce to conditions of periodicity. 


3. PLANE ELECTROMAGNETIC WAVES IN A CRYSTAL 


In this section, we shall solve Maxwell’s equations for the case when the relation between the specific 
polarization and the applied electric field has the form of Eq. (16) or Eq. (17). Maxwell’s equations can 
be divided into two groups: the “ideal” equations which are independent of the properties of the crystal 


culE = —+ H, cwlH =D, divD=0, divH =0, (35) 


c 
and the “material” equations 
D=c'E+4x(P,+P,), [in d/ot —G (—iV)]P, = iaE_, [ind/dt + € (—iV)]P, =ia°E,. (36) 


We shall now look for solutions of these equations in the form of plane waves, thus obtaining E, H, D, 
P,, and P, proportional to exp{iw[n(r-+s)/c —t]}. Here w is the frequency of the wave, n is the 
index of refraction, s is a unit vector, normal to a constant phase surface. As a result, it is found that 
Eqs. (35) are satisfied if the amplitudes of the fields are related as follows 


n[sxE]= H, n[sxH]= — D. (37) 
If H is eliminated from these equations, one obtains 
D = n? [E— s(sE)]. (38) 


Not only Eqs. (37) and (38), but also other relations of ordinary crystal optics, following from the “ideal” 
equations, remain valid. These relations are to be found, for example, in Born’s book® (pp. 296—299). 
Substituting the exponential solutions into the second and third of Eqs. (36) yields 


a E, Becta Ey Paes Bes (SEE 39 
af (I ma CT ae le tae! 


where 7 is a tensor of the second rank: Nyy = 1 — 8xSy. Here we can use for € the quadratic expan- 
sion 
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& (ons/c) = Go Fon? /2M2 +--+, (40) 


since it is assumed that the wavelength of the light is much greater than the lattice constant. Mg depend 
on the direction of s and we shall henceforth refer to it as the effictive mass of the exciton in the direc- 
tion s. Mg can be easily related to the tensor of the reciprocal effective mass, calculated in Eq. ( 17). | 
In Eq. (39) P,# Ph, but if subsequently one constructs a linear-combination solution in which the condiry 
tion that the field is real if preserved (this is done by adding together exponentials with different signs in 
front of w), then one obtains P, = Pj. 1 

If the frequency of the light wave, w, lies outside the region of absorption by excitons, i.e., if it differ? 
appreciably from w) = © /f then one can replace 6(wns/c) by Go in Eq. (39). In this case, the 
“material” equations of Maxwell preserve their customary well known form, and one obtains the results | 
of ordinary crystal optics. But in the vicinity of the region of exciton absorption such a substitution can | 
be made only in the expression for P,; in the expression for P, one must take into account the func- */| 
tional dependence of G on n. Asa result one can neglect Py in comparison with P, and the “mater-- 
ial” Eqs. (36) can be formally written in the customary way D = cE. However, the tensor € is now | 


given by 


| 
e= + Brf(n—p), (41) 
where 
B= 8:xM,ca/io?, — » = (2Mgc?/ho) (1 — Go/hw). 


Thus, € is now a function not only of the frequency w, but also of s andof n. Consequently, to 
every direction of propagation of the light wave and every direction of its polarization there corresponds 
a specific ¢€ tensor with its own direction for the principal axes of polarization. 

Eliminating D from the material equations and from Eq. (38), we finally obtain 


eE = n? [E — s(sE)]. (42) 


Equations (41) and (42) are equivalent to the initial Maxwell equations, Eqs. (35) and (36), if the solu- 
tion is given in the form of plane exponential waves. 

Equations (42) represent a system of three linear, single-valued equations for the components of the 
amplitude of the electric field. Setting the determinant of this system equal to zero, we obtain the equa- | 
tions for n: 


(s.28)n! + [(s,sts) — (6.88) Spe] 2? + A(e) = 0, (43) 


where A(e€) is the determinant of the tensor ¢. In the well-known ordinary crystal optics, € is nota | 
function of n, and Eq. (43) is quadratic in n?. The two roots of this equation determine for a given s 
two values of |n], and accordingly two plane waves, for which the D vectors have mutually perpendic- | 
ular directions. However, it was shown above that near the exciton absorption region, when yp is not 
large, it is necessary to take into account the dependence of € on n, in accordance with Eq. (41). If 
(41) is substituted into (43) and for simplification we introduce the symbols 


7 =(s, e's), © =(s,2s), Ba = (s,B1s), (Ba)? = (s,(B1)’s) 


and analogous symbols for the tensor «Bn, then Eq. (43) can be rewritten 


(a , Bn \ se en & Bn Bie —e’ Sp By — BaSp e’ | (By)? = Ba SpB (upd 
fe Pa ey ota Sp etg Rit Bre’ —eSp bn — BnSpe’ 4 Bak — Ba Sp Bo me Ale pote (44)) 


In terms of n’, this already is an equation whose order is higher than the second. Therefore, for a giver 
s it determines, generally speaking, more than two values of |n| and correspondingly more than two ! 
plane waves. It will be shown below that the order of Eq. (44) depends on the crystal structure and on 
the direction of s. 

We shall consider as examples, rhombic, tentragonal, and cubic crystals. In these crystals, the calcu-) 
lations are simplified because the principal axes of € and B coincide with the second or fourth order 
crystal axes, and consequently the directions of the principal axes are independent of w, s, or n. In 


. . . ° s U 
these cases, it is convenient to use the principal axes of «€ and B as Cartesian coordinate axes, as is 
done below. 
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Rhombic Crystals 
' In these crystals only one element of the tensor a does not vanish. To show this, we note that from 


among the three components of the vector Py) only one can differ from zero. In fact, in accordance with 
Eq. (8). 


| pee eae (0) WydQ. (45) 


Let us consider first crystals of the symmetry group D,. Let orl Cw and Ge be the operations of ro- 
tating all the electrons of the crystal and deforming the lattice through 180° around the second-order crys- 
tal axes, i.e., around the axes x, y, and z. The application of any one of these operators to any of the 
functions in the integrand in Eq. (45) is equivalent to changing the sign of some of the variables of inte- 
gration and therefore does not change the value of the integral. Application of the well-known methods of 
group theory shows that only those components of the matrix element in Eq. (45) can be non-vanishing, 
for which the integrand is invariant for any transformation C. To determine how the integral transforms 
as a result of the rotations described above, let us consider how each of its three terms transforms. 

The function °, as the wave function of the ground state of the crystal, must be completely symmet- 
rical, and consequently, invariant under all three rotations. The component of P( 0) on the rotation axis 
Stays invariant, while the other components change signs. Since the point symmetry group of a rhombic 
crystal has only first order irreducible representations, W) (and vy) are certainly eigenfunctions of all 
three operators C: 


CW) = CP, Cy¥y = Cy¥o, Cho = CY. 


Since C2 = ac = C2 = =1, the eigenvalues Cx, Cy, and Cz can have either one of two values, + 1. Ap- 
plying to Wo, on both the left and right sides, the well-known operator equation CNCa = Co we obtain 
CxCy =Cz. Hence, it follows that all three eigenvalues of C are equal to + 1, or else one is + 1 and the 
remaining two are —1. 

Taking into account the above transformation properties of the terms in the integrand of Eq. (45), it 
is easy to obtain the following results: 

1. The case Cx = Cy =Cz =1. All components of Eq. (45) vanish. 

2. The case when one of the eigenvalues C (to be specific let this be Cy) is equal to 1, and the other 
two are equal to -1; Cx=1, Cy=Cz=~-1. Then Pox -0; Poy = Poz = 0. Therefore, in accordance 
with Eqs. (14) and (41), the only non-vanishing components of the tensors a and B are ayy and Byy, 
which is what we needed to demonstrate. The same results are obtained also in rhombic crystals with 
Symmetry groups Cojy and Dpbh. 

Thus in crystals with rhombic symmetry for any direction of the E vector, the right side of the vec- 
tor equation (14) and P, will be directed along the x axis. This does not necessarily mean that there 
is a fundamental difference between this axis and the other principal axes of the crystal. This result was 
obtained because the discussion above was restricted to one exciton band whose wave functions are ori- 
ented along the x axis. But in the same crystal there exist other (not considered at this time) exciton 
bands, oriented preferentially along the y and z directions. The presence of several exciton bands can 
be taken into account, by introducing into Eq. (1) several w-like terms. The result is that in the right 
hand side of Eq. (5) several P,-like vector terms appear, among which there are terms directed along 
the y and z axes. However, in rhombic crystals several of the exciton bands described above will not 
be degenerate in energy, and therefore, if the frequency of the light falls in the exciton absorption region 
of one of these bands, it will turn out to be outside the exciton absorption region of the other bands, and 
the existence of the latter can be taken into account simply by changing the constants e [see the remarks 
after Eq. (41). 

Let b = Byx denote the one non-vanishing component of the B tensor. When s is parallel to Po, 
i.e., when Sy = 1, Sy =8z = 0, the tensor Bn vanishes and therefore Eq. (44) assumes exactly the same 
form which it would have in ordinary crystal optics, when all polarizations can be simply characterized 
by the «’ tensors. In this case, no new answers are obtained; there exist two plane waves, polanized in 
the directions of the y and z axes with indices of refraction essentially equal to ve and ve, e 

However, for other directions of s, for example, if sx =sy =0 and sz=1, Eq. etsy saeanes 


(n? —eyy) [n? — ex, —6/(n? —p)] = 0. (28) 
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In this case the system of equations (22) has these three solutions 

E,=E,=0, Ey+0, ee (47° 
Ex = Yn (uten) +Vale— Sy + 6, (48) 
Ae, aya ey Gee (49) 


Equation (47) is identical with the corresponding solution of Hi crystal optics, but Eqs. (48) and | 
(49) are new kinds of solutions. In order to satisfy the boundary condition P,=0 at the crystal surface 
(let this be the z=0 surface) it is necessary to make up the following linear combination of Eqs. (48) | 
and (49) | 


Ez (2,'t) = Ep (ens getemalyeniels gin a) (ea). (50) 


It is readily shown that, depending on whether w deviates from the exciton photoabsorption band on the | 
red or on the violet side, q becomes much less or much greater than unity. Thus in Eq. (50) the amplij 
tude of one of the waves becomes vanishingly small compared with the amplitude of the other. The wave: ] 
with the dominant amplitude goes over into the well known solution of ordinary crystal optics. However, | | 


and the solution is essentially different oa the results of ordinary crystal optics. It should be noted, | 
for example, that the solutions turn out to be superpositions of two waves with different indices of refrac} 
tion, but the same polarization. As can be seen from Eqs. (48) and (49), none of the indices of refrac- | 
tion exhibit the customary hyperbolic discontinuity as functions of w in the region of the exciton photoat) 
sorption. Other theoretical formulae are also changed substantially. For example, the reflection coeffi- 
cient for light on the surface of the crystal, for normal incidence along the z axis, is given by 


1—q—n,-+qn_ |2 
R= |iaaFa— wm 
As one moves away from the exciton absorption region, when q <1 or q > 1, Eq. (51) transforms 
into the formula of ordinary crystal optics. 


Tetragonal Crystals 


Let the x axis coincide with a fourth-order crystal axis, i.e., the lattice constants in the x and y 
directions are equal. An investigation of exciton states of such a crystal by the methods of group theory) 
which proceeds in a similar way to that used above for rhombic crystals, leads to the following results. 
The exciton bands can be subdivided into two types: | 

a) Non-Degenerate Exciton Bands. For these the vector Py is directed along the x axis. If w ap-'| 
proaches the photoabsorption region of an exciton of this type, the tensor B has only one non-vanishing }| 
component, namely Bxx =b. Therefore, the same solutions of Eqs. (42) and (41) are obtained for sucha 
excitons as for rhombic crystals. | 

b) Doubly Degenerate Exciton Bands. One of them corresponds to the vector Py directed along the | 
y axis and the second to a vector Po of the same magnitude but directed along the z axis. Let us de--| 
note these vectors by P,2) and P,2 ) respectively. To consider this case, it is necessary to introduce 
two w-like terms into the right side of Eq. (1). This leads to an equation similar to Eq. (14), in which: 
however, 


Gy = OV (PP, eRe 


As a result 


000 000 
a=oV|PPP|O10], B=|050|, cya cee’, (52 
001 006 


Consider a wave, for which s lies inthe yz plane. Equation (44) changes into 
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(n® — ex) (2? —€ —b/(n? —p)] =O. (53) 
Now the system (42) has three solutions: | 
Ey=E,=0, E,-0, n=Ve'_; (54) 
E, mM ="/o(» +) + V4 (» —€)? +6; (55) 
E_ 1 =1/,(»+8)—V/4(p —EP +8, (56) 


where E, and E_ coincide in direction, must lie in the yz plane, and must be perpendicular to s. If 
the surface of the crystal is perpendicular to s, its equation is s-r=0. In order to satisfy the bound- 


ary condition P,=0 on this surface, one must, in accordance with Eqs. (55) and (56 ), form the linear 
combination 


E (r, t) — Ex [eions(s.r)ic eee geien(s.r)ic] e—iat, (57 ) 


The properties of this wave are completely analogous to the properties of the solutions of Eq. (50). 


_ Let us now consider a wave, for which s_ is oriented along the x axis. Equation (44) then assumes 
the form 


[n? —€ —b/ (nr? —p)P =9. (58 ) 
The solutions of Eq. (42) then become 


E (x, t) = Ex [eionsxle rs geion_xle] eit | (59) 


if the crystal surface is the plane x =0. Here E, is an arbitrary vector lying in the yz plane, and ny 
and n_ have the same meaning they had in Eqs. (55) and (56). 

We can also consider the case, for which s_ is an arbitrary direction in space. Then Eq. (44) is an 
ordinary fourth order equation in n’, It can be solved if the components of the vector s are specified 
numerically. 


Cubic Crystals 


In these crystals the matrix element Pp) is non-vanishing only for transitions in triply degenerate ex- 
citon bands. Three such bands correspond to vectors Pp», equal in magnitude and oriented along the x, 
y, and z axes. Let us denote these vectors by Py“), P,@), and P,(3). Introducing three w-like terms 
into the right side of Eq. (1), corresponding to the three degenerate bands, we obtain Eq. (14), in which, 
however, 


3 
Ary = OV SPP”. 


i=1 


Consequently, taking the directions of p,) into account, we obtain 


1 ORO; OG 
a= eV | PY2}0 10), Bae b10.1.0), ei, cyy = ce. (60) 
OME 001 


Thus the tensors B and e’ can be simply replaced by the numbers b and &. Then for any direction of 
s Eq. (44) assume the form of Eq. (58), and consequently, n; and n_ are given by Eqs. (55) and (56). 
The solution of (42) can be written 


E (r, t) Bids [E,eien+(s.ric Je E__e'@7(s.r)Ic] e-iot (61 ) 


where E, and E_ must be normal to s but in other respects can have arbitrary orientations. There- 
fore, Eq. (61) contains four linearly independent waves. All of these represent new kinds of solutions. 
If the crystal surface is normal to s and coincides with the plane s-r = 0, then the boundary condition 
P, =0 yields a relation between E; and E_ and Eq. (61) transforms into 
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E(r, t)= E, [eions(s,r)lec — geion(sir)ic] e—iet, (62 )) 


Here E, is any vector normal to s. The reflection coefficient for light at the crystal surface is given *| 
by Eq. (51). a 

If the crystal surface is not perpendicular to s, then in order to satisfy the boundary conditions, it | 
is necessary to construct a linear combination of particular solutions with various values of s. This re- 
mark is also applicable to the other crystal types which have been considered above. 


_— 


Longitudinal Waves 


All the solutions of Maxwell’s equations described above were obtained under the assumption, that in 
Eq. (39) the denominator of the expression for P, does not vanish. There exist, however, other expo- 
nential plane wave solutions of another type, in which n is determined just from the condition that this 
denominator should vanish, i.e., from the equation 


6 (ons /c) = hw. (63 ))) 


In fact, in this case exp {iw [n(s-r)/c —t ]} is a solution of the second of Eqs. (36), without the right | 
side, i.e., with E,; = 0. Then it follows from Eq. (38) that D=0, and the system of equations (35) wili | 
be satisfied, if one puts also H = 0. It is still necessary to satisfy Eq. (36). As a result of solving the 
system of equations (35), Eq. (36) becomes 


E(r, 1) Ee? OTe Ess; Pee Sel P,~0; E, =D=H=0. (64Y) 


For rhombic, tetragonal, and cubic crystals, it is easy to find linear combination solutions which sat~ | 
isfy the boundary condition P, =0. They have the following form: 


E (r, t) ~—s E) [eionts, 3) i ee gions, r) fe] e—iat | (65 )}| 


Here 8 is the specular reflection of s at the crystal surface. The waves represented by Eqs. (65) andi) 
(63) are also new solutions, not encountered in ordinary crystal optics. In the absence of exciton states ii 
a medium such strictly-longitudinal waves cannot exist. It can be shown, that such waves cannot pass out} 
of the crystal into the vacuum, which obviously make it difficult to detect them experimentally. Hence, | 
such waves are a kind of natural polarization oscillations of the crystal. They represent macroscopic eleé| 
tric fields acting on the exciton. Their group velocity coincides with the group velocity of the exciton 
[this is readily obtained from Eq. (63)]. Since for such waves D=0, while E #0, their dielectric con-} 
stant must be equal to zero. The simplest obvious case of such waves is the longitudinal optical oscilla- | 
tion of ions in the crystal. However, according to the theory presented above, similar waves should | 
exist for all kinds of excitons. 

In subsequent papers the necessary generalizations of crystal optics and methods of detecting the new | 
waves experimentally will be investigated in detail. 

The author expresses his thanks to L. D. Landau for very valuable discussions. 
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Yr = Rp inside the nucleus, The probability of EO conversion of the LII and LIII electrons is there- 
fore substantially less than that of the LI electron (see Ref. 1). 


; 

Sue LL electron conversion in nuclear EO transition is determined by the interaction in the region 
| 

: W ro (LM) = ®/p (Ze® / 2)? pj (e¢ + 1) ?*Weo (L 0); 

. W xo (L Il) ~ (p¢Ro)? (Ze? Ro / 2)?W eo (L 1) = 10°78 + 10° W x9 (LI). 


Here pg, ¢€¢ are the electron energy and momentum in the final state; relativistic units h =m =c=1 


and e” = 1/137 are used throughout. 
: It would be interesting to consider conversion of LII and LIII electrons whereby the electron, emit- 
ting a dipole quantum (E1), changes to a state with momentum j = oh 2=0 and then converts in the E0- 
. nuclear transition. We give below the results of the calculations. We 
consider the emission of quanta with energies k = Ze*/2; the calcula- 
tions are carried out with the Coulomb functions of the electrons in the 
field of the nucleus in second-order perturbation theory. Screening is 
neglected. The finite dimensions of the nucleus are taken into account 
only in the calculation of the matrix element of the EO transition. 
After inserting the matrix elements of the EO and E1 transitions, 
the integrals over the intermediate states for LII and LIII electrons 


reduce to integrals of the type 


@, (x) x” 


Tose ‘ (eae ae m<n, 
6 (A+ x?) (1 + x? + 28 / a) ‘ 


a = Ze? /2, Ds (x) = x2v-1(1 + x2)52exp(—4e tan* x/x), y= V1—40, 6=0%, E=—k/a. 


To calculate this integral, @5 is approximated in the interval 0.2=xs= 15 by means of a power 
‘function e~4t4x’, The dependence of v on Z is given in the diagram. The value of ) is restricted to 
0.9 <2 <=1.1. Thus the permissible error does not exceed 20%. The calculated value of J is 
| at ey tate eer exp(e a) [eee Cig ck te / heey ter ieee 
= i r° (_2)= oat P(n+——5— ree Wa Treat ) 


from which we obtain for the unknown probabilities 
v 1 2 3 y 12 
AW ro (LM) = 1.2-28-2(P (2y + I) PW eo (L 1) {[ 1? + CEE (ASR m + 203 — 21 +3) 2) | 


i 2h tee (A ebay I) hdtdey, Mm IP — 1 — 41k, hw 0.6 + 2.517 = Sh — Bir 
: 49 


: 7197 
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= 2 y y 4), : 
24Y—-2 TP (y, + y+ 1)) Wey (LI) {[re + Stet gem 


AW 7 (L Ml) = 2.2- YP (2y, + 1) (V (2y + 2)] 


9 Fey t Cr+ 39+4) P 5 gp\"l 3 (Ae, —k—ey + 1) tdedey, = 2VI—@, y=V1—4e%, 
terol 15 pe(e+ 3 J} : oe tage tint 


where A is the nuclear transition energy and ¢, is the binding energy of the L electron, equal to ] 
(Ze*)?/8. me be: a || 

If A> a?’ itis easy to estimate the lower limit of the total transition probability: 
1 ae 2 a a ee 


2 1 ‘ 
137 1.2 (T (2y + 1}? 8 C, Wreo(L Ill) > Weo(LI, A) 137 2.8 Y (2y, + 1) (P (2y + 2)]8 16 


W veo (Ll) & Wezo(LI, A) 


where the constant C is 2 2. 
For the ratio of the two probabilities we obtain 


W eo (LU) | Wz0 (LU) < (1.37- 108 / C) 2-4 (T (25 + 1) pf (er +1). 


if A~ o* the ratio of the probabilities can be on the order of unity, owing to the smallness of pf. 
The ratio Wko (LII)/Wyko (LIN) does not exceed 1074 to 10° for all values of A. ul 
Also possible for the LIM electron is a y—E0 conversion with a transition first into the state j = /2)) 
2=1 andemission of a M1 and E2 quantum. In this case, however, the probability dWEo is propor~ 
tional to Wgo(LII) and is considerably less than the probability dW fo of a process with emission of 
an El quantum. 


1D. P. Grechukhin, J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 103 (1957), Soviet Phys. JETP 5, 846 
(1957). 
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SIGN OF THE SPACE CHARGE ON THE AXIS OF A POSITIVE COLUMN IN A LONGI- 
TUDINAL MAGNETIC FIELD 


M. V. KONIUKOV 
Tula Pedagogical Institute 
Submitted to JETP editor May 11, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 1039-1040 (October, 1957) 


Tue magnitude of the space charge in a positive column, together with the magnitude of the transverse | 
electric field, depends for a given current not only on the temperatures and masses of the particles and 
on the pressure, but also on the superimposed external longitudinal magnetic fields.! To calculate the 
deviation from the quasi-neutrality on the discharge axis one can use a scheme analogous to that pro- 
posed by Ecker.” However, since direct measurements of the excess space charge is difficult, it is ad- 
vantageous to change over to transverse gradients. 


The ratio of the transverse gradients near the axis in a magnetic field and without the field is given by 
Ef | E, = 2" (Le — LS) (Debp + Dpbe) |Z (De — Dp) (DEOH +. C0), (1) 


where De, Dp, be, and bp are the coefficients of diffusion and mobility of the electrons and ions with- 
out a magnetic field (while the index H denotes the presence of a magnetic field), and Z is the ioniza- ‘| 
tion coefficient. 

Under conditions usually existing in the positive column of a gas discharge, the transverse field de- 
creases in the presence of a longitudinal magnetic field. The character of the decrease depends on the 
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degree of non-isothermal nature of Te /Tp and on the masses of the atoms of the gas in which the dis- 
charge takes place. For light gases the transverse field does not change its sign, while in a discharge in 
heavy gases there exists such a magnetic field, for which the sign of the transverse gradient reverses .* 
In the case of light elements relation (1) can be represented as 


Be Ba (2 2) to"); (1a) 
and for fields less than 1,000 gauss it reduces to 
V 


EP TE, = Z" fZ. (1b) 


__ To compare (1b) with experimental results we employed measurements of the longitudinal gradient in 
“neon with and without a magnetic field. The ratio of the transverse fields obtained from the longitudinal 


gradients with the aid of formula (1b) gave a result that was in satisfactory agreement with the measure- 
ments of Bicerton and Engel.'+ 


In the case of heavy elements Eq. (1) becomes 


Ep PE, = (22 / Z) (= (Db? — Db?) H?] (Ds D5) 7, (1c) 
and the magnetic field at which the transverse gradient vanishes is determined by 
| Hi = c? (De — Dp) | (Dob? — D.83). (2) 


In the case of discharge in mercury vapor at a pressure 107? mm mercury and Te/Tp = 10? the value 
of the magnetic field determined by (2) is approximately 2,000 gauss; at larger fields the transverse 
gradient should reverse its sign. However, experiments in which such a phenomenon would be observed 
are unknown to this author, and it is therefore impossible to compare the calculated and experimental 
results. 


In conclusion I feel it my duty to thank Professor Ia. P. Terletskii and A. A. Zaitsev for advice in var- 
ious problems touched upon in this work. 


*When Te/Tp = 10? and the free paths are gas-kinetic, the sign of the space charge cannot change for 
a gas of atomic weight less than 15. 


+If the magnetic fields are large, the ratio (1a) tends to a constant value, as can be verified by using 
the equations from the Schottky theory. 


+ The phenomenon can be studied at fields less than Hp. In this case the ratio of the gradients in a 
discharge in light gases should approach asymptotically a constant value, something that does not happen 
for heavy gases. 


IR. J. Bicerton and A. Engel, Proc. Phys. Soc. 69B, 468 (1956). 
2G. Ecker, Proc. Phys. Soc. 67B, 485 (1954). 
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CONTRIBUTION TO THE THEORY OF STRIPPING AT HIGH ENERGIES 


A. 1. AKHIEZER and A. G. SITENKO 
Khar’ kov State University and Physico-Technical Institute, Academy of Sciences, Ukrainian S.S.R. 
Submitted to JETP editor May 23, 1957 
J. Exptl.’ Theoret. Phys. (U.S.S.R.) 38, 1040-1042 (October, 1957) 

7 SeRser! determined the cross section of the stripping reaction under the assumption that the nuclear 


radius R is considerably greater than the deuteron radius Rg. This, however, is a poor assumption 
even for the heaviest nuclei, where the ratio p = R/Rgq reaches approximately 5. It is therefore desir- 
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able to determine the cross section of the stripping reaction without assuming R > Rg. This commun- 
ication is devoted to this problem. A 

Let us consider, to be specific, a reaction that causes a nucleus to liberate a neutron and absorb a 
proton. This process can be described by a wave function © = QnwWo (Pd) Po (r); where Oo (rv) 7% Va/2n 
xe-@/y is the wave function of the deuteron ground state (@ = 1/2Ry), Wo(pd) =1 is the portion of 
the wave function describing the motion of the center of gravity of the deuteron in a plane perpendicular | 
to the momentum of the incident deuteron, and Qy is a factor allowing for the absorption of neutron by 
the nucleus; this factor, in the case of an absolutely black nucleus, is 


0 mn<R 
| 
| 


= 2 (m9) = {1 Hestys 


(pn is the projection of the neutron radius vector on the plane perpendicular to the momentum po of the 
deuteron). ue ' 

Expanding W into a Fourier integral in the functions e N (rp is the radius vector of the neutron ), 
we determine the amplitude of the probability a, (rp) that the neutron has a wave vector k and the pro) 
ton is located at the point Lp: | 


a (Tp) = [et aQny (r) dtp. 

Integrating | ay ( Enis with respect to dp from Pp = 0 to p,=R we obtain the differential strip- 

ping cross section do, for which the wave vector of the neutron lies in the interval dk. 
dk dk ‘ bf 
don = oar | dPp| ax (Px) [* = ae | doy {1 — | 2p} | Ox (Pp) Pr Ch, 

°p 
where Qp = 2 (Pp). 

The total stripping cross section is obviously 


oes) \\ de pdrn {1 — | 2p ?} | Qui? (1). (2) 
expanding {1 —]Q(p)|*} into a Fourier integral 
1—|Q(o)/? = |x (eds, x(g) = Rly (@R)/ 2ne, 


where J,(x) is the Bessel function, we get 


co 


c= eR{1—2( 2 tans £20) di}. (31) 
0 


In the limit for large p this formula becomes the Serber formula | 
ofS) = eRR,/2. (4) 


Be The diagram shows the variation of o, with p. In the case of lead p = 4,21) 
F and Eq. (3) yields on = 3.2 x 107% cm’, while Serber’s formula gives Oe = 2.) 

x 10- cm’, When p=1, on = 5.8 X 1078 em? and ofS) =6.9 x 107% cm?, | 

Formula (3) determines also the stripping cross section op of the proton. | 
To obtain the energy distribution of the freed neutrons it is necessary to in-- 
tegrate (1) over the perpendicular components of the vector k: | 


ihe dk fa} —tu rn i 2 
don (ke) = = \ Se \ dpp (1 =] 2,23 \ done "On \dzel"?*9, (r)| 


where k is the projection of vector k on the plane perpendicular to Po. Using) 
the completeness of the functions e!*Pn and expanding |Q,|? and IQp [? into | 
Fourier integrals, we obtain finally 


dp (kz) = F (kz) dk,, kz = (E— Ey/2)/nrVE,/M, 
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1 


F (be) = PE | KB (DVI + RB) 0)( sin C6 VIE) ta, | (5) 


0 


where Ky)(x) is the modified Bessel function, Ey) is the energy of the incident deuteron, and M the neu- 
tron mass. 


In the limiting case p > 1 this formula becomes the Serber formula 
don (kz) = (x / 4) RRaotdk, | (a2 + 2)”, (6) 
Let us determine also the deuteron absorption cross section Cn. Since? 


Sa + Sp + On = 34/2, 
where 


Oo; = 4nR{ ] \ 
0 


is the integral cross section for all the interactions between fast deuterons and nuclei, then 


foe} 


= 96pzZ 2 an 2 
3g =2nR \ plan Seg. (7) 


° 


When p > 1 we get 
Sg = TR? — cRRq/ 2. (8) 


It is possible to determine the influence of the Coulomb field and of the semi-transparency of the nu- 
cleus, as was done in Ref. 2. It is easy to see that the Coulomb field affects neither the total cross sec- 
tion nor the energy distribution of the particles. The semi-transparency of the nucleus decreases the 
‘stripping cross section. If the absorption is large, i.e., lb]R > 1 andif p > 1, then 


On = (nr /2) RRa {1 — (1/2 | 6? R*)}- (9) 
1R. Serber, Phys. Rev. 72, 1008 (1947). 


2.1. Akhiezer and A. G. Sitenko, J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 794 (1957); Soviet Phys. 
ETP 5, 652 (1957). 
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PARAMAGNETIC RESONANCE IN NEODYMIUM NITRATE 


T. 1. SANADZE 
Tbilisi State University 
Submitted to JETP editor June 2, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 1042-1043 (October, 1957) 


Tue paramagnetic resonance spectra of rare-earth ions have been intensely investigated in recent 
‘years by Bleany and his colleagues. The measurements were made primarily on ethyl-sulphates 
M(C,H;SO,)3-9H,O, where M is a rare-earth ion. A study of the paramagnetic resonance of rare-earth 
‘ions in other compounds is also of great interest. At the suggestion of S. A. Al’tshuler and B. M. Kozy- 
‘rev, we began an investigation of the nitrates of rare-earth elements, M(NO3)3- 6H,0. 

- The measurements were made at a wavelength of 3.2 cm at liquid-hydrogen temperatures using a bal- 
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1 - 
anced superheterodyne radio-spectroscope of the type described by Manenkov and Prokhorov. We inves-. 


tigated the paramagnetic resonance spectrum of neodymium nitrate, diluted with lanthanum in the ratio 
Nd: La = 1: 200. 

The spectrum consists of one intense line and 16 weak lines of the hyperfine structure (see diagram). 
This is in full Been with the measurements of the paramagnetic resonance spectrum of saeh EL 
in ethyl sulphate.” 

Natural sik Sete has isotopes with atomic weights 142, 143, 144, 145, 146, 148, and 150. The hyper 
fine structure is due to the odd isotopes 143 and 145. The remaining isotopes have a nuclear spin I = 0 
and yield one strong line. The Nd!43 content is 12.2%, and that of 
Nd!45 is 8.3%. Accordingly, the hyperfine structure is broken up inte 
two groups, each consisting of eight lines. This corresponds to a 
nuclear spin I = ¥, for each isotope. The line intensity in one grou} 
is approximately 1.5 times greater than that in the other group. The 
Soa lines were therefore attributed to Nd‘? and the weaker one: 

Na!4, 1 

The line width varied linearly from 13 to 18° K, and broadened | 
so much at 20° K to become unobservable. It must be noted that in | 
ethyl sulphate practically no line broadening due to spin-lattice re- 
laxation was observed even at 20° K. 

The line width in the nitrate was inversely proportional to the 
g-factor even at 13°K. This indicates that the spin-lattice relaxa- 

Oscillograms of paramag- tion makes the major contribution to the line width.4 
netic-resonance spectrum in The spectrum is described by the following spin Hamiltonian: 
neodymium nitrate: (a) x axis 
parallel to the constant mag- 
netic field; hyperfine splitting Se AUS Jy te Dal ata gle te Pele 
lines almost equidistant; (b) y 
axis parallel to the constant 
magnetic field; strong second- 
order shifts are visible. 


‘ 


where §S is the effective spin, equal to Yh; &x» Sy Sz are the pri 
cipal values of the g-factor; Hx, ny Hz are the components of the 
constant magnetic field, A,, A z and P,, Py, P, are the com 
stants of the hyperfine and ae interaction | I is the nuclear’ 
spin, and 8 is the Bohr magneton. 

To find the x, y, and z axes we worked out together with A. M. Prokhorov and simple procedure, 
consisting essentially of first setting the crystal, mounted in an arbitrary manner, to the extremal value | 
of the g-factor, cutting it in the plane of the axis of rotation and the magnetic field plane, and mounting | 
it in this plane (provided the extremal g-factor is close to the principal value). 

The principal values of the g-factors are 


Bx ='3.8850.01; gy = 1172-4: O10, oy el 740.0 


The following values were obtained for the hyperfine splitting constants (in units of 1074 cm™! ys 
isotope 143: A,=. 43242, A, = 19342, A, = 822-10, 
isotope 145: A, = 27042, - Ay= 11942, A, =51+£10. 
It is possible to estimate the upper limit of the quadrupole coupling constants |P, _ P,| < 50x 1074 em 
and [Py - P,| < 50 x10-* cm~! for both isotopes. 
It is easy to see that the hyperfine splitting constants obey the following approximate equality: 


Ags Ay: Az = &x: By: 8. 
The ratios 
Ax? / Ay = 1.60+.0.02, A¥y*/ AMS = 1.62+0.04 
are numerically equal to the ratios of the magnetic moments of the Nd!43 and Nd!“ nuclei and are in goods 
agreement with results obtained by Bleaney et al. within the limits of experimental accuracy.2?8 
In conclusion the author expresses his gratitude to E. L. Andronikashvili, A. M. Prokhorov, G. R. 


Khutsishvili, G. M. Mirianashvili, and A. A. Manenkov for valuable advice, counsel, and constant interest! 


in this work, and also to D. S. Tsakadze, M. Koloch, and G. A. Tsinadze for taking part in the measure- 
ments. 
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A. A. Manenkov and A. M. Prokhorov, Paguorexunka u anekTpouuka (Radio Engineering and 
Electronics ) 1, 469 (1956). 


B. Bleaney and H. E. D. Scovil, Proc. Phys. Soc. A63, 1369 (1950). 
Ry: Scovil, and Trenam, Proc. Roy. Soc. 223, 15 (1954). 
B. Bleaney and H. E. D. Scovil, Proc. Phys. Soc. A64, 204 (1951). 
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RADIATION CORRECTIONS TO PARTICLE SCATTERING IN EXTERNAL FIELD AND TO 
COMPTON EFFECT IN SCALAR QUANTUM ELECTRODYNAMICS 


V. F. ALEKSIN and D. V. VOLKOV 


Physico-Technical Institute, Academy of Sciences, Ukrainian S.S.R. 
Submitted to JETP editor May 19, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 1044-1045 (October, 1957) 


Tue expression for the single-photon mass operator of a scalar particle, obtained by one of the au- 
thors,' was used to calculate the radiation corrections to the scattering of a scalar particle in an external 
electromagnetic field and to the Compton effect. The following expressions were obtained thereby for the 
differential cross sections. 


1. The differential scattering cross section (in the first Born approximation ) has the following form 
do [dQ = (ds /dQ)) + (de /d)am + (ds /dQ)a:, (1) 


where (do/dQ )) is the differential scattering cross section without allowance for radiation corrections, 
and the indices AM and A’ distinguish the radiation corrections from the mass operator and from the 
polarization of vacuum, respectively.?»? For the first correction in (1) we have the following formula 


(do / dQ) au = — (2a /-x) (ds /dQ) 9 [2y coth 2y (h (2y) — h(y)) — y tanny + Ind (1 — 2 y coth2y)], 


SY 
h(y) = y\ ¢ coth ede; sinh? y = (py — pa)? / 4m’, (2) 


0 


where 2 is the photon mass in units of m; p, and p, are four-dimensional particle momenta before 
and after scattering, and a =e7/4. (We use a system of units in which fi = c = 1.) 
For the second correction we have 


5 Cammy che g 4 
(ds /d0),, = eal tae (1 —yoothy) + | (3) 


if the vacuum polarization is due to particles with zero spin, and 


2a ( do \ (s — 2 (pi — po)? 


4 7, > 
— yj, coth yy.) + >], sinh? yy, = (p1 — pe)? / Amit, 4 
aa | easier rt et oes as | sinh? ys), = (Py — pe)? / 4m, (4) 


(do/d2),) = 


Tv 


if the vacuum polarization is due to particles with spin i 

When A approaches zero, formula (2) diverges logarithmically. This divergence is offset by an an- 
alogous divergence in the inelastic-scattering differential cross section of the particle with emission of 
a single soft photon. 


(ds / dQ) ine = — 22 (de [dq { (1 — 2 ycoth 2y) [in pees ean + Ay coth 2y (h(2y) —1) }, (5) 
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where Kmax is the maximum momentum of the emitted photon in units of m (Kmax < 1). 
2. The differential cross section of the Compton effect on a scalar particle has the following form 
do [dQ = (%/m)? (q20/ 41) U; (6 


where dQ is the element of solid angle in the direction of the scattered photon and qjo and dy) are the | 
energies of the incident and scattered photons in the laboratory system of coordinates (q,; and qd) are 
the photon four-momenta ) 


Tite Ow pile Uy (x, «)+ yo (x, x), Yor= (e182), 
2 
U (2,2) = —% (ee)*Re{ + (1 — 2y coth2y) In d + Dy coth 2y (h (2y) — hy) — = — emg 
9 4\ 2y? 2 

+ 25 [2g oth yx (hy) — In») + % — 2) (y+ Cow) ]} — 2 Selewiet Re (7 
2(o— 2 14 oo, | 
— [ 2y coth yx (ht (y) — In x) + (%« — 2) (y? + = 6; ())] eee lse=5 ycoth y (h (y) — In») — In|} | 
y 1 } 
: “nl 
mx = 2,44; m’x = — 2pyqgo3 0 =x+7, sinh? y = — 9/4; ny) =y\ pcothede; Cy (x) = —2«t \ In (1 —u) = : 

0 1-* 


The photon polarizations are chosen to satisfy the relations ¢€,€, = €9€) =1, and €4p, = €9p, = 0* 
Formula (7) contains terms with Ind. These terms cancel each other out in the total cross section 
of the ordinary Compton effect and in the Compton effect accompanied by emission of one soft photon 
(the so-called double Compton effect ).+ Let us note that in the nonrelativistic approximation the formu] 
for the total cross section of the above processes is the same as obtained in Ref. 5. 
In conclusion, the authors are grateful to Professor A. I, Akhiezer for supervising the work and to FP.| 
I, Fomin for help in evaluating the integrals. 


*The properties of the functions h(y) and Cy(Kk) are treated in detail by Brown and Feynman.! 


+ The connection between the cross sections of the double and ordinary Compton effects is given by 
Eq. (7). 


1D. V. Volkov, Yu. san. XTY (Scientific Notes, Khar’ kov State University), 1957 (in press). 
?R. P. Feynman, Phys. Rev. 76, 769 (1949). 

3J, Schwinger, Phys. Rev. 82, 664 (1951). 

‘1. M. Brown and R. P. Feynman, Phys. Rev. 85, 231 (1952). 

°E. Corinaldesi and R. Jost, Helv. Phys. Acta 21, 183 (1948). 
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MAGNETIC RESONANCE OF NUCLEI OF PARAMAGNETIC ATOMS 


K. A. VALIEV 
Kazan’ State University 


Submitted to JETP editor June 21, 1957 


J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 1045-1047 (October, 1957 ) 
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_ sity of the absorption lines and to the frequency of the rf field at which the resonance should be observed. 
As is well known, the intensity of the resonance line is proportional to the square of the frequency of the 
rf field and to the probability of magnetic dipole transitions between the energy levels. At the ordinarily 
employed values of the intensity of the external magnetic field (~ 10° oersted ) the nuclear resonance fre- 
! quency of paramagnetic atoms (10° — 10° cps ) will be 10 to 100 times greater than the resonance fre- 
quency in the case of diamagnetic atoms ( 10° — 107 eps ). Further, owing to the influence of the magnetic 
moment of the electron shell of the ion, the probabilities of nuclear magnetic dipole transitions are also 
considerably increased — approximately by a factor 104 for ions with an odd number of electrons and by a 
factor of several fold for ions with an even number of electrons. From this it may be seen that nuclear 
_ resonance absorption in the case of paramagnetic atoms will be so strong that it should be easily observ- 
able with already existing apparatus. But the possibility of observing resonance absorption depends also 
on the line width: the line must be sufficiently narrow. The line width of magnetic resonance is deter- 
mined by dipole-dipole and spin-lattice interactions of the magnetic particles. Magnetic interactions be- 
tween particles can make a large contribution to the line width in undiluted crystals, but their role rapidly 
_becomes less important as the crystal is magnetically diluted. In dilute crystals the line width will be 
determined only by the spin-lattice interactions of the nuclei. 

We have calculated the probabilities of nuclear relaxation transitions for the Cr®* ion (odd number of 
electrons ) and for the V** ion (even number of electrons). From the calculations it follows that in 

chrome alums at liquid air temperatures the line width of nuclear resonance does not exceed a few oer- 

_ sted and the absorption may be observed by the usual method of:modulating a constant magnetic field. In 

_ salts of the vanadium ion the spin-lattice nuclear relaxation time will be short and it will be possible to 

_ observe nuclear resonance only at low temperatures. A situation favorable for experiments on nuclear 
resonance exists in crystals of Tutton salts of the ion Ni*’ enriched in the isotope of mass 61 (nuclear 
spin %). 

We have also calculated the probabilities of nuclear relaxation transitions in crystals of ethyl sulphates 
of rare earth elements. We have investigated electron levels two-fold degenerate in the crystalline field 
and possessing electron magnetism. The probabilities calculated for the nuclear spins were compared 
with the probabilities of relaxation transitions between electron levels. For most ions with an odd num- 

ber of electrons the probabilities of nuclear transitions are approximately 100 times smaller than the 

probabilities of electronic transitions, while for ions with an even number of electrons they are smaller 
by a factor 10°. One may expect that it should be possible to observe nuclear resonance in the case of 
ions with an even number of electrons at liquid air temperatures, and for ions with an odd number of elec- 
trons at liquid hydrogen temperatures. 

By using the method of magnetic resonance of nuclei of paramagnetic ions (by means of measuring the 
resonance transition frequencies ) one can determine quite accurately the magnetic and quadrupole coup- 
ling constants of the nuclei of paramagnetic atoms. But the most interesting application of nuclear reso- 
nance in the case of paramagnetic atoms will evidently be investigations of spin-lattice interaction in 
crystals, particularly in those cases when direct measurements of the electronic relaxation time by the 
method of parallel fields or by the method of saturation are impossible due to very short relaxation times 
(in salts of the rare earth elements and in some salts of ions of the iron group). It should be possible to 
determine the nuclear spin relaxation time from the line width of nuclear resonance. On the other hand, 
the ratio of the probabilities of electronic and nuclear relaxation transitions may be calculated with suf- 
fient accuracy. Thus, for the Cr** and the v*" ions, it has the form: 


A(m, m—1)/A(M—1, M) =31/4(S+M)(S—M 4+ 1) +m) —m-+ 1) (A/D), 


where S and I are the electron and the nuclear spin of the ion, A is the coupling constant between the 
nuclear and the electron spin of the ion, and D is the energy interval between neighboring energy levels 
of the electron spin. We have also calculated similar ratios for the neodymium and praseodymium ions. 
The results of these calculations will be published in greater detail in the journal “The Physics of 
Metals and Metal Research” and in the Scientific Notes of the Kazan’ University. 
The author expresses his deep gratitude to S. A. Al’tshuler for suggesting the problem and for his in- 
terest in it in the course of its solution. 
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ELASTIC SCATTERING OF t+ MESONS BY HELIUM NUCLEI AT 300 MEV 


M. S. KOZODAEV, R. M. SULIAEV, A. I. FILIPPOV, and IU. A. SHCHERBAKOV 
Joint Institute for Nuclear Research 
Submitted to JETP editor June 21, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 1047-1049 (October, 1957) 2B 


In an earlier note! we presented some preliminary results of an investigation of the interaction of neg- 
ative m mesons with helium nuclei. We called attention to the considerable decrease in elastic scatter- 


ing cross section which takes place at small angles (5—15°). This variation in the differential cross 
a & section was linked to a possible in-- 


vie terference between Coulomb and nui 
clear scattering. 

The present note describes fur- | 
ther experiments on the elastic | 
scattering of and mt mesons 
against helium nuclei near 300 Mev’ 
carried out with a considerably 
sharpened angular distribution, and| 
verifies the conclusion made about 
the role of Coulomb interference. 

As in the previous experiment, 
the elastic scattering was studied 
by means of a diffusion cloud cham- 
ber? filled with helium at a pressur 
of 15 atmospheres. The geometry 
of the outcoming beam of negative 
m™ mesons and the experimental set- 
up were described in Refs. 1 and 2.. 
The positive m mesons were gen- 
erated in a polyethylene target 20 
cm thick, which was placed in the 
path of a 660-Mev proton beam 
emerging from the synchro-cyclo- 
tron. An analyzing magnet selects | 
a monochromatic beam of tt meson 
which are formed as a result of the? 
reaction p+p—at++d, and they 
emerge at an angle of 9° to the proton beam. After passing through the analyzing magnet, the beam of 
m mesons is directed through a collimating slit in the 4 m concrete shielding into the experimental space} 
which contains the diffusion cloud chamber. In order to remove from the meson beam protons which have! 
the same momentum, a 6 cm thick carbon filter was placed in front of the chamber. In the experiment 
with 7~ mesons having an energy of 330 + 6 Mev, we obtained altogether 24,000 photographs, while m+ 
mesons of 273 + 7 Mev yielded 11,000 photographs. 

The elastic scattering of mesons by helium nuclei were identified by the kinematics of the diverging: 
particles: coplanarity, appropriate angular correlation, and range of the a-particles. For small- 
angle scattering, coplanarity and angular correspondence can only be crudely determined. In that case, 

a more reliable criterion is provided by the correspondence between the scattering angle of the mesons 
and the range of the a-particles. A small-angle region determined by the maximal angle of 7 —p decay’ 


(5.1° at 300 Mev and 5.9° at 273 Mev) was excluded from consideration. A typical photograph of an elas— 
tic scattering event is shown in Fig. 1. | 


After twice scanning the pictures and analyzing the photographs, we detected 99 cases of elastic scat--| 
tering of 7m mesons and 76 cases of m+ mesons. The total absolute cross sections for elastic scattering, 


Tie He 
FIG. 1. Photograph of a 300-Mev mt meson elastically scat- 
tered by a helium nucleus at an angle of 9.8°. 
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FIG. 2. Angular distribution of 330- 
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_ by helium nuclei. 
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are respectively (45 + 5) x 10727 cm? and (72411): 10-21 
em’, The angular distributions in the center-of-mass system 
are presented in Figs. 2 and 3. The results show quite defi- 
nitely the presence of an interference effect between Coulomb 
and nuclear scattering in the small-angle region. Essentially, 
the sign of the nuclear scattering amplitude is positive in the 
energy region under consideration, i.e., the interaction between 
m mesons and nuclei is repulsive. A calculation of the energy 
dependence of particles interacting with an average nuclear 
potential has been carried out using the optical model of the 
nucleus, and utilizing results on the scattering of mesons 
against free nucleons; 24 these indicate a change in the sign of 
the nuclear amplitude in the region of the first resonance max- 
imum, and are thus in agreement with the obtained experimen- 
tal results. 

The authors would like to express their gratitude to L.I. 
Landus for his interest in this work and for helpful discussion. 


APPENDIX 
(Received July 25, 1957) 


Recently there has been renewed discussion on the possible 
existence of a non-zero spin for the 7 meson. This discussion 
is based on investigations of the angular distribution in 7 —p 
decay.®»® In the Laboratory for Nuclear Problems we have 
tried to settle this question by studying the experimentally-ob- 
tained azimuthal distribution of 7 mesons elastically scat- 
tered by nuclei, described in the above communication. Out of 
76 cases of elastic scattering, 47 mesons were found scattered 
to the right and 29 to the left. An analysis of experimental con- 
ditions indicated that the observed asymmetry could not be due 
to systematic error. The probability for such an accidental 
deviation from isotropic distribution is less than 0.05. Since 
even such an improbable fluctuation may have occurred during 
an individual measurement, we are presently carrying out fur- 
ther experiments along this line. In view of the present dis- 
cussion, however, we have deemed it worth while to announce 
the results of our preliminary investigations. 

No azimuthal anisotropy in the angular distribution was ob- 
served in the elastic scattering of negative m mesons. 


1K ozodaev, Suliaev, Filippov, and Shcherbakov, J. Exptl. 


Theoret. Phys. (U.S.S.R.) 31, 701 (1956); Soviet Phys. JETP 
4, 580 (1957). 


2Kozodaev, Suliaev, Filippov, and Shcherbakov, Dokl. Akad. Nauk SSSR 107, 236 (1956); Soviet Phys. 


“Doklady” 1, 171 (1956). 


3¥rank, Gammel, and Watson, Phys. Rev. 101, 891 (1956). 

4R. M. Sternheimer, Phys. Rev. 101, 384 (1956). 

5¥. Bruin and M. Bruin, Physica 28, 551 (1957). 

6 Lettes, Report at the Conference on the Physics of Cosmic Rays, Italy, (June — July, 1957). 
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NUCLEON ENERGY LEVELS IN SPHEROIDAL NUCLEI 


D. A. ZATKIN 

P. N. Lebedev Physics Institute, Academy of Sciences, U.S.S.R. 

Submitted to JETP editor June 28, 1957 

J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 1049-1051 (October, 1957) a 
Tue problem of energy levels in a nonspherical nucleus has been treated fully only for an oscillator 
potential.! The case of an ellipsoidal well was treated by perturbation theory with expansion in terms of 
the deformation parameter (see for example, Ref. 2). Because of poor convergence this treatment can-_ 
not be used both for highly excited states and for large deformations. The present note concerns a 


method by which the spectrum of highly ekcited states in an ellipsoidal well can be found for arbitrary 


deformations, except for vanishingly small ones. | 
For the case of an infinitely deep prolate spheroidal well the problem consists of solving the equation 


(h2/2M) AV + EV =0 


inside the spheroid with zero boundary conditions. We introduce the spheroid coordinates u, 0, and 9: 


x =fsinhusin§coso, y=fsinhusin§ sine, z=fcoshucos 8, 
where 0 u<= wu, 05 6<m7, and 2f is the distance between the foci of the spheroid. 
Putting W=R(u)Y(0@) exp(+img) we obtain 
d?R / du® + cothudR / du + (?cosh? u— A — m?/sinh? u)R = 0, 
ad?y /d62 + cot 6dY /d6 + (A — 7? cos?6— m?/sin?0)Y =0, 7? = 27*?ME/?h?, 


where A is the separation constant. Let y be large. Utilizing the boundedness of Y in the range 0 = é 
< we can show that A can be given in the form? 


A=qrtm— 2 @+5+ NG m/s, g=2—|m)) +1, 


i=l 


where £—|m]| is the number of nodes of the function Y in the interval 0 — 7 of 0. The functions 
Ai (2,m) are given by Meixner? and by Sips.4 
We find the function R(u) by a generalization of the method of Miller and Good® and obtain 


R (u) = [S (u) /sinh u(dS / du)]'? Jim (yS (u)), (1 | 


where Jm(z) is the Bessel function, and 


S (u) 


l 
iMes 


1S, (u), So (u) =sinhu, Sy (u) = — cot? sinh u, ~Sy (u) = of a 3 sinhu 
0 16 cosh? uy’ 


S;() = — 735 (39? + 41) sinh ae ei(apell 19) SE (mt — 4) (1 he 4 


cosh*u 64 cosh*u 4 sinh u sinh wu 


etc. 


Since R(u))=0, the quantities ypgm and with it the energies Engm are obtained from the alge- 
braic equation 


1S (Uo) Ges (2) 


where jmn is the n-th root of the function Jy (z). Numerical calculations for a prolate spheroid with 
a ratio ae axes of 1.2: 1 show that the use of four terms of the expansion of S(u) in (2) allows the 
kaa a of all levels with an error = 1%. The results for the lower levels agree with Moszkowski’| 
results. | 


We now ee into account the finite depth of the potential well and the spin-orbit force. The operator ) 
for the latter” has in spheroidal coordinates the form 
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SS 4 av Awl xs a Oye a 1 sd “ 
filep — DMP? “fF (cosk’u= co @) Ou |- oy (sin ? 3 + cot cose aet Oo (cos re tes cot Osin i) + o,coth y +.) (35 


where ) is the force constant, 6; the Pauli spin matrices, and V the potential, which equals zero for 
u< Up and Vy) for u >up. From the symmetry of the problem it follows that only the third term of (3) 
contributes to the energy. To obtain the energy spectrum one has merely to solve the transcendental 
equation for y, which follows from the matching conditions of the wave function at u = up: 


[ Seay as ime asst fas as 1 4 dy A 
Jin (YS) du S Gi SD er due &7. 2 x Al Si at 
3 Y=i, 
where 
2M 
=i oe aes E), 

: : AEP Pee ae il ( L ae 2 m2 4 2— me +7 2— m2 + 5 

¥ (uw) =sinhu-+ poe )- P_(P Loe IOP ) 

x (u) g sinhu 2g? 2sinhu “sinh? u 2g8 8 sinhu 2 sinh? u sinh’ u ‘ 


A=+)mV  cothuy /(Mc?), 


p=2+1 foreven £-|m| and p=2 for odd 2—|m|, and the two signs of A correspond to the two 
possible orientations of the nucleon spin with respect to the z axis. 

The case of the oblate spheroid can be treated in an analogous manner. 

Numerical computations of the energy levels of nucleons in ellipsoidal wells are being carried out at 
the present time for different deformations. 

The author thanks M. V. Kazarnovskii and A. S. Davydov for useful suggestions and discussion of the 
results. 
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33, Meixner, Z. Angew. Math. Mech. 28, 304 (1948). 

4R. Sips, Trans. Amer. Math. Soc. 66, 93 (1949). 

5S. C. Miller and R. H. Good, Phys. Rev. 91, 174 (1953). 


®W. Heisenberg, Theory of the Atomic Nucleus (1953). 
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DIFFRACTION SCATTERING OF HIGH-ENERGY PROTONS BY PROTONS 


V. G. GRISHIN and I. S. SAITOV 
Joint Institute for Nuclear Research 
Submitted to JETP editor June 28, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 1051-1053 (October, 1957) 


Fowzer et al.! attempted a theoretical analysis of the diffraction p—p scattering, starting, however, 
with the usual spherical nucleon model with distinct boundaries and a definite transparency. Of greater 
interest is Belenkii’s analysis? of the diffraction scattering of high-energy pions by nucleons, based on a 
general theory involving no specific nucleon model. We considered similarly the collisions of high-en- 
ergy protons and analyzed the known experimental data, making the following assumptions: (1) the spin 
dependence of the nuclear forces can be neglected at high energies, (2) the imaginary part of the scatter- 
‘ing amplitude is much greater than the real part (since it is known from the experimental data of Ref. 1 
that the elastic scattering cross section is on the same order as the inelastic one at high energies and 


that both are on the order of the geometric cross section). 


i 
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These assumptions simplify considerably the phase analysis, since (see Ref. 2) it follows from 


l= 2S (21+ 1) — By) Pil). (1) 


t= 


o 


[where f(x) is the scattering amplitude, x the wavelength of the incident particle, x= ue 8%, 3 the 
scattering angle, P,(x) the Legendre polynomials, fg = exp (2ing), and ng is the scattering phase ] 
that We 
spl 
Br=1—% | | f(a)| Pr(ayae. 


=e 


By expressing the measured angular distribution in terms of an analytic function it is sda to de- 
termine fg, since the differential cross section of the elastic scattering is dao/dw =|f (x)I ; he pres- 
ent-day experimental accuracy does not permit unique determination of the phase, but makes possible an 
approximate phase analysis, the results of which are given in the table. | 

We obtained formulas similar to (5) and (6) of Belen’kii’s paper. Additional simple transformations | 
yield | 

do (9) (de = | f (%) |? = (92 / 4X)? exp {— R*9? / 22°}, (2) 


is the elastic scattering cross section and o, is the total cross section! 


where R? = 04/810, where o 


of particle interaction. 

In the analysis of the experimental data obtained by Fowler et al. for proton energies of 1.5 and 2.75 
Bev, we calculated the da(%)/dw curves from values of 0; known from investigations with counters? 
and the values of dg measured 
in Ref. 1. 


e€ 


Ep lab. 


Bee rag het cet oem oiheet mba Bag ab ae teeeide Ree tent The calculated curves are in 
satisfactory agreement with ex- 
4.5 |6,940.6] 47,24.0.9* | 20--2** |27** 25.6 exp oe ae exp acs a perimental results and are close | 
2,24 |6.640.8| 44.14-3.7 |17,94+5.1/26,246,4/33,5 exp (— 2)I1.6 exp (—0. 
2°75'|6.74.0.8| Ata? 15-5** |g" (35/5 exp (W935 92)1-5 exp (0.07 i to the curves calculated by the aul 
6.15 |7.240,3] 31.344.5 | 7,54£4.5/23.841.8]46.1 exp (—19 92) |1.0 exp (—0,03 22) ; 8 
8 7.45 30.0 6.4 23.5 54.6 exp (—27 92) [0.9 exp (—0.02 2) optical nucleon model. 


obtained by Cork et al.’ for Ep = 
2.24, 4.40, and 6.15 Bev make it 
possible to obtain several values | 
of of and R? for each energy, using formula (2). Curves of do (3)/dw calculated using average value 
of and R® are in satisfactory agreement with the experimental data; the value ot = 44 millibarns for 
Ep = 2.24 Bev is also in satisfactory agreement with known results on the total cross sectionof the p—|| 
interaction. Linear extrapolation of the cross section 0; of the inelastic processes and of the paramete? 
R into the energy region up to 10 Bev was used to calculate the angular distribution of elastic p—p sce 
tering for 8 and 10 Bev (see table.). | 

It is seen from the table that R increases almost linearly with the energy, starting with 2.24 Bev, bw 
can be assumed constant within experimental accuracy. If R is really constant, it is possible to deter-- 
mine do(%)/dw by measuring o; and vice versa. | 

The results of the analysis show that the assumptions made by Belen’kii are also true for p—p scatt 
tering at Ep = 1.5 Bev, since the resultant formulas give satisfactory agreement with the experimental] | 
data. The values of o;, oe, and oj, calculated for 2.24, 4.40, and 6.15 Bev on the basis of this analysis, , 
can obviously be used as preliminary data. | 


The authors are grateful to I. V. Chuvilo for valuable discussions and attention to the work. 


* Taken from Ref. 3 ** Taken from Ref. 1 


‘Fowler, Shutt, Thorndike, et al., Phys. Rev. 103, 1489 (1956). 
2S. Z. Belen’kii, J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 983 (1956), Soviet Phys. JETP 3, 813 (1956 | 
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PARAMAGNETIC RESONANCE OF NEW ORGANIC RADICALS 


A. K. CHIRKOV and R. O. MATEVOSIAN 
Ural’ Polytechnic Institute 
Submitted to JETP editor July 1, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 1053-1054 (October, 1957) 


Tue narrow line-width of the resonant absorption curve of the organic radical a,a@-diphenyl B-picryl 
hydrazyl has been explained by exchange interaction of the odd electron in the -N—N group.! Direct con- 
firmation of the existence of the exchange interaction was obtained from studies of hyperfine structure 

of this absorption line .? 

We undertook a set of experiments with an object to investigate the influence of substitutes X in para- 
position of the a-phenyl ring on exchange interactions in organic radicals. Para-fluoro-, para-chloro-, 
para-bromo-, and para-methoxy-derivatives of hydrazyl were investigated. Three of these (the para- 
fluoro-, para-chloro-, and para-methoxy-derivatives ) were obtained first. 


No, 


The line shape of the paramagnetic resonant absorption,® characterized by the ratio of fourth to the 
second moment of the resonant curve, M,/ M,, served to determine the magnitude of exchange interac- 
tions. This ratio was obtained by numerical integration of the experimental absorption curve. The mo- 
ments were computed separately for the left and right 


Sub sti- ; nis ~ , half of the curve and average values were taken. 
tut fad t a! . 
oe Bk oe : Measurement of the paramagnetic resonance ab- 


sorption was performed using Zavoiskii’s grid-cur- 


na eacnni t on ae ss Ae a nee te rent method.! To obtain absorption curves without 
Br 2,002 0.002 4:40-40.02 | 2.25 0.45} 470 admixture of dispersion, the generator circuit was 
OF | 5000 a 0004 erent aM i 0:5 | 90 coupled very weakly to the measuring coil. The gen- 


erator frequency was varied in a fairly narrow region 
about a resonant frequency of 621 Mcs and was meas- 
ured by a type 3003 heterodyne detector with an accuracy of 0.005%. A signal modulated at 224 cps was 
fed through a broad-band amplifier with a bandwidth 30 cps to 10 Mes into an oscilloscope or into a nar- 
row-band amplifier of bandwidth 5 cps and a synchronous detector with meter. Absorption curves were 
photographed from the screen of the oscilloscope. The narrow-band system was used for observing the 
width of the absorption curve between the points of steepest slope. The measured quantities were the 
maximum values A of the absorption curves, which yield values proportional to y”. All the samples 
investigated contained equal molar amounts of radicals. The field was calibrated ggaing! the known res- 
onance of a,a-diphenyl-picryl-hydrazyl, whose g-factor was taken to be 2.0042 + .0004. 

The results are given in the table. It is seen that all the quantities, except the g-factor, mich differs 
only slightly from 2, change gradually from H to F. The exchange interaction thus diminishes in the tran- 
sition from H to F. 


x 


vor 
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Visible and ultraviolet spectra were also measured for all compounds, using SF-2 and SF-4 equipment 
In the visible part of the spectrum all the radicals investigated show absorption maxima at 520 ms and . 
the maximum absorption decreases in the same manner as at radio frequencies. No sharp maxima were 


found in the ultraviolet spectral region. 


1G. H. Townes and J. Turkevich, Phys. Rev. 77, 148 (1950). 

2 Roggen, Roggen, and Gordy, Phys. Rev. 105, 50 (1957). Ee 
33. H. Van Vleck, Phys. Rev. 74, 1168 (1948). 

4K, Zavoiskii, Doctoral Dissertation, M., 1944, Phys. Inst. Acad. Sci. 
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ASYMPTOTIC SELECTION RULES FOR BETA DECAY OF DEFORMED NUCLEI 


M. E. VOIKHANSKII 
A. T. Gertsen Leningrad Pedagogical Institute 
Submitted to JETP editor July 2, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 1054-1056 (October, 1957) 


Ir was shown in a number of investigations! ~8 that for particle transitions in deformed nuclei one mus 
take into account not only the selection rules for the total angular momentum I and parity m but also ti 
selection rules for asymptotic quantum numbers A, 2, andalso N and nz (or nz and n,) introduce 
by Nilsson.’ A and = are quantum numbers of the projection of orbital and spin angular momenta on ti 

elongation axis of the nucleus (the z-axis); Al 
| +=, where Q is the quantum number of | 


g Matrix ee i | re i the peoiecwon of the total angular royale a 

@ the particle on the z-axis; N is the principa!| 

quantum number of the oscillator, and ng ani 

SV Fey (F) +X +A 0 0 |A,A—2,...—A n; are the quantum numbers of nuclear oscil- 

Vv J Yar (V) +4 +4 0 (Oe eo a lations along the z-axis and in the plane norm 
op es aha) eet to the z-axis respectively. 

T.A| SY 14» (9) + +4 0 O | AA—2,...—A In this work selection rules for asymptotic || 

‘ £A+1) es Aes a! e quantum number N, nz, A, 2 are establish 

TA} SY» [sr] or 4 iy £5 a7 AA—2,...—2 for B-transitions of an arbitrary order of for-| 

biddenness (A > 1) for different types of inte?| 

Doman ire lovin vanes Sy Fig (eee | Aa Ne sie cee actions. (Allowed and incline ee sae 

tions were considered by Alaga.') The table | 


gives the results of the calculations. The firs: 


pseudoscalar interaction gives only small corrections to the matrix elements of transitions of (A — 2)-5 
fold forbiddenness. The second column gives the matrix elements of interaction operators in a non-rele 
tivistic approximation. Spherical representation is chosen.® Here | 


You (X) = (¢/22) x {pax (r)}, x=, V, [or], [eV], Yor (T) = PY an (9, 9) 


The third column gives the selection rules for the total angular momentum I. Since ina strongly de- | 
formed nucleus the integral of motion is the projection of the total angular momentum on the elongation 1 
axis, we let AI =AQ =k. Thus the rotational and the K-forbidden modes are excluded, Next two col--| 
umns give the selection rules for A and 2, These, of course, are related to the data of the preceding | 
column (the condition AA+ AZ =AQ must be satisfied). Let us note that for scalar or vector interac-} 
tions only those transitions can take place for which the projection of the spin of the particle on the elori 
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Bron axis of the nucleus does not change. In this respect such B-transitions are analogous to electric 
multipole transitions. For tensor and pseudo-vector interactions transitions can occur with and without 


_ the change of the spin projection of the particle on the z-axis; this is analogous to magnetic multipole 


transitions. The fourth column gives the selection rules for n,. In order to obtain these (as in the case 


of A, 2) the wave functions of the nucleons of a strongly deformed nucleus must be used. The last col- 
umn gives the selection rules for N. Selection rules for N and n, are related to each other, as in the 


case for electromagnetic transitions .® 
We emphasize that the selection rules for nz, A, 2 are approximate. They hinder 8-transitions 
rather than forbid them. 


I should like to express by gratitude to L. A. Sliv and S. V. Izmailov for their interest in this work and 
for valuable advice. 
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POLARIZATION OF 635 MEV PROTONS BY DEUTERONS IN QUASI-ELASTIC p—p 


SCATTERING 


IU. P. KUMEKIN 
Joint Institute for Nuclear Research 
Submitted to JETP editor July 6, 1956 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 1056-1057 (October, 1957) 


Experiments on the study of the interaction of high energy nucleons with nuclei show that in most 
cases the incident nucleon interacts with the individual nucleons of the nucleus. This is particularly evi- 
denced by experiments on the quasi-elastic p—p and p—n scattering by nuclei,! — * carried out with 
unpolarized proton beams. The differences observed in these investigations between elastic and quasi- 
elastic scattering are explained by the fact that the latter is produced by nucleons moving inside the tar- 
get nucleus. If polarized proton beams are used it is possible to make still another comparison between 
elastic and quasi-elastic scattering. Bradner and Donaldson® showed that at 285 Mev the polarization in 
quasi-elastic p—p scattering by Li, Be, and C nuclei has an angular dependence analogous to the angu- 
lar dependence of polarization in elastic p—p scattering, but much smaller in magnitude than the lat- 
ter. Thus, the polarization in quasi-elastic p— p scattering by Be amounts to only approximately 40% 
of the polarization in elastic p—p scattering. Such a reduction in polarization in quasi-elastic p—p 
scattering was attributed® to distortion of polarization in purely-elastic p—p scattering, caused by 
intra-nuclear motion of the target nucleons. Since the role of this motion becomes less important at 
greater energies, one can expect the polarization in quasi-elastic p—p scattering to approach 


the value of the polarization in elastic p—p scattering with increasing energy. This was actu- 
ally observed by Mescheriakov, Nurushev, and Stoletov’»® in the scattering of 635-Mev protons by 
Be. Here the quasi-elastic polarization was 85% of the elastic one. One can expect that a scat- 
tering by nuclei with smaller binding energies, for example by deuterons, this difference will be 
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even less. Chamberlain et al.” found that the polarization and quasi-elastic p—p scattering by deuteron 
at 312 Mev in the range 60 — 90° (c.m.s.) does not differ from the polarization in elastic p—p scattering 


The author measured the polarization of protons in quasi-elastic p—p scattering by deuterons at en- 
ergies 635 + 15 Mev. A proton 


Values of Polarization at 635 Mev, Percent; beam from the synchrocyclotron 0: 
Pp — quasi-elastic p—p scattering by deuterons the Joint Institute of Nuclear Re- 
P—elastic p—p scattering search with polarization 58 + 3h; 
Ppe — quasi-elastic p—p scattering by beryllium described in Ref. 7, was used. The 
measurements were made by the _ 
Qlab. sys. 18 o4¢ 30° 36° ae | 52° (30°) counter-telescope method, and the: 
angular resolution of the apparatus 
giggnees ne a | <i as ad was 6°, Heavy water was used as | 


| the target. The background due to) 

; ; oxygen amounted to 30% of the 
counting rate and was determined | 
by scattering polarized protons byy 
the H,O equivalent of the number — 
of target nuclei under conditions excluding the counting of elastic p—p scatterings. The results ob- 
tained are given in the third line of the table. Only statistical errors are indicated here. For comparisoy 
the fourth line of the table gives data on polarization in elastic p—p scattering, obtained in Ref. 8, whil 
the fifth line gives data on quasi-elastic p—p scattering by beryllium, obtained in Ref. 7. It is seen from 
the table that at 635 Mev there is no difference in the polarization in elastic and quasi-elastic p—p scat 
tering by deuterons, within the limits of experimental error. Thus, for a given energy, the intra-nuclear’ 
motion of the proton in the deuteron does not lead to a difference between the polarizations in quasi-elas - 
tic p—p scattering by deuterons and the polarization in free p—p scattering. Bearing this result in 
mind, one can expect that in this energy range the polarization in quasi-elastic p—n scattering by deu- 
terons will equal the polarization in free p—n scattering. This is of interest, since the observation of 
the quasi-elastic p—n scattering by deuterons is one of the methods of studying the polarization effects 
in n—p interactions. 


P, | 43.5+3.0 | 39.043.8 | 30. 
P Wee? O36, 7 2 2.3. eo 
Py, | 35.4-24.7 24.44 
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®R. Donaldson and H. Bradner, Phys. Rev. 99, 892 (1955). 

®L. Marshall, Phys. Rev. 99, 1033 (1955). 

™Mescheryakov, Nurushey, and Stoletov, J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 361 (1956), Soviet 
Phys. JETP 4, 337 (1957). 

8 Mescheryakov, Nurushev, and Stoletov, J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 37 (1957), Soviet Phys 
JETP 6, 28 (1958). 

°O, Chamberlain et al., Phys. Rev. 95, 850 (1954); Phys. Rev. 105, 288 (1957). 
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_CONCERNING A SYMMETRY PROPERTY OF THE NEW GELL-MANN THEORY 


CHOU GUAN-CHAO 
Joint Institute for Nuclear Research 
Submitted to JETP editor July 6, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 1058-1059 (October, 1957) 


Recentiy Gell-Mann! has proposed a new theory of the interaction between elementary particles. In 
this theory all baryons have spin ", , and the same mechanical mass and parity. They form a supermulti- 
plet which is split up only when moderately-strong interactions occur by way of K mesons. The Hamil- 
tonian of the interaction with 7 mesons is written in the following way: 


Hn = ig {(pysp — nysn) e+ V2 (pygtn* + nypspn) + (E59 — Eg) 09 + V2 (Boy nt + Ey,2n") 
+ (EP yg2* — Vrs) x9 + V2 (Lt ys¥on* + VO Stan) + (Z0y.Z9—Dy,E) 29 + V2 (Zoy,Don* + Ey,Z0e)}. (1) 
(see Ref. 1 for the notation). In our note we shall show that in addition to the so-called global symmetry 
discussed by Gell-Mann, there is another symmetry property of his theory even in the absence of K 
coupling. 
In the Hamiltonian (1) we make the substitutions 


—0 —— — + co ae 
p> & —c > (Bes = Pe eo lic, x —> Lr , YZ, x —> Xf, 2° —> Yes nt —>nx*, ue Toei, (2) 


where Ac denotes the charge-conjugation operator of the field of particle A. After this substitution the 
Hamiltonian takes the form 


Hy = ig {(BeteEe — Ee ysSe) ® + V2 (Be ysken® + SeysBe ®t (De tgPe — Meg) 89 + V2 (0, 10,8* + DMR) 
+ (ZetsZe — Le ys¥e) =° + V2 (Le rsZem* + Zeyshem )+ (Le ygbt — VeyeY 2) 3° + V2 (Verskew* tLe Yer )}. (3) 
The following relations exist between the field operators A and B:? 
AB = BAe, Ay,B = — BepwAes Ay.B = — BetpivAes Aysi.B a BetstyAes AysB = BetsAc- (4) 


With the help of (4) we can satisfy ourselves that the Hamiltonian (3) agrees with (1). In the same 
way it can be shown that the Hamiltonian of the interaction of baryons with photons 


Hy = —ie {ppp —2 WE + Bylt — FE} A, (5) 


is invariant under the substitution (2), with the addition of the substitution Ay > Ay- This symmetry 
property of the Gell-Mann theory provides us with selection rules for certain processes. Let us consider 
processes in which there are only 7 mesons and photons in the initial and final states. For every Feyn- 
man diagram there will be another diagram in which the lines of the inner baryons are replaced by the 
propagation lines of the baryons appearing in the right-hand sides of the substitution (2). For example, 
proton lines are replaced by the lines of the baryon described by the field operator FG (i.e., by the lines 
of an anti = -particle), antiproton lines by the lines of a = ~-particle, etc. If the number of outer n° 
mesons is odd, then the matrix elements of these two graphs will cancel each other when they are added. 
Consequently in the new Gell-Mann theory the process of the decay of a n°’ meson into two y-rays takes 
place only through a K interaction. 

If it is assumed that 8 interactions of baryons also have Gell-Mann’s global symmetry, then we can 
obtain a few other selection rules. Consider, for example, a tensor 8 interaction: 


He = Se {Piptn + = Bye ~4+ {piv¥? SAL com atnce 


It is clear that this Hamiltonian changes sign under the substitution (2). Thus the matrix elements for 
the B-decay of a tt meson, that is 


Fh Cte Veta tive! Mie Oi Lai 


_ through a virtual baryon-pair, cancel each other in pairs. These processes also are allowed only through 


a K interaction. 
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If only the interactions of mesons with nucleons are taken into account, then the theoretical proba- 
bilities of the processes \| 
x0 —> Qy (Ref. 3) and <*> e* ++ 7 (Ref. 4), | 


obtained from perturbation theory, are greater than those observed. The considerations above indicate | 
that it is possible to reduce the discrepancy between theory and experiment by allowing also for the in- | 
teractions of m mesons with all baryons.* Of course, without a study of the interaction with a K meson} 
we are still unable to say with certainty that the new Gell-Mann theory gives better agreement with the 
experimental data for these processes. | 

In conclusion I wish to thank Professor M. A. Markov, Professor Khu Nin, V. I. Ogievetskii, and M. I.) 
Shirokov for their interest and for discussions of the work presented here. 


*This same result for the decay process 7 — 2y was also obtained by Gell-Mann.'! An analogous re=} 


sult was obtained earlier by Kinoshita.? 


2 ee eee | 
1. Gell-Mann, Phys. Rev. 106, 1296 (1957). | 
2R. H. Good, Jr., Rev. Mod. Phys. 27, 187 (1955). | 
37, Kinoshita, Phys. Rev. 94, 1384 (1954). 
45. B. Treiman and H. W. Wyld, Jr., Phys. Rev. 101, 1552 (1956). 
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SUPERCONDUCTIVITY OF BERYLLIUM FILMS CONDENSED ON A COLD BACKING 


B. G. LAZAREV, A. I. SUDOVTSEV, and A. P. SMIRNOV 
Physico-Technical Institute, Academy of Sciences, Ukrainian S.S.R. 
Submitted to JETP editor July 9, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 1059-1060 (October, 1957) 


Ir is known that bismuth films obtained by condensation on a backing cooled with liquid helium display 
superconductivity.! Until now this was the only case of observed superconductivity induced in such a 
way in a metal which displays no superconductivity in the ordinary bulk state to temperatures on the 
order of 107? degrees K. 

This letter reports on the superconductivity of beryllium films obtained in the above method. 

The procedure for obtaining the films was analogous to that used in many investigations for the study | 
of superconductivity of metallic films.'»? The apparatus consists essentially of an evacuated glass bulb, | 
containing the evaporator in the form of a small tungsten helix carrying a piece of the evaporated metal. 
When the metal is evaporated the bulb is immersed in liquid helium. The low power of the evaporator 
(several watts ) permits condensation of the layer with an insignificant temperature rise in the film abov)| 
the bath temperature. Electrodes for the measurement of the electric conductivity of the resultant films;} 
are fused into the walls of the bulb. | 

The measurements were made with several films. The thickness of the measured films was approxi-- 
mately 10~§ cm. It is interesting to note that the only stable films were those thinner than 10~> cm, and } 
further increase in thickness caused them to crack. ) 

Fresh films already display superconductivity at 4.2°K. An exact determination of the transition termi) 
perature has not yet been made, but a rough extrapolation of the dependence of the critical current on th | 
temperature yields a value of approximately 8° K. As in the case of bismuth, the properties of the film 
vary greatly upon heating. Heating even to a temperature of liquid hydrogen transfers the superconduc- 
tivity of the beryllium film into the liquid-helium temperature range. 
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‘Proc. Int. Conf. Low Temp. Phys., Oxford, 1951, p. 119; W. Buckel and R. Hilsch, Z. Physik 138, 
109 (1954); N. V. Zavaritskii, Dokl. Akad. Nauk SSSR 86, 687 (1952). 

2 AT: Shal’nikov, Nature 142, 74 (1938), J. Exptl. Theoret. Phys. (U.S.S.R.) 10, 630 (1940); N. E. 
Alakseevski, Dokl. Akad. Nauk SSSR 24, 27 (1939), J. Exptl. Theoret. Phys. (U.S.S.R.) 10, 1392 (1940). 
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COMPARISON OF CALORIMETRIC AND IONIZATION MEASUREMENTS OF THE ENERGY 
FLUX OF SYNCHROTRON GAMMA RAYS 


Ss. P. KRUGLOV 

Leningrad Physico-Technical Institute, Academy of Sciences, U.S.S.R. 

Submitted to JETP editor July 11, 1957 

J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 1060-1062 (October, 1957 ) 
Tue comparison of the different methods of measurement with the identical spectrum is of interest not 
only for the determination of the energy flux of the y-rays but also is useful in relating data obtained from 


ionization measurements to the actual energy absorption in matter. According to the literature,! various 
methods give results that differ up to 25%. 


TABLE I The energy flux in the y-ray beam of the 85-Mev synchrotron 
of the Leningrad Physico-Technical Institute was determined both 
5 Energy for with a calorimeter and with ionization chambers. The energy in 
s Fl Oo ae the y-ray beam required to produce a charge of one Coulomb in a 
2.8 special copper ionization chamber was determined by both 
a methods. The copper chamber served as a standard. 
1 99.5 465-4018 4.0 In the calorimetric measurement the y-rays were absorbed in 
4 82 455-1018 n> a lead cylinder. The temperature change of the cylinder was de- 
termined with a thermistor which had a temperature coefficient 


of about —6% at 20°C. The cylinders had a diameter of 5.5 cm and lengths of 11 and 4 cm respectively. 
The correction for incomplete absorption of the y-rays in the cylinders was obtained from the transition 
curves of lead. The final results (at 20° C and 760 mm Hg) are given in Table I. They were obtained 
with a beam diameter of 3 cm. The energy losses due to neutron emission’ were also taken into account. 
The result obtained with the 4 cm and the 11 cm long cylinders differ by 2%. This difference lies within 
the limits of the errors. It indicates, however, that the actual absorption of energy in lead is not given 
completely by the depth dose curve. 

The energy flux of the y-rays was also determined by the method of the depth dose curve.’ Th this 
method the ionization in a thin walled chamber is determined as a function of the thickness of absorbers 
placed in front of it. The depth dose curves for C, Al, Cu, and Pb were obtained. The curves reproduced 
in several runs. The exponential decrease at large depths agreed well with the minimum of the y-ray ab- 
sorption coefficient in the particular material. The energy was obtained from the area under the transi- 

tion curves. The results, particularly for light elements, depend 
TABLE I strongly on the choice of the ratio (averaged properly over the 
energy of the electrons ) 


p = (dE (dX)z/ (dE) AX) air 


Al Cu Pb 


Material | Cc 


where dE/dX is the energy loss of the electrons. The choice 
e 0.840 | 0.820 | 0.740 | 0.610 of p and the results of the determination by the method of tran- 
eee ae - a ee é f sition curves relative to the calorimetric determination (Uz/U,) 
: are shown in Table II. A possible error of p of 2.5% has been 
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included in the total error shown. Evidently only the results for lead cannot be reconciled with the cal- 

orimetric results. chin: Koes . 
A similar comparison was performed with thick-walled chambers. 4 The ionization in an air-filled 

cavity inside a block made of different materials was measured, The sensitivity of this chamber was de- 
termined theoretically for each wall thickness and mater- 
TABLE MI ial used in the experiment. The accuracy of this calcula- 

tion is + 5% and the possible error in p of + 2.5% enter 
4cm | 22cm into the total error of the method. The results of this de- 


Thickness of 


front wall ZomAl | iom A | graphite| graphite termination are given in Table III relative to the calori- 
metric results. 
used p! 0.820) 0,820} 0.840 | 0.840 Thus the results of the calorimetric determination, the 
(U/U x), % Seema ee omeoet a ar ionization measurement, and the depth dose curve agree _ 
Total error % 8 8,5 8 &o (except for the case of lead) within the total errors. How- 
I} 


ever, the errors of the method of the transition curves | 
can be decreased to 3%. For this purpose at the present time the method of the determination of the tran- 
sition curves is being improved and the accuracy of the knowledge of p is being increased. In order to 
increase the sensitivity of the calorimetric method a calorimeter is being worked on which will allow 
measurements at low temperatures. 

The author thanks Z. Kovarzh and I. V. Lopatin for their help in performing the measurements and 
A. P. Komar for his interest in the work. 


1 Proceedings of the Third Annual Rochester Conference (Dec. 18 —20, 1952) pp. 23 and 26. 
2p. D. Edwards and D. W. Kerst, Rev. Sci. Instr. 24, 490 (1953). 

3 Blocker, Kenney, and Panofsky, Phys. Rev. 79, 419 (1950). 

4Flowers, Lawson, and Fossey, Proc. Roy. Phys. Soc. 66B, 286 (1952). 
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ON THE QUESTION OF THE FLUCTUATIONS OF ELECTRON CONCENTRATION IN THE? 
F-LAYER OF THE IONOSPHERE | 


E.G. PROSHKIN and B. L. KASHCHEEV 
Kharkov Polytechnic Institute 


Submitted to JETP editor June 12, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 1062 (October, 1957) 


Ir is known that the ionosphere is a statistically non-uniform med- 


q 


ium, in which irregularities continually appear and disappear. The | 


a4 mechanism by which these irregularities arise is not yet known. At | 
this time an investigation of the inhomogeneous structure of the ion-- 

3 osphere is necessary for an understanding of a number of processes 
that take place in the ionosphere. | 

o Experimental investigations of the inhomogeneous structure of th: 
ionosphere can be divided into two groups, the investigation of the 

i fine structure of the ionosphere by vertical soundings, and the inves} 
tigation by the forward scatter of uhf waves. Up to the present thi 


peu) forward scatter of uhf waves is in fact not explained. Therefore, \ 
great interest attaches to the mechanism of scattering of radio wavel 
Distribution of values of 56N by inhomogeneities in the ionosphere, suggested by AP pert.! 


0 a 2 3 


) 
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Using the results obtained by investigating the inhomogeneities in the structure of the ionosphere above 
Khar’ HOY by the method of vertical sounding during the winter of 1955 — 1956,” we have applied the AI’ pert 
formula’ to calculate the value of 6N for ordinary waves. 


The size of the inhomogeneities was taken to be 300 m in these calculations. The figure shows the dis- 


_ tribution of the values of 5N. The observed values of 6N run from 0.1 x 1072 to 2.5 x 10-2, and the most 


frequent values are 6N = 0.3-—0.5 X 10-7, No noticeable altitude dependence of 6N was found for the 


-F-Layer. 


In conclusion, the authors express their thanks to Professor Ia. L. AV’ pert for giving them the oppor- 


_ tunity to familiarize themselves with the theory worked out by him for the scattering of radio waves in the 


ionosphere prior to publication. 


| ee 
I 


a. L. Alpert, J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 213 (1957), Soviet Phys. JETP 6, 167 (1958). 


2. G. Proshkin and B. L. Kaashcheev, Paguorexnuxka u sextponuxa (Radio Engg. and Electronics ) 
#7, 819 (1957). 
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PHOTOPRODUCTION OF STRANGE PARTICLES 


8. G. MATINIAN 
Institute of Physics, Academy of Sciences, Georgian S.S.R. 
Submitted to JETP editor July 16, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 1063-1064 (October, 1957) 


In this note, some questions connected with the photoproduction of strange particles are considered 


_ phenomenologically. 


Recently, Peaslee! proposed a statistical model of the production of strange particles, in which he in- 
troduced the relative amplitudes a and £6 of the sojourn of the nucleon in the dissociated states (A, K) 


and (2, K), respectively. This model satisfactorily explains a number of experimental facts connected 


with the reaction 7+ N— Y+K, if the value of | B/a |2 is taken as i), . The photoproduction of strange 
particles on nucleons may serve as a verification of this model. 
Let us consider, for example, the following reactions on hydrogen: 


Ao + K*, (1a) 
Seg U eee oa Ge (1b) 
Meek, (1c) 


It is not difficult to see that in the Peaslee model, reaction (1a) will have a cross section proportional to 
| a i2, and reaction (1c) will have a cross section proportional to vA B (2, Thus, according to this model, 
Kt particles “associated” with the A°’-hyperon would be expected to be more prevalent than K* particles 
produced together with the =° hyperon: 


3(c)/o (a) =*/3|B/aP 1/9. (2) 
Of course, the energy of the y-quanta must be above threshold in order to avoid threshold effects. 
Since the contribution of the =+ hyperon currents to the cross section is small in comparison with the 


K+ meson currents, reaction (1b) must also be considerably repressed with respect to reaction (1c). In 
the above consideration, we did not take account of the influence of the magnetic moment of the hyperon, 


which is valid for large energy of the y-quanta. We note that according to the Peaslee model, a forward 


| directionality of Kt mesons (in the center of mass system) is expected. 
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As is well known, a simple classical consideration? leads to an excess of ™™ mesons over am? mesons 
during their production respectively on neutrons and protons. A similar model is applied to the photo- , 


production of strange particles. 
We will consider in particular the processes: 


yt pai + Kt, (3°) 
(fn Dee (37) 
While these processes are equivalent with regard to the interaction of the y-quanta fields with the Kt 


meson currents, they differ from one another with regard to the interaction of the y-quanta with the hy- 


peron currents. 
Similarly to Ref. 2, the ratio of the cross sections of these processes is (in the laboratory system ): 


E; [GAP (4)) 


Cle | (jA)p- + (IA) |? ‘ 


| 
where j is the particle current, and A is the vector potential of the electromagnetic field. Applying | 


conservation laws, we have (for nonpolarized y-quanta): 
o%/o” == [1 — (e/m) (1 — vos 9)]?, (5)) 


where € is the total energy of the K* meson, v is its velocity, and @ is the angle between the direction) 
of the y-quantum and the K+ meson. It is interesting that this equation coincides in form with the equa- | 
tion obtained by Brueckner and Goldberger? (m is the nucleon mass, c = 1). 

If the magnetic interactions predominate over those of the currents, we obtain for o°/o- (compare 


Ref. 3): 


6? b\2 (au, — by.) (e/M) (1 — v cos 6) 42 
(=) jie fr bu. (6) eos) |; 


where M is the mass of the Z hyperon, 
m 1 m 
A ee en i fa Sar we ene 
and p is the magnetic moment of the respective particle in Bohr magnetons. 
'D. C. Peaslee, Phys. Rev. 105, 1034 (1957). 


2K, A. Brueckner and M. L. Goldberger, Phys. Rev. 76, 1725 (1949). 
3k, A. Brueckner, Phys. Rev. 79, 641 (1950). 
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ON THE USE OF TWO AUXILIARY FIELDS TO OBTAIN EMISSION STATES IN QUAN TUM 
MECHANICAL AMPLIFIERS AND GENERATORS 


V. M. KONTOROVICH 
Institute of Radio Physics and Electronics, Academy of Sciences, Ukrainian S.S.R. 
Submitted to JETP editor July 17, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 1064-1065 (October, 1957) 

In order that a system of particles have negative absorption, it is necessary to produce an excess nie 


ber of particles (active “molecules”) in the upper energy level (m) of the given transition (m — q). Ai} 
number of methods allows one to obtain active molecules by means of an auxiliary high frequency field | 
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} 

| with the auxiliary field having, in those cases when in the excitation process the distances between the 

levels remains unaltered, a frequency either greater than!” of equal to»? the transition frequency Wmq- 

As is shown below, the last method —the method of “pulse inversion” — allows one by using two auxiliary 

fields to obtain active molecules with frequencies of the auxiliary fields being somewhat lower than the 

_ frequency of the main transition* 

} We consider a system with four levels m > p >n >q and with the equilibrium population of the i-th 

| level given by Nj. We apply a pulse of the resonance field of frequency Wyn which leads to a perturba- 

_ tion of the Hamiltonian of the form: 

| V = Frexp(— iemnt) + Fo exp (i@nnt). 

| Thanks to the periodic transition of the particles from the state m to the state n and back with the 

period’ 2T mn = th/| Fmn| if the duration of the pulse 7 is equal to an odd number of half periods, the 

E system will turn out to be inverted? (there will be Ny particles in the level m, and Nm Particles in 
the level n). We assume that the relaxation time is large compared to T. By applying a pulse of the sec- 

ond resonance field of frequency ®pq Which lasts an odd number of half periods Tpq we invert the popu- 

' lation of the levels p and gq. By choosing the field amplitudes in such a way that the same pulse length 

_ corresponds to the simultaneous inversion of the population of both pairs of levels, it is possible to act on 

_ the system with both fields simultaneously by a pulse of duration 


. eee aI T(t ol) Tag. 


| The two auxiliary fields enable us to obtain Ny — Np active molecules for the transition of frequency 
®mq > “mn, “pq. Obviously Wmg < mnt pq. It is assumed above that any non-resonance influence 

_ of the field wn on the transition pq and vice versa is excluded (either owing to the separation of the 

frequencies Wmn and wpq, or owing to different polarization properties of these transitions). The fre- 

quencies wy, and Wpq may coincide (for example, the two 7-components right- and left-circularly 
polarized in the hyperfine structure spectrum; the transition m— q corresponds to the o-component.t 
In this case it is sufficient to act on the system by a single auxiliary field which contains components of 

_the required polarization (linearly polarized in the plane perpendicular to the magnetic field in the ex- 
ample discussed above ) in order to obtain active molecules for the higher frequency transition. 


*We note, however, that this requires a special set of energy levels, transitions between which are al- 
lowed, and also that the frequency of at least one of the two auxiliary fields may be below Wmq by not 
more than a factor two. 


+The transition (F, m— F’, m’), o-components (*4, 4 — %, —'4) and (*%, -%— %, —%), 1t-com- 
ponent (Gb uf => Ts JS) , F and m are quantum numbers of the total angular momentum and of its pro- 
jection (for a nuclear spin of i he 


InN). G. Basov and A. M. Prokhorov, J. Exptl. Theoret. Phys. (U.S.S.R.) 28, 249 (1955), Soviet Phys. 
JETP 1, 184 (1955). 

23. Wittke, Proc. I.R.E. 45, 291 (1957). 

3M. W. P. Strandberg, Proc. I.R.E. 45, 92 (1957). 

41. D. Landau and E. M. Lifshitz, Ksanrosaa mexanuxa (Quantum Mechanics ), Gostekhizdat, 
(1948) p. 171. 

5 J, Nafe and E. Nelson, Phys. Rev. 73, 718 (1948); Townsend, Weissman, and Pake, Phys. Rev. 89, 


606 (1953). 
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822 LETTERS TO THE EDITOR 
LIMITING LAWS FOR SURFACE TENSION OF SOLUTIONS OF STRONG ELECTROLYTES 


V. E. BRAVINA 
Submitted to JETP editor July 18, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 1065-1067 (October, 1957) 


I. Multivalent electrolytes of the asymmetrical type. In the surface layer of multivalent electrons of the | 


asymmetrical type, unlike in those of the mono-monovalent electrolytes, the electric neutrality of each 
volume element is destroyed. This makes it necessary to take into account not only the potential due to 
the electrostatic representation of the ion with allowance for the screening action of the surrounding ions, | 
but also the additional field due to the asymmetry of the electrostatic pattern. The potential of this field 
satisfies the equation 


Ae = —(4n/e) Dyzien:, (1) | 
where | 
nN; = Mo; exp {— U;/kT} (2)4i 


is the density of the ions of the i-th type in the surface layer. The potential energy Uj; of the ions is 


(2,e)? 
U; = far e-2*x +4 Ze (3) 


(zj are positive and negative integers, e the electron charge, and 1/x the Debye-Huckel radius! Ne 
The distribution of the ions and of the charge density is determined by the following formulas 


Py (cee acl) for u<u, 
iu P 5273p re 
in, _ | — Piet A nS [ee | Sto — 
ae =| 2z,P, ne 
| terse gee ane to Ale ilomae eeata 
pes \ z do —2e~ (Ine + 1—2))] for u> uo 
| 2;P; (e#it/ e-1) ae 
V1 3 e 2 h 3 ae 
go [Bart $B [ef a _ 


~ et) do 26-*(In ++ Fae for u>U, 


( bu 


where 6nj = nj(x) — noj are the deviations of the ion density in the surface layer from the density inside 
the electrolyte, and n is the density of the dissociated molecules. For convenience let us write Pj = 
noj/n for the number of ions of the i-th type, formed upon dissociation of one molecule; u, for the dis- 
tance in 1/k units, 


x, 


In2° =D 2P; In|] | D2tP, [pz 
i i 


e2 
4ekT 
h is the small parameter of the theory (the ratio of the energy of the electrostatic interaction to the 
mean energy of thermal motion), 

We note that the surface layer as a whole is electrically neutral, since the regions of positively and 
negatively charged cancel each other. 

The following limiting law is derived for the change in the surface tension 
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Ac — RT? (S = 9 1 2ekT kT x2 2 (2;¢)"t9; In (z;e)? 
Aes WP a ee ae (6) 


(y = 0.577, the Euler constant). In practice it is more convenient to use this formula in the following 
form 


Ae = 39.7 ( DyziPi) F logl2.28- 10° (eT)%/m24 224P (7) 


where m is the concnetration in moles/liter. 

In the case of mono-monovalent electrolytes the resultant limiting law becomes the Onsager-Samaras 
limiting law. The general formula they derived has no meaning, since the correction to the limiting law, 
contained in this formula, is of the same order as the quantities neglected by these authors. 

2. Allowance for the dielectric constant of the external medium. In the case of mono-monovalent elec- 
trolytes the potential of the electrostatic field, produced by a fixed ion in its atmosphere, with allowance 
for the separation surface between the two dielectrics, is determined by the following equation 


(A — x*) 9 = — (4n/e) e8 (r). (8) 


The solution of this equation is substantially more complicated than that for the case considered by On- 

_ sager and Samaras, owing to the fact that the dielectric constant of the external medium is not assumed 

to be zero. The adsorption potential (the potential energy of the interaction of the ion with its electro- 
static image, with allowance for screening) turns out to be 

e re —e/ VV 


e ae 
W (2) cae arz dh, (9) 


In spite of the fact that it is necessary to calculate an integral of a non-elementary function (9), which is 
furthermore in exponential form, it is possible, using the smallness of the parameter of the theory, to ob- 
tain an expression for the change in surface tension As in terms of elementary functions 


ho = S88 AVEC) 4 Foy — 5 (tS) in + pine t=]. (10) 


2e (e+ ¢’) xe (ce — ¢’) e—eE (e— ’)? € 


When < = 0, Eq. (10) goes into the limiting Onsager-Samaras law.” 


1D. Debye and F. Hiickel, Phys. Z. 24, 1085 (1929). 
21. Onsager and N. T. Samaras, J. Chem. Phys. 2, 528 (1934). 
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REFINEMENT OF THE APPROXIMATION FOR SMALL ANGLES IN MULTIPLE-SCATTER- 
ING PROBLEMS 


T. A. GERMOGENOVA 
Mathematics Institute, Academy of Sciences, U.S.S.R. 
Submitted to JETP editor July 18, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 1067-1069 (October, 1957) 
To analyze the scattering of beams of charged particles by metallic foils it is necessary to solve the 


problem of the spatial and angular distribution of the density produced in the beam as a result of a large 
number of collisions. At a depth 1, the particle density in a monoenergetic (E > 10 Mev) beam wW(p, T) 
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propagating at an angle @ relative to the axis T (u = cos@) is determined from the boundary problem 


‘ 


+1 | 
-S+om 9-7 | 4 4 IS 5° & (cos x) = 0, (1.1)) 
cosy = cos@cos 6’+ sinOsin6’cose; p(y, O)=8(p—1), OS p<], (py, A) =90, —1<p<0. (1.29) 


The multiple-scattering distribution #(cosy) is assumed known. Usually the problem is solved in the 
small-angle approximation, i.e., subject to the following simplifications: (1) the factor p in front of the; 
derivative (1.1) is assumed to be unity, (2) the conditions in (1.2) are replaced by the initial conditions; 
W(u, 0)=6(u—-1) at -1 spl. | 

A numerical method proposed by Spencer! yields a solution in this approximation with an accuracy as | 
high as desired for a wide class of problems, permitting representation of the function & (cosy) by the | 


sun” 


i=1 


N | 
Ff (cos x) = » A; (1 xy StosyyaeY 0 ee PR NF 2 (2) 


It is noted in Refs. 3 and 4 that along with the good agreement between solutions in the small-angle ap- 
proximation and experimental results at small angles, there is considerable discrepancy at large angles . 
(more than 15% at 6 > 6° for E = 15.7 Mev), which could not be explained by the authors within the 
framework of this approximation. Investigation of scattering at large angles is very important in connec- 
tion with the study of the distribution of charge in the nucleus, of the character of the nuclear potential, : 
of phenomena connected with polarization, of differences in the scattering of positive and negative parti- 
cles, etc. 

Many computations were made to refine the small-angular approximation and to determine the region 
of its validity. 

1. Corrections for the small-angle approximation calculated by Spencer 
problem of scattering of 15.7 Mev electrons. In this problem 


1 were determined for the 


fF (cos ¥). = Xe(1 +X — cosy) 3; xy e610, vis. 


This approximation is close to the Gauss function at small angles e2 = Xgh, and tends to the function 
4x h/04 at larger angles. 

We represent Y(u,7) asSasum Wot Wy+ W. where wo is the solution to the problem in the smalil 
angle approximation, Ww, is the correction in the same approximation, i.e., the solution of the equation 


sta: 27 


2+ —— J ded e's )) $2 H (cosy) = (1— 9) He (3) 


q 
=] 0 | 


oe 


with initial condition W;(u, 0)=0 (-1 =p = 1), while the correction W. is the solution of the inhomo-! 
geneous equation corresponding to (1.1) with the right half containing (1 —)9wW,/0T. The boundary con! 
ditions for Wo(u, T) are: 


be (p, 0) = 0, 0< > e(p, h) = —vo(p, A)-— 1 (p, A), —lL<p <0. 


The solution of problem (3) in the small-angle region is well represented by the Gauss function (in 6° 
multiplied by a certain polynomial in 6°; the asymptotic expression in the large-angle region is 2x gh/ 62. 
The absence of a strong anisotropy in the inhomogeneities of the problem for Wo (pv, T) makes it possible 

to seek a solution in each of the intervals 


{ 


cos 0 1 0.999 0.99 0.95 0.90 (0, 1) and (—1, 0) in the form of an ex- | 
pansion in Legendre polynomials P, (1) | 
v1 (u, A) 0.1478 0.2349 0.(2623 0.004384 | 0.001985 with n = 3, The table gives the values of 
Wi(u,h) for p = 0, obtained by numer- ‘ 
2 xoh/62 0.1940 0.01834 0.003668 | 0.001814 ical integration with Spencer’s method, ang 
, the calculated results for W2(u,h) for — 
bo (uh) | 0.2804 0.2788 0.2654 0.2071 0.1413 p= 0. : 


| ; 2. Several general results were estab-: 


| 
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lished for an arbitrary scattering law, the degree of anisotropy of which is determined by the smallness 
of the parameter 


1 
2= > | UH) AH) de, 


= 


i.e., by the smallness of the rms angle upon single scattering. The small-angle approximation is repre- 
sented by the sum 


O(p— lhe +. Io (p,)2), 


where I) (p, 7) is close to the Gauss function exp (—- 62/62 ); Ow h, at small angles (6? S Ei) t 
fF (cosy) is taken in the form (2), the asymptotic expression at large angles is 


DA ee a= min ky: 


The free term in Eq. (3) is a quantity of the order of €. The function W,=O(chy) at small angles 
(2S h), and Ww, =O (62W/2) at greater angles. Thus, at ch « 1, as expected, the correction W, is 
small in the region 6?/2 « 1. On the other hand, the comparatively large value of the correction w (p, 7) 
in this example limits the range of validity of the small-angle approximation to the inequality Wo > Wa 
i.e., 04 «K ch. Since in this problem € = x)lnxXp, one would expect that the approximation here is good in 
the region 6 < vA and is acceptable at eh « 1. To obtain solutions with a sufficient degree of accuracy 
at large angles it is proposed to use the interpolation method developed in Refs. 2 and 5. 


1L. V. Spencer, Phys. Rev. 90, 146 (1953). 

Ha wag Germogenova, Dissertation, Division of Applied Mathematics, Mathematics Institute, Academy 
of Sciences, U.S.S.R. (1957). 

31,, V. Cooper and G. Rainwater, Phys. Rev. 97, 492 (1955). 

AsV: Spencer and J. Blanchard, Phys. Rev. 93, 114 (1954). 

5T, A. Germogenova, Dokl. Akad. Nauk SSSR 113, No. 2 (1957). 
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COMPARISON OF NEUTRON SPECTRA IN THE FISSION OF U“2”, 79°, py7?? 


V. P. KOVALEV, V. N. ANDREEV, M. N. NIKOLAEV, and A. G. GUSEINOV 

Submitted to JETP editor July 19, 1957 

J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 1069-1070 (October, 1957) 
Tue spectra of fission neutrons from Ue, Uu?33, and Pu2® have been reported in a number of papers! ey 
Measurements of the fission neutron spectrum from U2® (Refs. 1—8) are in satisfactory agreement with 
the semi-empirical formula of Watt.? 

According to the data of Mukhin, Barkov, and Gerasimov,® the fission neutron spectra from and 
Pu?” are the same as the spectrum from u25>, within experimental errors of 10 —20%. The data of Nere- 
son? and of Grandl and Neuer!” indicate that the neutrons from Pu2® are somewhat harder than those from 
235, 

This note presents a comparison of the neutron spectra from the fission of U2, U2, and Pu2®. vari- 
ous neutron detectors were used. 

The fission neutrons were obtained byirradiating samples of u233, p23, and Pu2® with thermal neutrons 
from a reactor. In the first series of measurements, the neutrons were detected by using the thresholds 
of the reactions Pr!*!(n, 2n ypr'”, Al"(n, p)Mg?", P*!(n, p)si*, and Au®'(n, y)Au8, To compare the 
intensities of the fission neutron sources, we used a fission camera with U3, The irradiation took place 
inside a cavity 20 x 20 x 40 cm in the thermal column of the reactor. 


233 
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‘ ae ; 233 
In the second series of measurements, the neutrons were detected with fission cameras using WistKs 


U238, and Np23", 


In the third series of measurements, the neutrons were detected with fission cameras using 238. 
Np237, and Th?82, A fission camera with U?* was used to compare the fast neutron fluxes. 
The reactor power was controlled in all three series of measurements. The results obtained are 
shown in the table. These results include 


eT 


4 Measure- small (< 2%) corrections for inelastic neu- 
ine AaaviAass BIBS 38 | eee Series tron scattering in the converters. Ag33, 
Aogg, and Aggy are the counting rates in the 
Privé (n, 21) Pri40 1.42 +0.08 [1.30 + 0.08 11.5 I various detectors, normalized to unit flux 
Al?? (n, p) Mg?? 4.13 40,02") «444 4 0.03 4,6 I ee di 
P21 (n, p) Si3t 1.07 £0.03 {1.07 + 0.05 tabs I of fission neutrons from the corresponding 
Th2®2 (n, f 4.034 0.017 a 1.6 Ill Aoeet ; | 
288 (4, 4) OA Be Ani tal aay aout eRe converter, indicated by the index subscript 
U8 (n, f) 1,02 + 0.01 1:4 IIT of A. Eeff is the effective threshold of 
Np23? (n, f 0.985+0.01 [41.01 -+0.017 0.7 II ; 
Np? (n, Ms 1.028 + 0.044 0.7 Il the reaction. 
Aut®?(n, y) Au? 1.02 40.03 |1.04 + 0.02 =e I The data show that the fission neutrons 


from U?*3 and Pu? are harder than those 
from U2®, The temperature differences 
between the fission fragments of U?*3 and Pu?® compared with those of U?* are estimated to be 0.04+ 0.01. 
and 0,05 + 0.01 Mev. 

On the basis of models for the evaporation of neutrons from moving fragments, and assuming that the _ 
excitation energy of the fragment is connected with the mean number v of neutrons evaporated through 
the relation Av/AE = 0.120 Mev~! (Ref. 6), temperatures T of 1.02 + 0.01 and 1.06 +.0.01 Mev are 
found for the fragments of U?*? and Pu2® respectively. The uncertainty in T corresponds to the uncer- 
tainty in v.!! The temperature T = 1.00 Mev was adopted for the fragments of esos 

The difference between the average energy of neutrons from the spontaneous fission of C and those 
from U2® can be estimated using the values v = 3.53 + 0.15" and v = 3.82 + 0.12 for Californium. The 
result is a figure of 9—11%. This agrees well with the experimental value 8% found in Ref. 14. 


f252 


1N. Nereson, Phys. Rev. 85, 600 (1952). 

2D. Hill, Phys. Rev. 87, 1034 (1952). 

3B. Watt, Phys. Rev. 87, 1037 (1952). 

4Bonner, Ferrell, and Rinehart, Phys. Rev. 87, 1032 (1952). 

5D, Nicodemus and H. Staub, Phys. Rev. 89, 1288 (1953). 

6R. Leachman, Paper No. 592, International Conference on the Peaceful Uses of Atomic Energy, Gen- 
eva, 1955. 

lu. S. Zamiatnin and G. N. Flerov, Report to the Academy of Sciences of the U.S.S.R., 1949. See 
Atomuaa aHeprua (Atomic Energy), Supplement 1 (1957). | 

8 Mukhin, Barkov, and Gerasimov, Report to the Academy of Sciences of the U.S.S.R., 1950—51. See 
Atomuaa sHeprua (Atomic Energy), Supplement 1 (1957). 
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CONCERNING THE REALITY OF THE NONSTATIONARY MODEL OF THE INTERMEDIATE 
STATE | 


A. I. SHAL’ NIKOV 


Institute of Physical Problems, Academy of Sciences, U.S.S.R. 
Submitted to JETP editor July 19, 1957 


J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 1071-1072 (October, 1957) 


Gorter! has suggested a model of the intermediate state of superconductors with currents, in which 
continuous shifting of the boundaries between the superconducting and normal phases takes place. In the 
case of a cylindrical sample with current flowing parallel to the axis, this model leads to the formation 
of cylindrical regions and rings, moving and gradually constrict- 
ing from the periphery to the axis of the cylinder. Under the joint 
action of a magnetic field perpendicular to the axis of the cylinder, 
and current, these regions, directed along the current and the 
field, move perpendicular to the axis of the cylinder. 

Our observations of the intermediate state do not agree with 
the Gorter picture. Thus, B. Balashova, using a toroidal sample 
in which a superconducting current was excited by a field, ob- 
served an extremely sharp distribution of regions of normal and 
superconducting phases, having the form of layers situated per- 
pendicularly to the axial line. However, this picture was obtained 
under nonstationary conditions, and to eliminate objections asso- 
ciated with this, we undertook experiments in which the picture of the distribution was observed with a 
constant current flowing through a cylindrical sample. 

Two series of measurements were carried out: in the first series, the variable component of the mag- 
netic field of the current on the surface of a monocrystalline tin sample (2 mm in diameter and 10 cm 
long) was measured using a bismuth microprobe. In the frequency range from 40 to 30,000 cps, no per- 
iodic or nonperiodic signals were observed with amplitudes exceeding 10 pv (noise level), which would 
have occurred with changes of the magnetic field (at T=3.5°K and Hx = 30 oersted) of the order of 
0.02 oersted. Also, no effect was observed under the joint action on the sample of the current and an ex- 
ternal magnetic field. 

In the second series of experiments, a sample 8 mm in diameter and 50 mm long was used. Magnetic 
powder was used to display the structure of the intermediate state. The following experiments were per- 
formed (see figure). 

1. The sample was cooled to T =3.5°K ina field exceeding Hg, and the picture of a disordered 
distribution of normal and superconducting regions was observed. 

2. The sample was cooled to T =3.5°K, after which a field exceeding H¢/2 was switched on. In 
this case the powder distribution was reminiscent of the pictures obtained by Balashova on a toroid, ex- 
cept that the layers perpendicular to the generator of the cylinder do not intersect in its central part. 
Similar pictures were observed by Schawlow’ on plane samples. 

3. The samples were cooled to T = 3.5°K ina magnetic field exceeding H,/2. Then a current 
~ 15% of critical was sent through the sample. After applying magnetic powder, a very sharp regular 
picture was observed of the distribution of regions of normal and superconducting phases, situated per- 
pendicularly to the axis of the cylinder. In fields of 60, 75, and 90% of Hg, the distance between the re- 
gions varied from 0.4 to 1 mm, respectively. 

4, With currents greater than 15% of Ig, and with relatively small transverse fields, the picture re- 
mained just as sharp, but regions of normal phase appeared in the parts of the cylinder at which the total 
field exceeded critical. 

Thus, the structure predicted by Gorter did not occur experimentally. 

The regularity of the distribution of the layers of normal and superconducting phases may undoubtedly 
be utilized for the measurement of the surface stresses of superconductors. 

I thank Iu. V. Sharvin for discussions and D. I. Vasil’ev for assistance during the experiments. 
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1¢, J. Gorter, Physica 23, 45 (1957). 
2A. L. Schawlow, Phys. Rev. 101, 573 (1956). | 
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SPINS AND PARITIES OF THE HYPERFRAGMENT He AND OF THE K MESON 


CHOU GUAN-CHAO and M. I. SHIROKOV 
Joint Institute for Nuclear Research 
Submitted to JETP editor July 26, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 1072-1073 (October, 1957) 


In this note we shall give a summary of the angular correlations in the cascades: | 
n- + Het H4 + K, Hi Het +7, K> +47; (1y) 
K- 4+ Het H4 47, H4 > Het+x (2y 


for several variants of spins in parities of H4 and K. 

We assume at first that the spin of the K meson is zero. If in cascade (1) the first reaction takes 
place near the threshold (kinetic energy of the 7 mesons in the laboratory is 620 to 640 Mev), then it 
is natural to assume that H4 and K are formed predominantly in the s state if 1 (the product of the 
parities of 7, He’, Hh or K) is (-1)! (i is the spin of the hyperfragment), and in the p state if — 
ma =(-—1)° (in this case the production in the s state is forbidden). The distribution about the angle y 

; between the direction of the incident pions and the 

Parity oe aa HA decay products (in the system where HA is at 
rest), given in the table, has been obtained under 
these assumptions. As can be seen, it is possible in | 


variant 


sa 1 3costy | 5/4 (1—6 cos?y + 9 cosy) principle to determine not only i, but also the prod-- 
| ucts of the parities of Hy and K (assuming that the 
poe Olas cathe Geist) nS (case eaten) product of the parities of the 7 and He* is —1). 
onl 


Cascade (1) contains three reactions, and it there? 
fore permits also the determination of the spin of the? 
K meson by the Adair method! (true, if k 40, the product of the parities of HA and K is no longer 
determined by the angular correlations). For this purpose one first selects such cases of the reaction 
7 + Het — HA +K, in which the hyperfragment and the K meson make (in the center of mass system) | 
small angles 3¢ 0 with the direction of the incident pions (aligned with the z axis). If the HA de- | 
cays associated with the K — 7+ decays are further selected such that the pions make small angles 
3 = Ad with the same z axis, then the distributions about y, which are chosen on the basis of this se- | 
lection and which determine the spin i, will be the same as on the threshold in the variant m = (-1)! 
(see table). If one chooses instead the decays K—a2+ 7, associated with the Hh decays along the z 
axis, it is possible to determine k. The correlation relative to the angle between the z axis and the di-! 
rection of the decay products of K (in the system where the K meson is at rest) is given as a function) 
of k in the same first line of the table.! The value of the permissible intervals of small angles d-¢ and | 
3% (Ad¢ and AS.) diminishes with increasing Lax —the maximum important orbital momentum of the 
products of the reaction K~ + He4 H4 + K—and spin k respectively. If Linax = 1, we get Ades = 20°) 

Cascade (2) was first proposed by Dalitz,? and Gell-Mann? gives a set of correlations for this cascadd 
If k=0, these correlations have the same form as in the table, but relative to another angle @, see Re { 
4, We emphasize here only that these formulas must be compared with the experimental distributions, 
obtained for the reactions K~ + Het — H4 + 7° without preliminary formation of a mesonic atom. If we 
verify somehow that the reaction took place “in flight,” one can expect that at K-meson energies up to 


| 
| 
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20 Mev (but above 0.01 Mev) the He‘ nucleus captures the K meson in the s state [or in the p state, 
if m=-(-1)!] by some specific (non-electromagnetic) short-lived forces. 

At greater K-meson energies the correlation formulas are the same, but are valid only for reaction 
products making small angles with the direction of the incident K meson. 

Cascade (2) does not permit determination of the spin of the K meson, and the effect of k 40 on the 
discussed correlations relative to 6 can be investigated only qualitatively. If k #0, the correlation cor- 


responding to a given i becomes less anisotropic, smoothes out, and thereby yields too low values of the 
hyperfragment spins. 


I express my gratitude to Professor M. A. Markov for discussions. 


*R. K. Adair, Phys. Rev. 100, 1540 (1955). 


7M. I. Shirokov, J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 1022 (1957 ), Soviet Phys. JETP 5, 835 (1957). 
R. Dalitz, Proceedings of the Rochester Conference, 1956. 
4M. Gell-Mann, Phys. Rev. 106, 1298 (1957). 
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RADIATION FROM AN ELECTRON TRAVERSING A SLAB 


V. E. PAFOMOV 
P. N. Lebedev Physics Institute, Academy of Sciences, U.S.S.R. 
Submitted to JETP editor July 29, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 1074-1075 (October, 1957 ) 


When an electron moves in an inhomogeneous medium it radiates. If its velocity is greater than the 

phase velocity of light, it will also emit Cerenkov radiation. The radiation emitted by an electron moving 

at right angles to the boundary between two media was first investigated by Ginzburg and Frank! (see also 

Refs. 2 and 4). In the present paper we wish to communicate the results of calculations on the angular 

distribution of the radiation emitted by a charge moving perpendicularly to a slab placed in a vacuum. 
The energy emitted into the half-space in front of the slab (z < 0) is as follows: 


T/2 
des | sin? 9 cos? 9 | A (w, 9) 2d, (1) 


0 


Y= 


co 
2e2y2 
Tc 
0 


A (@, 9) = (e’ — 1) [e-**4ele (1 + Bx) (x — y) (1 — B? — Bx) + dole (1 — Bx) (x + y) (1 — B° + Bx) 
— Qxeidelv (1 — B cos 9) (1 + Bcos $ — e’B?)] [e- idole (x — y)? — eidole (x + y)?]4 (1 — B? cos?d)* (1 — B?x*)™, (2) 
x=Ve'—sin?>. y=e'cosd. 


The z axis is in the direction of the moving electron; d is the thickness of the slab, whose dielectric 
constant € may be complex (if there is absorption);* 3% is the angle between the z axis and the direc- 
tion of observation. 

The angular distribution of the radiation behind the slab (in the half-space z >d) is obtained by re- 
placing v by —v. If d is allowed to increase to infinity, and at the same time the absorption is taken 
to be finite, with Re (ix) > 0, then the formula above reduces to the result of Ginzburg and Frank} for 
the radiation emitted by an electron flying into an infinite medium. 

Analysis of the solution shows that for a nonrelativistic electron the angular distribution of the radia- 
tion is the same in the forward direction as it is in the backward direction. For a thin slab (d « wv €/e ); 
the angular distribution of the radiation emitted by a nonrelativistic electron turns out to be the same as 
the angular distribution of the radiation from an oscillating dipole; in the most favorable case, i.e., for 


830 LETTERS "TO THE EDrTOn 


wd/v = 1(2n + 1), the energy of the radiation is much greater than it is when only one boundary is pres- 
ent. 

If the slab thickness is greater than the wavelength, interference maxima occur. These are due to 
multiple refractions of the radiation at the boundaries and interference between the radiation emitted at 
the first and second boundaries. 

If the electron speed is such that ep? > 1, Cerenkov radiation will be emitted in the slab. It can be 
internally reflected, and then the characteristic maximum will not be observed. If the conditions for in- _ 
ternal reflection are not satisfied, then there will be a sharp maximum at an angle 3 given by 


B2(s—~ sin? 3) == 1, (3) 


‘4 


The height of the maximum will depend on the Cerenkov radiation. The angle determined by (3) charac- | 
terizes the Cerenkov cone, refracted at the boundary. / 

Quantitative comparisons between the theory of Cerenkov radiation and experiment have been made | 
using slabs; some discrepancies were found. Our solution is exact, and a more reliable comparison with | 
experiment can therefore be made. In addition, the process might be interesting as a microwave genera-~ 
tor, but this awaits further investigations. 

The author is grateful to V. L. Ginzburg, I. M. Frank, and B. M. Bolotovskii for discussions of his 
results, 


*Where the dielectric constant is written without a prime, the slab is taken to be transparent. 


+ The final results in Refs. 1 and 2 have a misprint in the sign. 


!V. L. Ginzburg and I. M. Frank, J. Exptl. Theoret. Phys. (U.S.S.R.) 16, 15 (1946). 
?N. P. Klepikov, Bull. Moscow Govt. University 8, 61 (1951). 
3G. Beck, Phys. Rev. 74, 795 (1948). 
4G. M. Garibian, J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 1403 (1957), Soviet Phys. JETP 6, June, - 


(in press). 
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INFLUENCE OF ELECTROSTATIC FIELD ON THE ABSORPTION OF SOUND IN ROCHELLE 
SALT : 


I, A. IAKOVLEV, T.S. VELICHKINA, and K. N. BARANSKII 
Moscow State University 
Submitted to JETP editor June 27, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 1075-1076 (October, 1957) | 


Ws: recently reported anomalous absorption of sound in Rochelle salt, observed by us at a temperature | 
near its upper Curie point.! This absorption takes place for a transverse elastic wave propagating along 
the crystallographic z axis and polarized along the y axis. An examination of the piezoelectric prop- 
erties of Rochelle salt shows that the shear strains connected with the propagation of this wave cause po-- 
larization of the crystal along its ferroelectric x axis. It is therefore important to investigate the ab- 
sorption of the same waves in the case when a crystal is already polarized beforehand by an external 
electrostatic field directed along the same x axis. 

The absorption of sound was measured by the pulse method. An oscillograph was used to record the 
amplitudes of the ultrasonic pulses passing through a Rochelle salt crystal. The pulse duration was 1.5 
milliseconds and the oscillation frequency was 5 Mc. 

Our experiments have shown that at temperatures above the Curie point, when the crystal loses its 
ferroelectric properties, absorption of sound is practically independent of the external field. At temper- 


LETTERS TO THE EDITOR 831 


atures a few degrees below the Curie point, absorption of sound is weakly dependent on the external 
‘ield. Specifically, a field of intensity ~ 600 v/cm changes the sound absorption by only several percent. 
This is apparently due to the fact that the external field intensities away from the Curie point become 
small compared with the molecular field of the 
spontaneous polarization inside the crystal. 
However, at temperatures 0.1° to 0.2° below the 
Curie point, the influence of the electrostatic field 
on the absorption of sound in the Rochelle salt is 
very large. At these temperatures placing the crys- 
tal in an external field of the intensity indicated in- 
\ creases the amplitude of the sound wave passing 
7 19202182 2M wNBUUNRLIHIHEC through this crystal by a factor of several times 
FIG. 1 FIG. 2 ten. Figure. 1 shows two oscillograms of sound 
: pulses passing through a Rochelle salt crystal at a 
temperature T — Oc s 0.2°. The upper oscillogram 
corresponds to the passage of sound through an unpolarized crystal. It shows only the zero sweep line of 
the oscillograph, washed out by the noise. The sound signal is not noticeable at this temperature, owing 
to the strong absorption of sound at this temperature. The lower photograph shows an oscillogram of a 
sound pulse under the same conditions, but after passing through a crystal polarized by an external field. 
The amplitude of the pulse is increased by approximately 50 times. 

The polarization of the crystal by an external field also affects substantially the temperature depend- 
ence of sound absorption below the Curie point. In the absence of an external field, in the temperature 
range from 23° to 19° C, the absorption of sound diminishes monotonically with cooling of the crystal, 
while in a crystal polarized by an external field near the Curie point, the absorption of sound becomes 
practically independent of the temperature. With this, the amplitude of the sound signal passing through 
the polarized crystal depends on the temperature at which the external field was applied to the crystal. 
Figure 2 shows typical plots of the temperature dependence of the amplitude of the signal passing through 
the Rochelle salt. The solid and dotted curves pertain to the unpolarized and polarized crystal respec- 
tively. The high temperature branches of both curves are identical. The arrow on the diagram shows 
the jump in intensity of sound signal as a result of the superposition of an external electrostatic on the 
crystal. 
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1Takovlev, Velichkina, and Baranskii, J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 935 (1957), Soviet Phys. 
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CYCLOTRON RESONANCE IN TIN AT 9300 Mcs 


P. A. BEZUGLYI and A. A. GALKIN 

Institute for Technical Physics, Academy of Sciences, Ukrainian S.5.R. 

Submitted to JETP editor June 29, 1957 

J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 1076-1078 (October, 1957 ) 
Azer L’ and Kaner!»? showed that cyclotron resonance should take place in a magnetic field parallel to 
the surface of a metal provided that 6 «x r «2 (6 is the skin-depth, r the radius of curvature of the 
electron orbit in the magnetic field, and 2 the mean free path of the electrons). In contradistinction to 


diamagnetic resonance in semiconductors,® cyclotron resonance in metals takes place not only when the 
frequency of the external high frequency field w coincides with the Larmor frequency © but also at 
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higher harmonics. In addition, one can only observe cyclotron resonance in fields that are strictly paral- 
lel to the metal surface. | 

To observe this phenomenon experimentally we undertook a measurement of the dependence of the ac- 
tive part of the surface resistance of tin on the strength of the constant magnetic field at 9300 Mcs. The 
sample we used was an electropolished single crystal of tin with a diameter of 0.8 mm; within 5° the tet- 
ragonal axis coincided with the axis of the sample. The specimen was arranged along the axis of a coax- 
ial copper resonator operating in the fundamental TEM mode. The surface hf current in it was parallel 

to the axis of the specimen. The electrical connection of the resonator 
i ie R(0) with the high frequency power generator was through the central conduc-| 
tor of the coaxial line leading out of the cap of the apparatus. The reso- 
nator with the specimen was placed in the electromagnetic field in such | 
a way that the constant magnetic field H was approximately parallel to | 
a the specimen axis. The final adjustment of the position of the specimen | 
parallel to the field was obtained by turning it in the horizontal and ver-_ 
tical planes at temperatures T < T, in a magnetic field lying between 
a6 ‘,He and Hg, until the current in the detector output was maximum. 
The current through the detector decreases when the specimen is no 
Deen bao Te IOT0SH longer parallel to the field because the superconducting specimen goes 
over into the intermediate state. An estimate of the change of the sur- 
face resistance was obtained from the magnitude of the deflection of the pointer of a de galvanometer con- 
nected in the detector circuit. The measurement was carried out when the generator was working con- 
tinuously. 

In the figure we give the results of the measurements R(H)/R(0) [R(H) and R(0) are, respec- | 
tively, the surface resistance of the specimen in the field and in zero field] at a temperature of 4.2°K 
(upper curve ) and at 2° K (lower curve) in the case where the hf current is parallel to the constant field — 
and to the tetragonal axis of the specimen and wt) =6. This value of wt) (w is the angular frequency of’ 
the electromagnetic field and ty is the relaxation time of the electrons) refers to a temperature of 4.2° | 
K and was determined from the residual resistance. It can be seen that there are two resonance minima i 
on the curves, which increase in sharpness with decreasing temperature. For fields exceeding 4000 oer — 
sted the resistance decreases monotonically in agreement with theory. The position of the resonance | 
minimum at H = 900 oersted and also the monotonic decrease of the resistance in strong fields is also | 
in agreement with the experimental results of Fawcett’ which were obtained with tin at 24,000 Mes. 

If we assume that the resonance minimum at H = 3600 oersted corresponds to the condition w = | 
eH/m*c and hence gives us an estimate for the effective mass m* of the electrons, it turns out that | 
m*~ my, where mpg is the mass of a free electron. It is interesting to note that an estimate of the ef- | 
fective mass of the electrons from the conductivity of tin obtained from experiments on galvanomagnetic | 
phenomena? leads to approximately the same value. 

The fact that there are only two resonance minima on the experimental curve, one of which is only a | 
weak minimum, is apparently connected with the small value of wt). This point of view is confirmed by | 
the experiments at 2° K. Indeed, at this temperature the resonance sharpens appreciably with a blending | 
of the minimum on the side of large fields, in accordance with theory. It is also possible that the reso- 
nance minima at H, = 3600 and at H, = 900 oersted are caused by electrons of different effective mass 
(m;, = mp and my & 0.25 my). Finally, the resonance effect is possibly suppressed by the fact that the 
field is not strictly parallel to the surface of the specimen. 

Turning the specimen over 90° relative to the constant field confirms roughly this picture of the phe- 
nomenon, as it produces a decrease in the depth of the minimum and a blending of the minimum at smallen 
fields. The cause of the decrease in sharpness of the resonance is apparently the decrease of the effec- | 
tive surface of the specimen parallel to the field and the blending of the minimum in the region of smaller 
fields is caused by the anisotropy of the effective mass of the electrons. 


‘Ml. Ia. Azbel and E. A. Kaner, J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 811 (1956), Soviet Phys. JETE 
3, 772 (1956). | 


2M. Ia. Azbel and E. A. Kaner, J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 896 (1956), Soviet Phys. JETR 
5, 730 (1957). 
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